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ABSTRACT

This dissertation solves the problem of characterizing and computing a set of smoothly evolving
geodesics emanating from the identity matrix that arrive at a smoothly varying endpoint on the
special orthogonal group, namely the smoothly evolving geodesic problem. Since a set of smoothly
evolving geodesics emanating from the identity matrix is equivalent to a set of smooth varying initial
velocities in the tangent space at the identity matrix, the smooth evolving geodesic problem seeks a
smooth curve of initial velocities S(¢) at the identity matrix that arrives at the given smooth curve
Q(t) on the special orthogonal group, such that exp(S(t)) = Q(t). Although the well-known matrix
principal logarithm can find log(Q(¢)) that maps to  under the matrix exponential, the resulting
set of log(Q(t)) is not always continuous with respect to the smoothly varying Q(t). The smoothly
evolving geodesic problem is solved by identifying the conjugate locus on the special orthogonal
group and investigating features in the differential operator of the matrix exponential restricted
to the set of skew symmetric matrices. Efficient and robust algorithms are further designed to
compute such a smooth varying S(t).

The smoothly evolving geodesic problem is motivated by an issue in the Karcher mean problem
on a manifold that has a discontinuity in finding a shortest geodesic. This leads to the non-
smooth objective function in the Karcher mean formulation with possibly multiple local minima
and leads to the Karcher mean not being smoothly dependent on the given data set. Based on the
computation of feasible smoothly evolving geodesics developed in the special orthogonal group, a
novel Karcher mean generalization is proposed. The generalized Karcher mean considers the initial
velocities emanating from the data points and splits the non-smooth objective function of the
classic formulation into multiple smooth objective functions, which leads to a smooth optimization
problem of the generalized formulation.

Futhermore, the smoothly evolving geodesic is applied to the quotient structures in the special
orthogonal group. These quotient structures arise from the Riemannian submersion that defines a
Riemannian structure on manifolds with the special orthogonal constraint. A root-finding formu-
lation is then proposed to solve the endpoint geodesic problem in these manifolds. The endpoint
geodesic problem, that seeks any geodesic between the given points, is a weaker form of the smoothly
evolving geodesic problem. In the Stiefel manifold with the canonical metric, the proposed algo-

rithm obtains more robust and efficient performance than the state of the art algorithm, especially



when the endpoints are well-separated. The speed up compared to the state of the art algorithm
reaches to 10 in some cases. In the fixed rank positive semi-definite (FRPSD) matrix manifold,
the geometric insights developed on the special orthogonal group is utilized to propose a new Rie-
mannian metric on the FRPSD manifold which facilitates the development of novel and meaningful
Riemannian geodesic interpretations. Although some of the basic notion remains open questions

for this new metric, interesting features and propositions are discussed in this dissertation.
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CHAPTER 1

INTRODUCTION

This dissertation investigates the inverse action of the Riemannian exponential on the special or-
thogonal group and identifies a set of smoothly evolving geodesics that arrive at a varying endpoint.
The notion of smoothly evolving geodesics is crucial to many manifold applications as it maintains
the differentiability of the objects at the varying endpoint, even when the endpoint goes beyond the
cut locus of the emanating point. In particular, a smooth representation of the special orthogonal
group in terms of rotating parameters is needed in signal processing [30], computer vision [10], and
neural network [40]. In general, it is very hard to compute or identify such a set of geodesics on an
arbitrary manifold, especially when the geodesic is non-minimal. One major contribution in this
dissertation is to solve and compute such a set of geodesics in the special orthogonal group.

This dissertation also considers the geometric mean problem on a manifold as an important
application of the smoothly evolving geodesics obtained in the special orthogonal group. The
Karcher mean has been successfully applied in various researches, e.g., [5, 22, 10, 15]. However, the
classic Karcher mean formulation in a Riemannian manifold may suffer from the non-differentiable
distance function as pointed out in [20]. A novel generalization of the Karcher mean formulation is
designed to address the non-smooth objective function issue in the classic Karcher mean formulation
on a manifold. The solution to the new Karcher mean formulation is found and computed using the
smoothly evolving geodesics in the special orthogonal group. Furthermore, the solution is shown to
have smooth dependence with respect to the given data set. The tools are also used to solve geodesic
problems on the Stiefel manifold and the set of fixed rank positive semi-definite (FRPSD) matrices.
This work aims at solving the open question of the smoothly evolving geodesics on other important
manifolds in the future. Furthermore, the technique and insights of the generalized Karcher mean
on the special orthogonal group can be applied to the Stiefel manifold and the FRPSD manifold
with corresponding smoothly evolving geodesics.

This dissertation is organized as follows. In Chapter 1, some basic notions in a Riemannian
manifold are reviewed and they are followed by a brief history of the relevant topics and research.
The chapter ends with a dissertation statement. Then, the following two chapters investigate

two fundamental primitives to the smoothly evolving geodesics problem on the special orthogonal
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group, namely the differential to matrix exponential studied in Chapter 2 and the diffeomorphism
studied in Chapter 3. With the necessary primitives developed, Chapter 4 gives the more specific
formulation of the smoothly evolving geodesic problem and presents a solution to it. Chapter 5
through 7 apply the results to various applications. Chapter 8 summarizes the major contributions

of this dissertation.

1.1 Smoothly Evolving Geodesics on a Manifold

The Riemannian geodesic is one of the most fundamental objects in a manifold M which is
generalized from the notion of straight lines in an Euclidean setting. For a given fixed point z € M
in a manifold, the Riemannian geodesic 7 : [0,1] = M emanating from z is characterized by the
Riemannian exponential, which maps the tangent space T, M of M at z to the manifold itself

Exp, : TxM = M

(1.1)
v i=4(0) = Exp, (v) = 7(1)

where v is the velocity of v at ¢ = 0 and Exp,(v) = (1) is the endpoint at which ~ arrives at t = 1.
The entire geodesic is given by ~(¢) = Exp,(t - v),Vt € [0,1]. The problem of smoothly evolving
geodesics on a manifold seeks a well-defined inverse (Exp%)_1 to the Riemannian exponential, such
that for some smoothly evolving point y(s) : [0,1] — M in the manifold with the given initial

v(0) = (Exp,) " (y(0)), there is
(Exp,) ' : M — Ty M
(1.2)
y(s) = v(s)
where {v(s),s € [0,1]} is smooth in T, M that satisfies Exp, (v(s)) = y(s),Vs € [0, 1].

In the case where the differential of the Riemannian exponential at v € T, M is invertible at
Exp,(v) = y, the implicit function theorem on manifolds leads to the existence of two sufficiently
small neighborhoods U,, C T, M and U, C M around v € T, M and y € M respectively, on which
Exp, : U, — U, is an invertible smooth bijection. In other words, it concludes that a unique
smooth v(s),s € [0,1] solution to the smoothly evolving geodesics problem exists for any smooth
{y(s),s € [0,1]} C U, in the neighborhoods. However, this is usually not enough in practice. On
one hand, the neighborhoods U, and U, may not be available explicitly. On the other hand, they
may be too small for the varying y(s). These considerations are addressed in the formulation of y(s)
and v(s) as curves in (1.2). Rather than identifying an invertible smooth bijection Exp,, : U, — Uy
on open neighborhoods, (1.2) takes a weaker form that only requires an invertible bijection on

curves.



Solving the smoothly evolving geodesic problem (1.2) and developing the respective computa-
tional routines yields the following beneficial results:
1. A smooth parameterization, centered at g, of the manifold M that is realized in the tangent

space T, M where x # y. This is particularly useful for the special orthogonal group when x

is taken to be the identity matrix.

2. Realizing (part of) the submanifold structure in M including y € M with respect to x € M
by restricting y(s) in the submanifold. The submanifold identified in T, M benefits from the
ambient Euclidean setting in T, M.

3. The line search procedure along y(s) in solving an optimization problem on M can be con-

verted to a line search along v(s) in T, M.

1.2 Basic Notions

This section reviews some important results and propositions on a manifold that are closely
related to this dissertation. They can be found in the classic textbooks on manifolds, such as [4]

and [21].
1.2.1 Charts and Atlases

A local chart on an open subset U/ of a d-dimensional manifold M is an invertible map ¢ : U —
R?. The invertible map builds a one-to-one identification between the points in manifold and the
points on the R?. An atlas on this manifold M is a collection of charts {a : Uy — ]Rd}a that cover
the M as

Jtha = M.

The image 1o () of a point 2 € U, C M in R? is referred to as the coordinate of z under v,
The smoothness of a manifold is determined by the smoothness of the coordinate change map
g o P lin U, NUg # (), which converts the coordinates of the same point between different charts.
For any curve 7(t),t € [0,1] sitting in U, NUg, it has two different coordinate forms under different
charts as 7,(t) = (o o 7) (t) and 753(t) = (g o 7) (t). These two curves represent the same 7 and
the smoothness in the conversion between them yields the smoothness of the 7 they represent in
M. If the analysis on any curve 7 can be carried from 7, to 75 up to p-times differentiations, then
the manifold M is said to be CP. The C* denotes the smooth manifold in which all analysis can

be carried from one coordinate form to another under up to infinitely many differentiations.



The manifolds discussed in this dissertation are all C*°. Furthermore, the notion of a smooth
object at a point x € M means that the representation of the object composed with any chart
containing x is smooth. For example, a function f : M — R is smooth at x if for any chart

¥ : U — R? containing z, there is a sufficiently small open neighborhood U5 C U containing x, such

that fov™: {Y(y) 1y € Us} — R,¥(y) — f(y) is smooth.
1.2.2 Tangent Space

In order to generalize the notion of straight lines to a manifold, one must define the velocity
of curves in a manifold first. Consider a smooth curve {7(¢) : t € [-1,1]} C R™ in the Euclidean

space that emanates from 7(0) := x € M, its velocity at ¢ = 0 is given by

vy = ir(t) — lim M
dt P h

In a manifold setting with {7(¢) : t € [-1,1]} C M, the subtraction that quantities difference
between points 7(h) and 7(0) is no longer available in general. Since the velocity of 7(¢) at t = 0
characterizes the infinitesimal motion of the curve at ¢ = 0, one may consider expressing such an
infinitesimal motion on a curve through the infinitesimal action it induces as an alternative. For
arbitrary smooth function f : M — R, the infinitesimal action at ¢t = 0 the curve 7(¢) induces is

quantified as

. ) — £(r(0))
&f(T(t)) = lim .

—g h—0 h

Following from this idea, the formal definition of the velocity of 7(¢) at © = 7(0) is given by the
collection of infinitesimal actions 7(t) acting on arbitrary function f € F,(M) as

7(0) : Fo(M) = R

[ 70)f :=7(0)(f)
where F,(M) collects all function f : M — R that is smooth around z. In addition, when there

(1.3)

are multiple smooth curves that obtain the same velocity, e.g., the 4(0) = 7(0) at z = v(0) = 7(0),
such a velocity is usually referred to as a tangent vector v, : F(M) — R at x that is independent

with respect to the actual curves. The formal definition of tangent vectors follows.

Definition 1.2.1. A tangent vector v, to a manifold M at a point x is a mapping from F, (M)

to R that is the velocity 7(0) of some curve {7(¢) : t € [—1,1]} satisfying the following conditions

7(0) =2
(1.4)
Such a curve 7(t) is said to realize the tangent vector v,. O

4



Note that a tangent vector can have different realizations of curve. In some literature, the
notation for tangent vectors and curve velocities refers to the same notion. In this dissertation, the
term “velocity” and the notation 7(0) are used to emphasize some given realized curve 7(t) in the
context while the term “tangent vector” and the notation v, are used to emphasize the mapping
nature in F(M) — R.

Finally, the collection of all tangent vectors v, at x € M forms the tangent space at « denoted
as T, M. It collect all possible infinitesimal actions at x and has the same dimension with the
manifold itself. More importantly, such a tangent space is a linear space that enjoys an ambient

Euclidean setting.

1.2.3 Riemannian Metric, Geodesic and Exponential

A Riemannian structure of a manifold M is built on an inner product operator g, that maps
from T, M x T, M to R. The collection of all of these operators, smooth w.r.t. z, is denoted as the

Riemannian metric g on M. The inner product of v, w, € T, M is given by
(Vz, Wa) = gu(v, w).

The norm +/(vz, vz) induced by the inner product in T, M is denoted as the g-norm, ||v,|,.

Such a Riemannian metric fully characterizes a Riemannian manifold denoted as (M, g). It
introduces the notions of distance, shortest curve and straight line to the manifold M by the special
curve known as the Riemannian geodesics. Recall that the length of a curve in an Euclidean setting
is given by the integral of its velocity norm along the path. This idea applies to the Riemannian

setting with the g-norm as

1 1
I, = /0 1)l gdt = /0 Joo 0, (D). (15)

Taking the infimum among the lengths of all smooth curves connecting points z,y € M yields
the distance d(x,y). Fortunately, the infimum can be obtained, i.e., a shortest curves connects
x,y € M with its length equals to the distance d(z,y), if  and y are connected. Such a curve is
denoted as a Riemannian geodesic.

In an Euclidean setting, the shortest curve coincides with the straight line parameterized as a
curve {y(t),t € [0,1]} € R™ in constant velocity, i.e., ¥(t) = v € R",Vt € [0,1]. Such a curve in an
Euclidean space takes the unique form 7(¢) = «(0) +¢-v. In a manifold setting, one must define the

notion of constant speed before defining a straight line. However, such a notion is not unique and
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has to be path-dependent. In other words, depending on different curves 7(¢) and (t) connecting
x=7(0) =~(0) and y = 7(1) = (1), a tangent vector v, € T, M is considered “constant” with

two different sets of tangent vectors vyt € T,y M and vy € T} ;)M along the curves satisfying

97 (T (1), vrt) = g2(7(0), vz)
,Vt € 10,1] (1.6)

Gty (¥ (1), vy,t) = 92(7(0), v2)
where in general, v, 1 # v.1 € TyM if 7 # ~. The path-y-dependent mapping between v, € T, M
and vy, € TyM is found to be a linear operator Py ot : T M — T, ;)M denoted as the parallel
translation along . A curve (t),t € [0, 1] is said to be a zero-accelerated curve or an affine geodesic

to the parallel translation if it satisfies

Pr.0-(7(0)) = 3(8), vt € [0, 1],

i.e., its velocities remains constant along itself.

Although there are infinitely many ways to define a parallel translation on M, the fundamental
theorem of Riemannian manifold picks out the unique parallel translation inducing an Rieman-
nian geodesic as an affine geodesic, satisfying (1.6). This dissertation focuses on such a parallel
translation with Riemannian geodesic but the study and the discussion presented in this work can
certainly be generalized to arbitrary parallel translation in future work. Unless otherwise specified,
the term “geodesic” in the rest of this dissertation refers to both the Riemannian geodesic in the
context of “curve length” and the affine geodesic in the context of “constant speed” and “zero
acceleration”.

Benefits from the notion of a zero-accelerated curve, a geodesic v in M that emanates from
~v(0) = = and arrives at (1) = y can be uniquely characterized by its initial velocity 4(0), as one
can integrate the ordinary differential equation Py 0—¢(7(0)) = 4(¢) to find the unique solution
v(t). The collection of such a map from the tangent vector v = 4(0) € T, M to the arriving point

y=(1) € M, forms a smooth mapping denoted as the Riemannian exponential

Exp, : TxM — M

vy
v="74(0)
s.t. for geodesic ~.
y=1(1)

In addition, this dissertation only considers the complete Riemannian manifold scenario stated in

the Rinow-Hopf theorem, where the Riemannian exponential Exp,, : T, M — M is well-defined and
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smooth on the entire tangent space T, M. In other words, the geodesic v(t) = Exp,(t-v),t € [0, 1]
for any v € T, M can be extended to y(t) = Exp,(t-v),t € [0,00). Note that the extended geodesic
stays a zero accelerated curve but it is not necessary the shortest curve between the endpoints

anymore. The lost shortest constraint is characterized by the notion of cut locus discussed later.

1.2.4 Differentiation of Functions between Manifolds

The idea of differentiating a smooth function f : M — R has been mentioned in the definition
of tangent vectors on a manifold. Consider a smooth function ¢ : N' — M between the manifolds
N and M and let {z(¢),t € [0,1]} C N be a smooth curve with v, = ©(0) € T,N at x = z(0).
Let y(t) := p(z(t)),t € [0,1] be the image in M, which is also a smooth curve with velocity
vy = 9(0) € T,M at y = y(0). The tangent vector v, is then the infinitesimal action of ¢ along
vz. The relationship between v, and v, forms the linear operator

Dy, : TN — TyM
(1.7)
£(0) — 9(0) := D ¢, [2(0)]

where z(t),y(t) = @(z(t)),Vt € [0,1] are smooth curves on respective manifolds. This linear
operator is denoted as the differential or the directional derivative of y and the notation D ¢, [v]
reads as “the differential of the function ¢ at the point z along the vector v”.

Consider the Riemannian exponential Exp, : N' = T, M — M evaluated at v. Let v(t) be
a smooth curve emanating from v = v(0) € T, M with velocity w € T,,(Tx M) = T, M, e.g., the
simple v(t) = v+t - w. Let y(t) = Exp,(v(t)) be the image under the Riemannian exponential,
then the differential computes the infinitesimal motion y(¢) at t = 0 as

€ T,M.

d
= —y(t
dty( ) o

D (Exp,), [w] = — Exp,(v(t))

t=0

Note that this differential characterizes the perturbation to a set of geodesics parameterized
by t as {7ys(t) := Exp,(s-v(t)),s € [0,1]}; under the perturbation to the initial velocity v(¢) at
t = 0. It is one of the main topics studied in this dissertation. Also note that this differential
D (Exp,), : TxM — TyM is a linear operator between two linear spaces with the same dimension
d. If there are preferred bases on respective tangent spaces, the D (Exp,), can be expressed as a

d X d matrix.

1.2.5 Curve Length, Cut Locus and Conjugate Locus

Inner product invariance is the essential property in the parallel translation that induces a

Riemannian geodesic as an affine geodesic. It means that for any smooth curve {7(¢),t € [0,1]} C
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M and any tangent vector vy € 1) M with the parallel translated v. ¢ := Pro-+(vr0), the inner

product given by the Riemannian metric g stays the same:

9r(0) (UT,O> T(O)) = 9r(t) (UT,ta 7.-(t))v vt € [07 1]'

Recall that an affine geodesic 7(t) has its velocity at any «(t) parallel translated from its initial

velocity, i.e., ¥(t) = Pyo-:(7(0)). It follows that the curve length of a Riemannian geodesic

v(t),t € [0,1] is the norm of its velocity ||¥(s)|lq = \/g.y(s) (4(s),%(s)) at any s € [0, 1]

1 1
I, = /0 9o (7(8), 7(#))dt = /0 \/gw(t) (Py,0-¢(7(0)), 7(2))dt

1
— [ Vo GOLAO)E = 5,00/ G0 50)) = /0201 (6), 35, ¥ € 0.1
0

It further yields that the extended Riemannian geodesic y(t),t € [0, 7] has its length scaled linearly
as T - ||¥(t)||g. For a complete Riemannian manifold (M, g), the Riemannian exponential can be
extended infinitely, indicating the length of a Riemannian geodesic can be extended to infinity as
well.

Such an infinitely extending length cannot always be the shortest length between two points on
a bounded manifold. In other words, the statement of a Riemannian geodesic being the shortest
curve must fail at some point. For example, the arcs of a great circle on a 2-sphere are geodesics
and the extending arc fails to be shortest if it passes the opposite polar point. After passing the
polar point, the shortest geodesic becomes the other arc that has not passed the polar point. This
observation about the loss of shortest condition on an extending geodesic holds in general and the
definition of the cut locus follows as the envelope of initial velocities in T, M that emanates a

shortest geodesic from x € M.
Cuty = {v € ;M : Vo € [0,1), {Exp,(tov),t € [0,1]} is the unique shortest geodesic}. (1.8)

The v € Cut, is denoted as a cut vector of x and the endpoint y = Exp,(v) it arrives is denoted as
a cut point of . In the arc example, the opposite polar point of x is a cut point, where there are
two different cut vectors arriving at it with the same length.

Another possible cut vector scenario at v is to have D (Exp,), [w] = 0 € T, M for some w #
0 € T, M. Recall that D (Exp,), [w] describes an infinitesimal motion on the Riemannian geodesics

emanating from z. Having a null direction w # 0 means one can produce infinitesimal change on



the geodesic along w while it costs no infinitesimal change on the arriving endpoint y = Exp,(v).

Such a tangent vector defines a conjugate locus as follows.
Conj, := {v € T, M : Jw # 0,D (Exp,), [w] = 0}. (1.9)

The v € Conj, is referred to as a conjugate vector of z. Since D (Exp,), : oM — Ty M is a linear
operator between two linear spaces with the same dimension, having a null direction in D (Exp,,),

is equivalent to rank-deficiency in D (Exp,),, i.e., D (Exp,), is being non-invertible. Therefore,

v
a conjugate vector is a tangent vector at which the differential of the Riemannian exponential is
non-invertible.

The two scenarios cover all possibilities of a cut vector. In summary, v € T, M is a cut vector

if any or both of the following conditions hold:
1. The tangent vector v is the first conjugate vector along {s-v : s € [0,00)} C T, M.

2. There exists w # v in T, M satisfying |w|y = ||v|y and Exp,(v) = Exp,(w).

It is important to distinguish the cut locus and the conjugate locus in this dissertation. The cut
locus is considered a lot in the literature as it identifies a region where the Riemannian geodesics
are the shortest curves. It not only relates the manifold structure with the metric space structure,
but also provides a criterion of selecting a unique geodesic among the multiple geodesics between
the given points in some manifolds. The classic Karcher mean formulation on a manifold is one of
the many applications that is restricted within the cut locus. One of the major contributions in
this work is to relax the cut locus and the shortest geodesic constraints to the smoothly evolving

geodesic constraints, which is closely related to the conjugate locus.

1.2.6 Karcher Mean on a Manifold

The mean computation on a given data set has been an important analysis in various applica-
tions. The computed mean is usually considered the best representation in some measurements.
When the data set {1, -+ ,z,} C M lives on a metric space (M, d), the Karcher mean formulation

utilizes the distance function d : M x M — R to measure the objective as
1 o 5
~Y d(wiy)’ vy e M
i=1

and defines the Karcher mean T as a global minimum to the objective function

" od(xs y)?
T = argmin—zl:1 (i, y) )

m ; (1.10)
Yy



It derives the arithmetic mean T = Y ; x;/n of {z1,--- ,z,} C R™,m € Z with the Euclidean

space setting (R™, (z,y) — |z — y|) and the geometric mean T = ([[;", 3:1-)1/" of positive numbers
{z1,--- ,zn} C Ry :={z > 0: 2 € R} with the logarithmic metric space setting (R4, (z,y) —
| log(z/y)|)-

When it comes to a Riemannian manifold, it is natural to apply the classic Karcher mean
formulation (1.10) directly to the metric space (M,d) where d is the distance induced by the
Riemannian metric. Recall that the distance between x,y € M is the curve length of a shortest

geodesic between them, the classic Karcher mean formulation on the manifold is then equivalent to
Z?:l 9~,(0) (’72 (0)7 Yi (0))

T = arg min (1.11)
yeM n
n g (1), A1
e E (1), (1) -
yeM n

where 7;(t),t € [0,1] is a shortest geodesic between ~;(0) = x; and ~;(1) = y. Notice that the
(1.11) has the g-norms evaluated at the initial velocities 4;(0) € Ty, M, while the (1.12) has the
g-norms evaluated at the arriving velocities §(1) € T, M. By differentiating the objective (1.12)
as a function of y € M, one obtains the set of critical points x, to (1.12) expressed in the set of

solutions to a constraint on 7T, M:

yeM

X, = arg { Ai(l) = 0} (1.13)
1

1=
where 7;(t),t € [0, 1] is a shortest geodesic between x; and y and there is T € x,.

Unfortunately, due to the possible multiple shortest geodesics and the non-smoothness in the
Riemannian distance function, x, contains multiple critical points in general. Furthermore, the
discontinuity of identifying a shortest geodesic around the cut locus yields that the set x, does
not smoothly depend on the data set {x1,--- ,x;} as they spread away. These features have been
theoretical and computational issues to the Karcher mean problem on a manifold and, in some
literature, the notion of the Karcher mean is relaxed to any critical point from the x,. One of the
main contributions in this dissertation is to address these features on the special orthogonal group
and to present a more appropriate generalization to (1.11) and (1.12) that is specific to a manifold

setting.

1.3 Related Work

The concept of computing a set of smooth geodesics on a manifold is generalized from the idea

of computing an inversion of a surjective function as a smooth multi-valued function. The complex
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logarithm is one of the well-known examples that have the inversion of the complex exponential fully
characterized. The first attempt to compute the smooth inversion of the Riemannian exponential
on the special orthogonal group is given in [9]. Due to the lack of the inverse of the differential
of the Riemannian exponential on the special orthogonal group, the inversion proposed in [9] is
restricted within the cut locus of the identity matrix on the special orthogonal group.

The differential formula of an exponential map dates back to 1891, proven by Friedrich Schur,
and it is sometimes also known as Duhamel’s formula. Duhamel’s formula on the matrix exponential
of arbitrary square matrices yields the Baker—Campbell-Hausdorff formula and characterizes the
conjugate locus on the general linear group. In 1995, Najfeld and Havel [28] derive the Duhamel’s
formula on the matrix exponential of arbitrary diagonalized matrix that operates in complex arith-
metics. This more restricted differential action has a simple inverse formula. Al-Mohy and Higham
designs numerically stable and efficient algorithms to compute the Duhamel’s formula on the ma-
trix exponential of any square matrix in 2009, [26], and to compute the differential to the matrix
principal logarithm in 2013, [27]. However, the matrix principal logarithm has its range restricted
within the principal branch of the matrix logarithm.

As the area of optimization on a manifold has steadily increased in interest to the optimization
and application, more and more constrained optimizations and data sets are interpreted as uncon-
strained problems on a manifold. As one of the important milestones, Edelman et al. [11] identifies
and discusses the Stiefel manifold with the canonical metric on the set of orthonormal bases as a
Riemannian manifold inherited from the special orthogonal group as useful for computation and
analysis of certain well-known situations in linear algebra. Although the Riemannian exponential
map is given in that work, the inverse problem of finding a Riemannian geodesic between two given
point is not solved until the recent work, e.g., [42], [29] and [33]. Unfortunately, these algorithms are
only guaranteed for sufficiently close endpoints and degrade as the endpoints increase in separation.

The set of fixed rank positive semi-definite (FRPSD) matrices is a more complicated manifold
related to the special orthogonal constraint and it arises in important applications like computer
vision and statistical analysis. Vandereycken et al. propose a complete Riemannian structure in [36].
Although the Riemannian exponential on this manifold is derived, there is no way of computing
its inverse to find a Riemannian geodesic between given points. The geometric interpretations
of the resulting Riemannian geodesics are also not understood. These missing pieces limit its
applications. In the spirit of having a simple and computationally tractable Riemannian geodesics,

Massart and Absil propose a non-complete Riemannian structure in [23] that has been successfully
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applied to various problems with the FRPSD constraint. In hopes of generalizing meaningful
Riemannian geodesics on the FRPSD manifold, Bonnabel and Sepulchre [3] propose a Riemannian
structure that has its geodesic infinitesimally approximated by a set of curves with special geometric
interpretations.

The curves approximating the geodesic in [3] are then used to define a mean on the FRPSD
manifold in [2]. The concept of this mean is generalized from the Karcher mean formulation on a
metric space that is developed by Grove and Karcher [17] in 1970s. Unfortunately, the distance
function on a manifold is usually not smooth globally and it depends on a shortest geodesic realizing
the distance as its length, which may not be continuous globally as well. Both the mean proposed
in [2] and the Karcher mean in the special orthogonal group, as reported in [20], have discussed
the discontinuity in the distance function. As a result, the Karcher mean on a manifold is usually
restricted to a “denser” data distribution such that the data set lies within the cut locus of the

computed Karcher mean.

1.4 Research Overview and Dissertation Statement

As the Riemannian geometry becomes more and more developed, many classic Euclidean algo-
rithms for solving unconstrained problems that has been adapted to their Riemannian generaliza-
tions for the respective problems on a manifold-constrained set, [1]. These Riemannian algorithms
are built on the generalizations of geometric objects, e.g., the straight lines in the Euclidean set-
tings are generalized to the Riemannian geodesics in the manifold setting. Unfortunately, such a
generalization of straight lines is usually limited to a local scope bounded by the cut locus. It
not only restricts the efficiency of the Riemannian algorithms built on these local generalizations,
but may also introduce non-smoothness and discontinuity from the cut locus. Although there is no
universal solution to address this locality issue or even to identify cut locus in arbitrary Riemannian
manifolds, it is possible and worthwhile to develop a specialized solution for the special orthogonal
group. On one hand, the special orthogonal group is well structured with rich properties and for-
mulae explicitly available that helps the investigation. On the other hand, many other Riemannian
manifolds with special orthogonal constraints are determined by the Riemannian structure on the
special orthogonal group.

The first part of this dissertation investigates the behaviors of the Riemannian geodesics on

the special orthogonal group and presents a novel characterization of the special orthogonal group
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realized in the tangent space at the identity matrix, which is the set of skew symmetric matrices.
The characterization identifies rich geometries of the Riemannian geodesics, possibly non-minimal,
that emanate from the identity matrix in a smooth manner, i.e., the smooth geometry of the
special orthogonal group beyond the scope of the cut locus is realized. Two efficient and reliable
algorithms are designed to compute such a set of smoothly evolving (non-minimal) geodesics. These
new insights and primitives are applied to the Karcher mean problem on the special orthogonal
group and they overcome the issue of non-smooth objective function in the classic formulation.

The Stiefel manifold is a set of orthonormal bases and it is equipped with the Riemannian
structure inherited from the special orthogonal group, known as the canonical metric. A point
on the Stiefel manifold is a rectangular orthonormal matrix and it is identified with all of its
special orthogonal completion as a submanifold in the special orthogonal group. Although the
Riemannian exponential under the canonical metric is known, the endpoint geodesic problem that
seeks a geodesic connecting two given endpoints is not solved until recent works in [42], [33] and
etc. The second part of this dissertation investigates the recent algorithms on the endpoint geodesic
problem on the Stiefel manifold and addresses their limitations with far-separated endpoints. Then,
the insights and primitives developed on the special orthogonal group are applied to propose a novel
Newton solver on a manifold root-finding formulation. Systematic numerical experiments further
establish the dominant performance given by the proposed Newton solver.

The third part of this dissertation focuses on the manifold of fixed rank positive semi-definite
matrices, namely the FRPSD manifold. This manifold usually emerges from the computer vision
or the statistical analyses where the smooth varying geodesic with meaningful interpretations are
essential to their application background. The first half of this part applies the tools developed
on the special orthogonal group to solve the endpoint geodesic problem on the FRPSD manifold
with an existing Riemannian structure proposed in [36]. Since it is still not understood how the
Riemannian geodesic given in [36] is interpreted in practice, the second half of this part proposes a
new Riemannian structure that is inspired by the attempt made in [3]. The properties of the new
Riemannian structure are discussed and some interesting questions are left open.

Finally, the implementation of various algorithms and subroutines in the aforementioned topics
plays an essential role in efficiency. Compared to the computations in Euclidean settings, the
objects like the geodesic and the differential operator are a lot more expensive as they carry the
non-trivial manifold constraints. Therefore, it is important to optimize all implementations from

scratch and exploit the advantage in the manifold constraints as much as possible. For example, the
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matrix exponential on skew symmetric matrices can be 80% times faster compared to the matrix

exponential on real matrices. The last part of this dissertation collects these useful enhanced

subroutines and primitives.

The following list highlights some of the most important contributions made in this dissertation.

1.

Identify the conjugate locus on the special orthogonal group and derive efficient routines to
compute the differential of the matrix exponential on the skew symmetric matrices and its

inverse action.

. Develop the notion of nearby matrix logarithm on the special orthogonal group that computes

beyond the principal branch of the principal matrix logarithm. Reliable routines are designed
to find a smooth skew symmetric S(t),t € [0,1] for given Q(¢) = Qexp(t - A) satisfying
exp(S() = Q(1),t € [0, 1.

. Based on the smoothly evolving geodesics in the special orthogonal group, a generalized

Karcher mean is proposed, which is smoothly depending on the input data set.

. Based on the quotient structure and the smoothly evolving geodesic in the special orthogonal

group, a root-finding formulation of connecting given points with a geodesic is proposed on the
Stiefel manifold with the canonical metric and the fixed rank positive semi-definite (FRPSD)

matrix manifold with Vandereycken’s metric.

. A new Riemannian structure is proposed on the FRPSD manifold with meaningful Rieman-

nian geodesic interpretations. Some of the earlier results in this new structure are derived

and discussed.
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CHAPTER 2

DIFFERENTIATING MATRIX EXPONENTIAL AT
SKEW SYMMETRIC MATRICES

2.1 Introduction

The Riemannian structure on the special orthogonal group is closely related to the matrix
exponential that maps from a skew symmetric matrix to a special orthogonal matrix. The differ-
entiation of a matrix exponential has been studied in quantum theory, [37], and other literature,
e.g., in economics and statistics [8, 7]. Various efficient algorithms for differentiating the matrix
exponential have been proposed in [16, 28, 26]. While there have been much effort made on the
matrix exponential map on general matrices, there is surprisingly less work specific to the set of
skew symmetric matrices. This chapter investigates such a differential of the matrix exponential
restricted to the set of skew symmetric matrices, which is an essential primitive in this dissertation.
In particular, this chapter develops the explicit formulae in computing the restricted differential
and its inverse. The set of skew symmetric matrices that have rank deficient differential are fully
characterized and a pseudoinverse operator is designed in those rank deficient case.

This chapter is organized as follows. The introductory section briefly reviews the existing work
on differentiating matrix exponential. Then, it introduces some necessary matrix factorizations
and notations. The next section gives a detailed definition of the problem of interest, the formulae
associated with differentiating the matrix exponential. The main body of this chapter derives these
formulae for computing the restricted differential, its inverse and its pseudoinverse. Finally, this

chapter presents the complexity analysis of the derived formulae along with some numerical results.

2.2 Preliminaries

2.2.1 Matrix Logarithm

Recall that the matrix exponential on a diagonalizable matrix X, i.e., there exists invertible
complex matrix U and diagonal matrix A such that X = UAU™!, is given by the entry-wise

exponential on the diagonals A1, -+, A, € C of D as
exp(X) = Pexp(A)P~" = Pdiag(exp(A1), - ,exp(An)) P~
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where diag(A, B,---) denotes a (block) diagonal matrix with A, B,--- on the diagonal. Notice
that the exponential on complex numbers is periodic in 2im where i is the imaginary unit from
iZ = —1. It follows that for any matrix X € C"*" and exp(X) = M, the preimage of the matrix
exponential at M, exp~'(M) = {exp(Y) = M}, contains infinitely many solutions, including the
given X. In most cases, the infinitely many solutions in exp~!(M) form an isolated set of skew
symmetric matrices. Similar to taking inverse of a periodic function on R by returning the unique
solution in a specified period, the principal logarithm of M, if it exists, is defined as the following

unique point
log(M) :={X e C"" :exp(X) =M} N{X € C"" : [Im(\))| < m,Vi=1,--- ,n}

where \; are the eigenvalues of X and Im : (a +b-1i) — b,Va,b € R takes the imaginary part of
a complex number. The set {X € C"*" : [Im(\;)| < 7,7 = 1,--- ,n} is known as the principal
branch of the matrix exponential.

Note that not every matrix has its principal logarithm well defined. For example, take Y €
{X e C"™ .31 <i<n,Im(\;) =7} on the boundary of the principal branch, then the preimage
of M = exp(Y) has no intersection with the principal branch, as the imaginary parts in exp~!(M)
differ in multiples of 2im. If there are A\; = a + m -1 in Y, then any solution in the preimage
Y € exp~ (M) has an eigenvalue in the form of A\; = a + (2k + 1) - i where k is an integer. Notice
that [Im(\;)| = |(2k + )7 > 7, ie., Y ¢ {X € CV" : [Im(\)| < 7,0 = 1,--- ,n}.

The observations above apply to the more restricted case of the special orthogonal group.
Further note that the eigenvalues of a skew symmetric matrices are either 0 or appear in purely-
imaginary conjugate pairs +6; -i,i = 1,2,--- ;m where 2m = n or 2m + 1 = n. The statements

specific to the special orthogonal group follow.
1. The matrix exponential exp : Skew,, — SO,, is a smooth and surjective function.

2. The principal branch restricted on Skew,, takes the form of
P:={S € Skew,, : ||S||2 < 7} (2.1)

where || - [|2 is the matrix 2-norm that returns the largest magnitude among the eigenvalues

of the matrix.

3. The principal logarithm of a special orthogonal @ € SO, if it exists, is
log(Q) = {S € Skew,, : ||S||2 < 7, exp(S) = Q}.
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4. For a skew symmetric S with a pair of eigenvalues Ay = +7 -1, @ = exp(S) does not have its

principal logarithm defined.

To see how the matrix 2-norm arises, notice the absolute value of the imaginary part of a purely-
imaginary conjugate pair is the magnitude of the eigenvalues themselves, i.e., for A = +6; - i,

Im(Ax)| = [63].
2.2.2 Real Schur Decompositions

The real Schur decomposition plays an essential role in this dissertation and this section collects
some important features and notations associated with it. Please refer to the textbook [16] for more

details about the Schur decomposition.

Matrix Partitions. A real Schur decomposition converts any matrix into a block upper
triangular matrix, in which the diagonal blocks are 2 x 2 or 1 x 1, in the diagonal and zero entries
below them. To simplify the expression in writing the action of such a block upper triangular

matrix, the following notation in partitioning matrices into 2 x 2 blocks is introduced.

Definition 2.2.1. For any matrix M of size n X n, denote
o ] Vi, g <m

where n = 2m or n = 2m + 1. For the odd n = 2m + 1, additionally denote M, 1 :=

[Mp2j—1 Mpya;],Vj < m in the leftover row, Mj; 1) = [Aﬁi_l’n] ,Vi < m in the leftover
2i,n
column and My, 1, m1) i= [Mnn] in the leftover diagonal such that
Mpy o Mpm Mpy oo M)
M = ,m=2m, or ,n=2m+ 1.
Mgy o My M1y o Mpngame)

For a 5 x 5 matrix M € R>*5 the partition gives

My My Mz Miy Mis

May May Moz My Mos Mpuy Mpg Mpg
Mszy Msa Msz Msy Mss| = | Mp1 Mpa Mpg)
My Mys Myz Myy My Mgy Mo Mg

Ms1 Msy Msz Msy Mss
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Schur Decomposition and Sepctral Decomposition. A real Schur decomposition of a
real skew symmetric matrix S € Skew,, is given by S = RDR"™ where R is an orthogonal matrix

and D is a block diagonal matrix in the form of

dia‘g(D[l,l} ’ D[Q,Q]? ) D[m,m})a n = 2m
D= (2.2)
diag(Dpi,1), D22y 5 Dimgm)s Pimt1,ms1)), n=2m+1

where D[M} = [gz _001’] ,GZ- S R,i = 1, 2, e, M and D[m—i—l,m—i—l} = 0.
Note that the Schur decomposition on both a skew symmetric matrix and a special orthogonal

a;
b;
a block upper triangular matrix in general. Also notice that the real Schur decomposition of S

matrix results in a block diagonal matrix with blocks in the form of Dy; ; = [ _abz] , rather than
7
is not unique but that all of them share the same block diagonal structure given in (2.2). The
characterization of all Schur decompositions will be provided later in this section.
It follows immediately that a real Schur decomposition of any special orthogonal matrix @ €
L _ T _ . . ~_|cos(0;) —sin(8;)| .
SO,, is given by Q@ = RER" with E = exp(D) which consists of Ej;; = [sin(@i) cos(6) 0=
1,---,m and an additional Ej;, 1,41 =1 when n = 2m + 1.

Another important implication of the structured Schur decomposition is that it reveals the

spectral decomposition of S in the following simple way. Consider the unitary 2 x 2 matrix Uy :=

1 1
@ [—i i} where i = v/—1 is the imaginary unit, notice that it always consists of the eigenvectors
of any D; in (2.2) such that Dy ; = Us 0 6i Us' where H denotes the conjugate transpose.
(2

Use the Us to form the n x n unitary matrix as

diag(Usa, Ua, -+, Ua), n=2m
U:= (2.3)
diag(Uz, U, -+ , Uz, 1), n=2m+1
such that the unitary V' := RU consists of the eigenvectors of .S, as

S = RDR' = rR(UUNYD(WUMRT = v(UtDU)VE

V diag(—61i, 011, - - - , =0, Opd) VL, n=2m

= (2.4)
V diag(—61i, 011, - - - , —Omi, i, 0)VE, n=2m+1

= VAV

Characterization of Multiple Schur Decompositions. Recall that a spectral decomposi-
tion may not be unique if there exists a repeated eigenvalue. It gets more complicated in the Schur
decomposition case, where matrices with distinct eigenvalues still have multiple Schur decomposi-

tions, possibly even with a different block diagonal matrix. This part presents an alternative way
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of expressing a Schur decomposition and a characterization of all possible Schur decompositions on

the given matrix based on the preferred Schur decomposition.

Definition 2.2.2 (Preferred Schur Decomposition). Let X = RDR™ be a Schur decomposition of a

skew symmetric matrix or a special orthogonal matrix X with block diagonal X = diag(D(; 15, )
473 —bi
bi a
case. Then it is referred to as a preferred Schur decomposition, , if the following conditions on the

where Dy; 1 = [ } ;@ =1,---,m and the additional Dy, ;1 ,41) = 1 or 0 in the n = 2m + 1

diagonal blocks are satisfied.
1. b; >0,Yi=1,--- ,m.
2. For a skew symmetric matrix, the diagonal blocks are placed in the following order

biZle, izl,---,m—l,ifXGSkewn
a; < ajp1, t=1,--- ,m—1, if X € SO,

The resulting Schur decomposition is denoted as

X — Rdiag(Daj,bj7 e 7Dar,br)RT

1,X € SO, (2.5)
b, =0 and a, = forn=2m+1
0,X € Skew,,

where (ai, b;) # (aj,b;),Vi # j, Dqy are the block diagonal matrix that share the same (a,b), b; > 0

and b; > bj4q for X € Skew,, or |a;| < |a;| for X € SO,,.
Proposition 2.2.3. Let X be a skew symmetric matrix or a special orthogonal matriz and let
X = RDR" = Rdiag(Dpy 1), -+ )R = Rdiag(Day by, » Da,p, ) R"

be a preferred Schur decomposition. Let the dimension of Dg,p,,1 = 1,--- ,r be n; = 2m; + 1 or

n; = 2my;. Then, for any Schur decomposition

there exist the orthogonal transformations P, G and Q, such that

R = RQGP
Dygy =Dy i Vi =100 m
where {i;}7", is a permutation of {1,2,--- ,m} and DE;._ i is either Dy ;1 itself or its transpose,
303 ’

depending on the determinant of Gy; ;. The orthogonal transformations are given as follows
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Pm?& ﬂ forn =2m+1, where Py,

permutes 1,2,--- ,m into i1, -+ ,im and Q@ denotes the Kronecker product.

1. The Permutation: P = P, ® Iy forn =2m or P =

2. The orthogonal transformations applied to vectors in groups of 2:
G = diag(G1, -+ ,Gp) forn=2m or G = diag(G1, -+ ,Gm, 1) for n =2m+ 1 where G; are

any 2 X 2 orthogonal matrices.

3. The orthogonal transformations applied to the vectors from repeated diagonal blocks:

Q = diag(Qayrb1» -+ > Qarb,) where Qq,p, are n; x n; orthogonal matrices as

Qaib; = Qm; ® I2,Ym; x my; orthogonal Qp,,  if by #0
Qa; b, 8 any n; X n; orthogonal matriz if b, =0

Angles in Skew Symmetric and Special Orthogonal Matrices. The structured real
Schur decomposition on both the skew symmetric matrices and the special orthogonal matrices,
especially the characterization of 61,--- 60, € R in the block diagonal matrix, is essential for the

analyses derived in this work and the following notions are introduced.

Definition 2.2.4. Let X = RDR" be a preferred Schur decomposition of a skew symmetric matrix

i _b"] with b; > 0.
ai

or a special orthogonal matrix X, with diagonal blocks Dy; ;; = [b-
7

1. When X is skew symmetric, there are a; = 0 and use 6; = b; as more geometric intuitive

notation. The the set of 6; are denoted as the angles of the X:

@X = {91};11 e R™. (26)

2. When Y is skew symmetric, there are a? + b? = 1 with b; > 0. Then, there exists a unique
0; € [0, 7], such that a; = cos(#;) and b; = sin(#;). Such a set of ; in range of [0, 7] are
denoted as the principal angles of the X:

@X = {92}?;1 S [O,ﬂ']m. (27)

On the other hand, given a set of angles ©® € R™ and the dimension n = 2m or n = 2m + 1,
the notation D® and E® are reserved for the block diagonal matrix in some Schur decompositions

of a skew symmetric S = RD®RT and of a special orthogonal

Q = exp(S) = Rexp(D®)RT := RE®RT

. . 0 -0 cos(#;) —sin(6;) )
(C] o _ =1....
with diagonal blocks D[i,i} = [91' 0 } and EW = [sin(@i) cos(6;) fori =1, , M. O
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2.2.3 Related Work

Theoretically speaking, the matrix exponential map exp : Skew,, — SO, is also the exponential
map induced by the Lie group structure of SO,,. This observation makes some general results in
the Lie group context applicable to this dissertation. In particular, [31][Prop. 7, Sec. 1.2] gives the
formula of the differential of the exponential map exp induced by Lie group G

Dexpy : TeG — Toxp(x)9

1 —exp(—adx)
adX

Y — exp(X) Y

where the e € G is the identity element of the Lie group, the adx is the adjoint action on G and

1—exp(—adx)
the operator —— —=~

Tx is given by the power series

1 —exp(—ady) < (-1 i
ady & (k+ (e

Furthermore, the invertibility of D exp y can be characterized by the eigenvalues of the adjoint action
adx. Therefore, the work in this dissertation can be viewed as finding the respective explicit forms
specific to the special orthogonal group. It is worth noting that such explicit forms for the general
linear group have been studied, in which case the adjoint action is given by adx(Y) = XY —Y X
with its eigenvalues being equal to the eigenvalues of X. Although the special orthogonal group
can be viewed as a subgroup of the general linear group, some results cannot be blindly applied to
the special orthogonal group as shown in this dissertation, which makes the derivation presented
in this work necessary.

