
PROBLEM SET 2: RECURRENCE RELATIONS (DUE

1/21/2004)

HARM DERKSEN

A sequen
e of numbers a

0

; a

1

; a

2

; : : : is said to satisfy a re
urren
e relation if

a

n


an be expressed in terms of a

i

with i < n. One important example are the

Fibona

i numbers. The Fibona

i numbers are de�ned by:

F

0

= 1; F

1

= 1; F

n+1

= F

n

+ F

n�1

for all n � 1:

So we obtain F

2

= 1 + 1 = 2; F

3

= 2 + 1; F

4

= 3 + 2 = 5; F

5

= 5 + 3 = 8 and so

forth. The beginning of the Fibona

i sequen
e is:

1; 1; 2; 3; 5; 8; 13; 21; 34; 55; 89; 144; 233; 377; 610; 987; 1597; 2584; 4181; 6765; 10946; : : :

We 
an �nd a 
losed formula for Fibona

i numbers as follows. Consider the

re
urren
e relation

F

n+1

= F

n

+ F

n�1

without the initial 
ondition. Suppose it has a solution of the form F

n

= �

n

with

� 6= 0. This implies that

�

n+1

= �

n

+ �

n�1

whi
h is equivalent to

�

2

= �+ 1:

Solving

�

2

� �� 1 = 0

gives us two solutions

1�

p

5

2

whi
h we will 
all �

1

= (1�

p

5)=2 and �

2

= (1 +

p

5)=2. We have that F

n

= �

n

1

and F

n

= �

n

2

are solutions of the re
urren
e relation. Also, it is easy to 
he
k

that F

n

= a�

n

1

+ b�

n

2

is also a solution (this is 
alled the superposition prin
iple).

A sum of two solutions is again a solution. If you multiply a solution with a


onstant, then this is again a solution. In other words the set of solutions is a

ve
tor spa
e over R. To �nd a solution with the initial 
onditions F

0

= 1 and

F

1

= 1, we solve for a and b:

1 = F

0

= a�

0

1

+ b�

0

2

= a+ b

and

1 = F

1

= a�

1

+ b�

2

= a

1�

p

5

2

+ b

1 +

p

5

2

:

1
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If we substitute a = 1� b in the se
ond equation we �nd

b =

p

5 + 1

2

p

5

=

�

2

p

5

; a =

1�

p

5

2

p

5

=

��

1

p

5

:

So we have

F

n

=

�

n+1

2

� �

n+1

1

p

5

Another way of looking at Fibona

i numbers is to look at the generating fun
tion.

We de�ne

F (x) = F

0

+ F

1

x + F

2

x

2

+ � � �

whi
h is 
alled the generating fun
tion of the sequen
e F

0

; F

1

; F

2

; : : : . The 
on-

ditions F

0

= 1; F

1

= 1 and F

n+1

= F

n

+ F

n�1

show that

(1� x� x

2

)F (x) = 1:

This means that F (x) =

1

1�x�x

2

. In other words, the Fibona

i numbers are the


oeÆ
ients of the power series of the rational fun
tion 1=(1� x� x

2

).

problems

Problem 1. * Give a formula for the sequen
e A

n

with A

0

= 1; A

1

= 2, A

n+1

=

A

n

+ 6A

n�1

.

Problem 2. ** Give a formula for the sequen
e S

n

with S

0

= 0, S

1

= 1, S

2

= 4,

S

n+1

= 3S

n

� 3S

n�1

+ S

n�2

. (Hint: For this problem, 
ompute a few numbers in

the sequen
e, then guess.)

Problem 3. ** Consider the sequen
e D

n

de�ned by D

0

= 1, D

1

=

3

5

, D

n+1

=

6

5

D

n

�D

n�1

. Prove that jD

n

j � 1 for all n.

Problem 4. *** Compute

lim

n!1

(2 +

p

2)

n

� b(2 +

p

2)

n




where bx
 is the largest integer � x.

Problem 5. **** A famous sequen
e of numbers are the so-
alled Catalan num-

bers. They are de�ned by C

0

= 1; C

1

= 1 and

C

n+1

=

n

X

i=0

C

i

C

n�i

for n � 1. So we get the sequen
e

1; 1; 2; 5; 14; 42; : : : :

Prove that the generating fun
tion C(x) satis�es

C(x)

2

=

C(x)� 1

x

:
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Find an expli
it formula for C(x) and prove that

C

n

=

�

2n

n

�

n+ 1

:

Problem 6. **** Show that for every prime number p, there exists a Fibonna
i

number F

n

su
h that p divides F

n

.

Extra Problems

Problem 7. *** The 
oor of a hallway has size 2 � 20. How many ways are

there to tile the 
oor with tiles of size 1 � 2. (Hint: Let A

n

be the number of

ways to tile a 2� n 
oor. Dedu
e a re
urren
e relation for A

n

.)

Problem 8. *** What is F

0

+ F

1

=10 + F

2

=10

2

+ F

3

=10

3

+ � � � ? In other words,

add all the mumbers:

1

0 : 1

0 : 0 2

0 : 0 0 3

0 : 0 0 0 5

0 : 0 0 0 0 8

0 : 0 0 0 0 1 3

0 : 0 0 0 0 0 2 1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Problem 9. *** Consider the sequen
e A

0

; A

1

; A

2

; : : : de�ned by A

0

= 10:1 and

A

n+1

= A

2

n

� 2 for all n � 0. Find and prove a 
losed formula for A

n

.

Problem 10. *** Consider the sequen
e of polynomials de�ned by T

0

(x) = 1,

T

1

= x and T

n+1

(x) = 2xT

n

(x)� T

n�1

(x). Prove that

T

n

(
os(x)) = 
os(nx):

Also prove that

T

n

(x) =

(x +

p

x

2

� 1)

n

+ (x�

p

x

2

� 1)

n

2

:


