
PROBLEM SET 8: MORE RANDOM PROBLEMS

DUE: MARCH 10

HARM DERKSEN

Problem 1. ***** Let f; g : R ! R be 
ontinuous, and periodi
 with period 1

(i.e., f(x+ 1) = f(x) and g(x+ 1) = g(x) for all x). Prove

lim
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Problem 2. *** Find the integral part (i.e., greatest integer � number) of the

number

10
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X

n=1

n
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Problem 3. *** Let a \
ontinuous" roulette wheel be given whi
h has all num-

bers from 0 to 1. The weel is spun repeatedly, ea
h spin sele
ting a random real

number between 0 and 1. Stop when the sum of the sele
ted numbers is greater

than or equal to 1. What is the expe
ted number of spins for this to happen.

Problem 4. *** Let S be a non-empty set with a binary operation ?. Given

that x ? (x ? y) = y and (y ? x) ? x = y for all x; y 2 S. Prove: ? is 
ommutative

(i.e., x ? y = y ? x for all x; y 2 S).

Problem 5. **** A 
hord of 
onstant length moves in a semi-
ir
le. The mid-

point of th 
hord and the proje
tions of its endpoints onto the base form a triangle.

Prove that this triangle is osos
eles, and it never 
hanges its shape.

Problem 6. *****

(1) FInd a real number x 6= 0 su
h that x; 2x; : : : ; 34x have no 7's in their

de
imal expansion.

(2) Prove that for any real x 6= 0 at least one of x; 2x; : : : ; 79x has a 7 in its

de
imal expansion.

Problem 7. **** Let a

1

; a

2

; : : : be a nonde
reasing sequen
e of positive itnegers

su
h that x

n

= n=a

n

!1 as n!1. Prove that x

n

is an integer in�nitely often.

Problem 8. * A bath has 3 fau
ets. With fau
et 1 open, the bath �lls up in 1

minute. With fau
et 2 open, the bath �lls up in 2 minutes. With fau
et 3 open,

the bath �lls up in 3 minutes. How long will it take to �ll up the bath if all three

fau
ets are open?
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Problem 9. *** Find integers p; q; r su
h that

2005 = p

3

+ q

3

+ r

3

� 3pqr

(Hint: The polynomial p

3

+ q

3

+ r

3

� 3pqr fa
tors into 3 linear forms). Can you

�nd all integer solutions?

Problem 10. ** Let a; b; 
; d; u be integers su
h that a
, b
 + ad and bd are

divisible by u. Prove that b
 and ad are divisible by u.