Computationally speaking, there have been many discussions and studies on the differential of
the matrix exponential. In [28][Algorithm 4.5] Najfeld and Havel give a formula of the differential
at diagonalizable foot. In [26][Algorithm 7.4] Al-mohy and Higham give the formula of the
differential at general feet. In [27][Algorithm 6.1] Al-mohy and et al. give the formula of the
inverse action at a foot within the principal branch. However, there is an absence of work specific
to the skew symmetric matrices and the special orthogonal matrices. The invertibility condition
of Dexpg : Skew,, — TpSQO,, is still not completely understood. Not to mention that there are
many structures in the skew symmetry and special orthogonality unexploited which have important
computational implications. The work in this dissertation is in hope of filling some of these gaps

so that the theoretical geometric analysis on SO,, may have stronger consequences in applications.
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2.3 Problem Statement

Before giving any details of the formula D expg : Skew,, = TpSO,, at S with Q = exp(S), it is

important to recall the characterization of 7SO,
TS0, = {QQ : Q € Skew, }.

In most of the application scenarios, especially in the context of differentiable manifolds, it is the
skew symmetric ) € Skew, in Ag = Q€ € THSO,, that participates in various computations
and analyses rather than A itself. For example, suppose a curve on SO,, v(t) € SO,,,Vt € [0, 1]
emanating from v(0) = @ along with %fy(t)‘t:tzo = QN is required. With Q € Skew,, it
is easy to construct y(t) := Qexp(t2). Although it is possible to construct another curve via
Ag = QQ as (t) := Projggo, (Q + tAg) where Projgg, is some (local) projector onto SOy, e.g.,
the polar projector X +— @ where QR = X is a polar decomposition, such a curve does not
share the rich geometry or convenient properties of exp(¢€2). Therefore, the Dexpg : Skew,, —
TS0, investigated in this work emphasizes the skew symmetric characterization Q2 of Q2 = Ag =

Dexpg[Ag] € TpSO,, as the Lg defined below.

Definition 2.3.1. For any given S € Skew,, and the respective QQ = exp(S) € SO,,, the linear

map Lg : Skew, — Skew,, is defined as
Ls(Ag) := QT (Dexpg[As]) (2.8)
such that Dexpg[Ag] = QLs(Ag). O

This section derives the symbolic formulae for computing the Lg and its (pseudo) inverse based

on the existing formula for a more general case as reviewed in Lemma 2.3.2.

Lemma 2.3.2. [28][Theorem 4.5] For any diagonalizable X = ZAZ~! € C™*", the differential

Dexpy[A] along A € C™*™ is given by
Dexpyx[Al=Z (Z7'AZ)o W) Z 71, (2.9)

where ©® is the Hadamard product that performs entry-wise multiplication and the symmetric

matrix ¥ has the entries

et — e N £
TR SR VD (2.10)
e)‘i )\Z == )‘j
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Any skew symmetric matrix S is diagonalizable which makes (2.9) applicable. It follows imme-
diately that the desired Lg can be written for the diagonalizable foot X = S € Skew,, as
Lx(A) = exp(X)f1 Dexpy[A]

= (Zexp(-NZ N (Z((Zz7'AZ)o®)Z71)

=Z((Z7'AZ) ® (exp(—A)¥)) Z7! 210

=Z((z7'az)0 @)zt
where ® = exp(—A)W¥ has the following entries

e ]
b =4 N—N A7 :
1 Ai = Aj
Furthermore, the relationship between the spectral decomposition PAPY and the Schur decompo-
sition RDRYT of S in (2.4) yields Lg in the form
Ls(Ag) = P ((P"AgP)® @) P!
= RU (U"(RAsR")U) ® @) UNR"
Notice that the Schur vectors R only act as as a change of variables in the domain and range of
Ls in the expression above. For Ag,Ag € Skew, with Ag = Lg(Ag), let M = RTAgR and
N = RTAQR be the skew symmetric matrices computed by Ag, Ag and R, such that
Ls(As) = RU (UM (RAsR™)U) © @) UNRT
< N=U(U"MU)o ®) U™

Observe that the second linear map M +— N only depends on the eigenvalues of S which are

completely determined by its angles. It is natural to further decompose the linear map Lg into

compositions of linear actions as follows.

Definition 2.3.3. For any S € Skew,, with the Schur vectors R, the angles © and the @ = exp(.5),

denote the linear operator Bg for the characterization under the base R as

Bgr : Skew,, — Skew,,

(2.12)
A — RAR"
The respective core linear operator Cg is given by
Co : Skew,, — Skew,,
(2.13)

M~ U(UMU)® @)UY
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such that
Ls = BroCeoBg".

Here, the eigenvalues A are determined by the angles © as in (2.4) and B'(A) = RTAR. O

For any S € Skew,, with the Schur vectors R, the angles © and the Q = exp(S), this section

solves the following problems.
1. Derive an efficient formula for computing the linear action Lg : Skew, — Skew,,.
2. Investigate the invertibility of D expg, which is equivalent to the invertibility of Ce.
3. Derive an efficient formula for computing the action of 551 in the invertible case.

4. Define a pseudoinverse action L’TS with an efficient formula in the non-invertible case.

2.4 Differential Formula

The complexity of computing Lg in the form of (2.11) is dominated by the 4 matrix multiplica-
tions with the complex P and PH. For Lg = B oCg o B}_zl, the 4 complex matrix multiplications
are replaced by the 4 real matrix multiplications and the core map Cgo only involves complex ma-
trix multiplications with the block diagonal U and the entry-wise Hadamard product. This means
the complexity of Br o Cg o B}_%l has already been reduced to 1/4 compared to (2.11). However,
it remains beneficial to further exploit the formula of Cg for faster computation as well as more
insight into its invertibility.

Consider the n = 5 case as an example to investigate Cg. Let S € Skews be a skew symmetric
5 x 5 matrix with the Schur vectors R, angles © = {01, 0,2}, eigenvectors P = RU and eigenvalues
{—61i, 011, —02i,0-1,0}. Then, for any M = Bgl(AS) € Skew,,, the block diagonal structure in U
yields the N = Cg(M) written as

N=U(U™™MU)oe)U"
U, (U%{M[LHUQ ® (D[Ll}) vt Uy (U%—IM[172]U2 ® Q[LQ]) Ul UQ(U%—IM[L;?,} © P 3)

= |Us (U3 Mpp 1)Uz © ®pp 1)) Uyt Us (US MpogUs © ®po o)) Uzt Us(UstMpy 3 © @i 1)
(M3 1)Uz © ®3.1))U3! (M3 Uz © @3 9))U3! M3 3

where the M|; ; denotes blocks of sizes 2 x 2, 1 x 2 and 2 x 1 as given in Definition 2.2.1.

In the expression above, there are only 2 nontrivial linear actions, the

Us(Uy' My jUz 0 @ ) U3, Vi < i < m
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acting on the [¢, j]-th 2 x 2 block and the
(Mp41,5U2 © (I)[m+1,j])U2Han <m

acting on the [m + 1, j]-th 1 x 2 block. These linear actions are independent of each other and
they act in an in-place fashion, with Mj; ; computing N|; ; respectively. Note that the skew
symmetry in N and M saves the computation of the [i,j]-th 2 x 2 blocks with ¢ < j and the
Us(US M, i;m+1] © P mg1)) with Vi <m. These linear actions are given in the following lemma via

some simple linear algebraic manipulations.

Lemma 2.4.1. For any = = 6; € R that determines the (2¢ — 1)-th and the (2i)-th eigenvalues
— ;i and \;i and any y = 0; € R that determines the (25 — 1)-th and the (2j)-th eigenvalues —\;i

and \;i of a skew symmetric matrix S, the linear action on [z, j]-th 2 x 2 block
N = Us (U3 Mjs Uz o @) Uy

can be written as a matrix N, € R*** in the forms of

atc —-b—d b-d a-—c Lo sin@—y) o, cos(z—y) 1
I\ _1|b+d atc —at+c b—d x—y T —y (2.14)
P9 l-b+d —a+c at+c —b-—d|’ sin(z + y) cos(x +y) — 1 '
a—c —b+d b+d atc =y 0 T T awy

that acts on the vectorized system as N, g, - vec(M; ;1) = vec(Np 1), Vi, j < m. In the limits when

(I)z=y#0,a=1landb=0or (2) 2 =y=0,thena=c=1and b=d=0.

Proof. For the 2 x 2 block [i, j],7,j < m associated with eigenvalues —6;i, 6;i, —6;i and 6;i, there is
l(=0+05) 1 i05+05)
.i(—ej-‘rei) .i(9j+9i)
e.(—ej—ei)_l el(9j—9i)_1
i(—0;—06:) i(0;—6:)

P = . Denote a, b, c and d as

_sini-0)  cos(di=6) -1
a—ib c—id] . C 0i—0; 60

DO = h '

[4,4] I:C+id a—l—ib] wit :w d:COS(9i+€j)—1
0; +0; 0; + 0;

Denote the real block M|; ; as El ég} and denote the complex block
2 &4

UHag g~ Lo ina n2 — i
20T T Iy +ims oy + i
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to obtain the relation between ;’s and 7;’s as

m 100151
m| 1o o -1 &
sl |01 1 0] |&
) 1001 -1 0] |&

Further writes Us (UQHM[M-] U ® <I>[i,ﬂ) Ul as expression of 7;’s as

1 a+nec—n3d —n4b  —mb+ mod + n3c — nua
G (GIMy; G @y 1) GH == |
( 516 © pig) 2 |mb+mnad+n3c+mnsa  ma —nac+n3d —nsd

a ¢ —d -b a+c —-b—d b-—d a—c

1y b d ¢ a 1y b+d a+c —-a+c b-d
éveC(N[i’ﬂ)_§ b d ¢ —a|"TT2|=b+d —a+c a+ec —b—d $

a —c d b a—c —-b+d b+d a+tc

O]

Lemma 2.4.2. For any z = #; € R that determines the (2j — 1)-th and the (2j)-th eigenvalues

—Aji and Aji of a skew symmetric matrix S, the linear action on [m + 1, j]-th 1 x 2 block
Ning1,j) = Mpny1,;02 © (I>[m+1’j])U§{,Vj =m

can be written as a matrix N € R?*? in the forms of

sin(z)
c -—[e f} with 4 @ (2.15)
R e S f:cos(;r)—l '
x

that acts on the vectorized system as N, - vec(M[y,415)) = vec(Nynp1,4), V4 < m. In the limits

when « = 0, then e =1 and f = 0.

Proof. The proof is essentially the same with the proof of Lemma 2.4.1 and therefore details are

omitted. The important steps for the 1 x 2 case are

By i) = [exp(:iig;‘)—l exp(iigj)—l} — [e—i— if e— 1f]

(&1 & U = (61 —i& & +i&)

|

(&1 & Uso @ppyrj) = \f le&1 + f& +i(fé —efa) ey + f& +i(eba — [&1)]

([6 &) Uzo®y ;) U = [eb1+ f&a —f& + e
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Theorem 2.4.3. For any skew symmetric S € Skew,, with the Schur vectors R and the angles
© = {601, ,0n} where n = 2m or n = 2m + 1, the core action Co(M) = N evaluated at
M = Br(Ag),VAg € Skew,, assembles (2.14) on 2 x 2 blocks as

Mpuyy - Mpp [Ny o N
A L DR R
Mpnay - M)l Vma] = Nl
vec(Mp 1)) -+ vec(Mp )] [ Noy o, - vee(Mpay) -+ Noyo,, - vee(Mp )
L e z s
VeC(M[m,l]) T VeC(M[m,m])_ _'/\/’Gnuel ’ VeC(M[m,l]) T Ngnuem ’ VeC(M[m,m])

and the additional (2.15) on 1 x 2 blocks when n = 2m + 1 as vec(Njy41,5) = N, (vec(Myp41,5))

and Njj mi1) = —N[anH’j],Vj <m.
Proof. The Lemma 2.4.1 and Lemma 2.4.2 give the constructive proof of Theorem 2.4.3. O

When the matrix M and N are vectorized in the order of
blk-vec(X) := vec(vec(X 1)), vec(X[2,11), - - - vec(Xpmm))s - - -

the linear map Co : N — M can be written as the block diagonal matrix consists of N&-,@j and
the additional Np,,Vi,j < m as Co := diag(Np,0,,---Np,, 0,.,---), such that Ce blk-vec(M) =
blk-vec(N).

Note that the a,b,c,d,e and f are well defined in all cases due to the nature of the function

sin(z)/z and (cos(z) — 1)/z in the limit of z — 0 as illustrated in Figure 2.1.

2.5 Inverse of the Differential Formula

This section investigates the invertibility of Dexpg : Skew,, — THSO,, which is equivalent
to the invertibility of Lg : Skew, — Skew, as Dexpg[Ag] = QLs(Ag) where Q € SO,, is
always invertible. The invertibility of £Lg : Skew, — Skew, is equivalent to the invertibility
of Co : Skew,, — Skew,, as Lg(A) = BroC(Cg o B;zl where Bg : Skew,, — Skew,, is always
invertible. According to Theorem 2.4.3, the core map Cg is a collection of independent smaller
linear systems N, € R**4 and the additional A, € R?*? where x,y take values from the angles
© of S. Therefore, this section discusses the invertibilities of N, and N,.

A natural approach to obtain an invertible Cg is to ask if all A, and the additional N, when
n=2m+ 1, Vz,y € © are invertible. According to the symbolic form of these matrices given in

(2.14) and (2.15), their symbolic inverse form are available as follows.
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1.0

sin(z)/z
(cos(z)-1)/z

0.0

-0.5 |

-20 -10 0 10 20

Figure 2.1: Hlustration of sin(z)/z and (cos(z) — 1)/z.

Proposition 2.5.1. The symbolic inverse formulae, if exist, of the linear maps Ny, defined in

(2.16) and N, defined in (2.17) are in the form of

a+cd vV+d -V+d d-¢ oy 8 Y — b
_ 1 |- —-d d+d —-d+d =bV+d| . T 2L T2
Nx,yl = slv—d —d+d o+ Y+ d with a —c’_ a ZZ_ (2.16)
! !
a —c v—-—d —-b—-d o+ 0_02+d2’ d_02+d2
when a®> + b2 #0 and ¢ + d*> # 0,
e/ — L
/ / e2 + 2
NV =15, T with f (2.17)
f f/ — f
62 +f2

when €% + f2 #0.

Proof. Proof of verifying the symbolic inverse is obtained by direct computation of the matrix

multiplications N, N, ?} = I, and NoN, ! = I5. The algebra is omitted. O
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Notice that the following trigonometric identities

sin?(z) n (cos(z) — 1)  sin®(z) + cos®(z) + 2cos(z) +1 2 —2cos(z)
22 22 B 22 B 22
sin(z) /2—2cos(2) _z sin(z) 2z 2sin(z/2)cos(z/2) =z z
z / 22 2 1—cos(z) 2 2sin(z/2)? 2 cot (2>,Vz €R.
1 —cos(z) /2—2cos(2) =z
z 22 2

further simplify the expressions of a’,0',c/,d’, e’ and f’ as

a,:&—@j.cot ; — 6, b,zﬂi—ﬁj
2 2 2

0; + 0, 0; + 0, 0; + 0,

r ViU i TUj r_ %Y
¢=— cot< 5 ) d 5 (2.18)

0 0 0

'— 22 cot | = r_ 7t

le 5 co <2> f 5

which introduces the following sufficient condition of the invertibility of Cg.

Corollary 2.5.2. The core map Cg : Skew,, — Skew,, is invertible if for any two angles V0;,0; €
0, including any angle repeated itself, there is
97; :|:9j 75 Qkﬂ',Vi,j < m,k = :|:1,:|:2,...
(2.19)
0; # 2kn Vi < m,k =+1,4£2,... additional for n = 2m + 1.
Proof. Under this condition (2.19), the simplified (2.18) are always well defined, which yields the
invertibility of all Ly, g, and the additional Ly,. Note that the 6; +6; = 0 case does not violate the

condition, as zcot(z) is not define only at z = km, k = £1,.. .. O

Note that Corollary 2.5.2 is consistent with the classic result of differentiating the exponential

map on the general linear group
GL, := {X e R™" : det(X) # 0},

c.f. [31][Prop. 7, Sec. 1.2], stating that Dexp, : R®*" — ToGL,, = R™*" is invertible if and only
if for any 2 eigenvalues \;, \;,V1 < 7,5 < n, there is \; — \; # 2kmi, k = £1,...m where i = v/—1.
Indeed for a skew symmetric matrix A with the angles ©, the eigenvalues are either +6;i,1 <i <m

or 0. Then, 0; & 0; = 2k~ is equivalent to if; & i); = 2kxi. For the differential
Dexpg : R™" — ToGL,, Ag = Q- Br o Cg o By (Asg),

notice that BEI (R 5 R X+ RTXR is surjective, which make R?*™ the domain of Cg in

Dexpg : R"*"™ — THGL,. Therefore, the maps Ngiﬂj and the additional N, are acting on free
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variable vec(M; ;) and the additional vec(Mp, ;) and vec(vec(M[; 7). Therefore, any of N’s being
rank deficient is equivalent to the action Cg o Bl_%l : R™*" — R™ ™ heing rank deficient, which is
equivalent to Dexpg : R**" — THGL, not being invertible.

However, (2.19) is not necessary for Dexpg : Skew, — TpSO,, to be invertible, as there
are extra constraints on the domain of Cg introduced by the skew symmetry, which is preserved
under B}}l : Skew,, — Skew,,. For the upper or lower 2 X 2 blocks M|; j,% # j or the additional
M inq1) and My, 1 57, skew symmetry relates M; ;) = —M[; oL the entries within each of these
blocks remain unconstrained in the respective small map and by the same argument given on
Dexpg : R™" — THGL,, Dexpg : Skew,, = TpSO,, is not invertible if the following condition

fails.
0; £0; #2knVi#j<m,k==+1,%2,...

0; # 2k Vi < m,k = +£1,4£2,... additional for n = 2m + 1.

For the diagonal block, the domain M|; ;) is no longer a free matrix in R2*? as the skew symmetry
0 —=x
z 0
b=1in (2.14) as 6; — 0; = 0. Together, the linear action of Ly, gy, acting on the diagonal block

in M5 = —M[Z g = leaves only 1 degree of freedom and the repeated angles yield a = 0,

M; 1 has the special form of

14+¢ —d —d 1—c 0 0
1 d l—-¢c —-1—-¢ —d T T

Neiﬁi(veC(M[i,i})) D) d “14c¢ 14c¢ _d S Il ,Vx,0; € R,
1—-c d d 14+¢ 0 0

which is an identity map on Mj; ;. Such an identity map is always invertible and therefore the ¢ = j
case on the sufficient condition (2.19) can be dropped. The following Theorem 2.5.3 summarizes
the discussion above as a stronger necessary and sufficient condition of the invertibility in the more

restricted linear map D expg : Skew,, — TpSO,,.

Theorem 2.5.3. The differential D expg : Skew,, — TgSO,, of the restricted matriz exponential
exp : Skew,, — SO,, at S € Skew,,, with the angles © and its exponential Q = exp(S), is invertible

if and only if
0i+0j % 2kn Vi < j Sm,kEZ\{O}
(2.20)
0; # 2kn Vi <m,k € Z\ {0} additional for n =2m + 1.

Proof. The previous argument completes the sufficiency of (2.20).
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To see the necessity of (2.20), suppose 6; + 6; = 2km,i # j,k # 0, there is c =0 and d = 0 and

a, b are undetermined, i.e.,
a —-b b a
1 a —a b

Loi0; = 21=b —a a —b
a —=b b a
Let M; ;) = [1 _11], My = _M[?,j] and 0 elsewhere in M. There is

VeC(N[i,j]) = ./\/‘giygj VeC(M[iJ]) =0,Va,b e R.

O

Corollary 2.5.4. The conjugate locus of the identity matrix I, in the tangent space 17,SO,, =
Skew,, is the set of skew symmetric matrices with the angles not satisfying (2.20), i.e.,
di# 5, kE#0, sit. 6; £0; = 2kn

Conj; := ¢ S € Skew,, : (2.21)
or di,k #£0, s.t. §; = 2kw for n =2m + 1

2.6 Pseudoinverse of the Differential Formula

This section investigates the behavior of the rank-deficient differential at S € S_ and it specifies
a pseudoinverse of this rank-deficient linear map. Since the action of Ny, g, on diagonal blocks is
known to be the identity action, this section only considers /\/’giﬂj acting on 4 free variables from
M; ;) and the additional Ny, acting on 2 free variables from Mipq1,5) with @ # j < m.

Consider the most extreme case where 0; 4 0; = 2k, 0; — 0; = 2l7 for some integer k,l # 0. In
this case, the a,b,c and d in (2.14) are all 0 and Ngiﬂj degenerates to a trivial map R* 3 z +— 0
with rank 0. Such a trivial map has no meaningful pseudoinverse. Similarly, if §; = 2k7 with some
integer k # 0, Ny, degenerates to a trivial map to 0 and it has no meaningful pseudoinverse either.

Then, for 6; 4 0; = 2km for integer k # 0 and 0; — 0; # 2in,Vl = £1,%£2,---, there is ¢ = 0,
d =0 and a® 4 b*> # 0. In this case, the action of Ly, p; degenerates to

& a =b b al & a(é + &) — (& — &3) m
N o |82] = Lo a —a b |&| _L1lb&+8&)+al&—8) | _ |n
RS 2|-b —a a =b| |&| 2 |-b(&+E&)—a(ée—E) 3
& a —-b b al |4 a(ér 4+ &) —b(&2 —&3) M4
Notice that the following equations can be solved as
am +b +
m = N4, £1+§4:2 Z;+b7272 :[?j; 1 z;_zi
ith n = Proj ==
=— §o—&=2- any — by FOIRWas0,) | | ys 2 |y3s =2
2= T S2 TS a2 + b? Ya Y1 + Ya
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where y € R* is an arbitrary vector, R(Le, ;) C R* denotes the range of Np, 0, and Proj is the
orthogonal projector on R*.

As expected, there are still 2 degrees of freedom available for & with Ngiﬂjf = n for a given
1. The extra constraints on & imposed by & = &4 and & = —&3 are then introduced to specify a

particular pseudoinverse ./\/’(;ri o, for n € R(Ny, 9,) such that

m an + bne
+ | 1 ang — b
0i0i | =na| — a2+ b2 b —ane
m am + bn

Note that such a choice is not unique but it is chosen as the smallest solution in the preimage on
R* that satisfies Ngi,gjf = n as stated later in Proposition 2.6.2.
Similar analysis derives the formulae for 0; — 6; = 27 for some integer | # 0 and 60; + 0; #

2km,Vk € £1,... as

eny + dn (1 Y1 — Ya
= — R — g 2 R S —————
Ul na, &1 —& 21 . . vl | 1 |y2+us
with n = PI‘OJR(NQ_ 0.) == )
e G4 —p.CR M R M B LR
2 = N3, 2 3 2+ 2 Y4 Ya — Y1
furthermore, under the extra constraints {1 = —&§; and § = {3 imposed on &, a pseudoinverse is
given by
m cm + dng
N 1 cne — dmy
0.9 | ny A+d? | enp—dm
il —cm — dnpe

The following Definition 2.6.1 collects the formulae derived above and defines a pseudoinverse of

a rank deficient Cg.

Definition 2.6.1. For a rank deficient small system Ny, with ; = 2k7 for some integer k # 0, its

trivial pseudoinverse is chosen as
o 0 0
-
For a rank deficient small system Ngi,gj, the Nat- ej,z' # j denotes the pseudoinverse as the linear
maps:

1. If J integers k,l # 0 s.t., 0; + 0; = 2kn,0; — 0; = 27, then

Nj o =0 R
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2. If 3 an integer k # 0 and V integers [ # 0, s.t. 0; +0; = 2kn, 6; — 0; # 2l7, then

a b =V d
1= o —-d =¥
T o
Nowo, =5y —a o b (2.22)
a’ ¥ =

3. If 3 an integer | # 0 and V integers k # 0, s.t. 0; +0; # 2k, 0; — 0; = 2w, then

c d’ d -
1(-d (¢ c d
N6T“9J = 5 _d/ / / _d/ . (223)

—c —Cd’ —Cd’ d
The Cg : Skew,, — Skew,, denotes the pseudoinverse of Cg : Skew,, — Skew,, that consists of
Ngfﬂj acting on the vectorized off-diagonal blocks Nj; ;1,7 # j, the identity map I acting on the
vectorized diagonal blocks Nj; ; and the additional cl , when S € S_. The Cg degenerates to Cg 1
when S € S,, i.e., when Cg is invertible. The pseudoinverse operators of Lg : Skew, — Skew,
and D expg : Skew,, = TpSO,, are given by Ll = BRocg oBy' and (D expg)! [QAg] := EL(AQ),
respectively. ]

Notice that such a pseudoinverse operator is consistent with (2.16) by setting o/, b’ = 0 and/or
d,d =0 and with (2.17) by setting €', f/ = 0.

Also notice that the nontrivial small pseudoinverse consists of the projector onto the range space
of the respective forward action and the explicit inverse formulae derived above. The verification of
Co being a pseudoinverse by writing out Cg o Cg 0Co = Cg is omitted for simplicity. As mentioned
in the construction, such a pseudoinverse is not unique and this particular Cg is chosen due to the

following extra properties.

Proposition 2.6.2. For the pseudoinverse Cg given in Definition 2.6.1, the following statements

hold.

1. For any N € Skew,, that may or may not be in the range space R(Cg), the pseudoinverse
finds the nearest point to N on R(Ce) as

Co o Cg;(N) .= N, = argmin||Y — N|3.
YER(C@)

2. For any N € R(Co), the pseudoinverse finds the smallest solution as

CL(N) := M, = argmin || X||%.
Co(X)=N
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Proof. Since the small systems are independent of each other, it suffices to prove the similar state-
ments about N(;ri,é)j acting on Nj; ; and the additional Ngj acting on Np, 41,5 When the pseudoin-
verse is trivial, by construction there is R(Np, ;) = {0 € R*} or R(Np,) = {0 € R?}, which yields
the statements.

For the nontrivial pseudoinverse that only happens on the 4 x 4 system N, (Ji,@j acting on Ny; j1,1 #
J, without loss of generality, consider the 0;+40; = 2k case. The 0; —0; = 2k case can be similarly
proved by interchanging the plus and minus between 7; + 14 and 12 — n3. The pseudoinverse by

construction satisfies

m m + N4

t | | _1|m—m
Neiﬂj/\/@‘ﬂj 3 2 3|’

Y m + N4

which is an orthogonal projection from y = vec(N}; ;) to the range space characterized as
R(No,0;) = {n € RY s = g, 12 = =113}

The orthogonal projection implies || N, g, © Ngi,ej (vec(Nji ;1)) — vee(Nj j1)ll2 is minimized, where
|| [|2 denotes the vector 2 norm. It only remains to notice that the vector-2 norm is the same as the
matrix Frobenius norm in the form of || vec(Nj; ;))ll2 = ||V} j1llr. The proof of the first statement
follows immediately.

For the second statement, without loss of generality, consider the 6; + 6; = 2k7 case. Notice
that the preimage of Ny, g, denoted as {¢ € R* : N0, = n} is given in the form of & + & = 20}
and & — &3 = 205 where C and Cy are constants determined by ¢, d and y. The second statement

follows from the classic results

argmin (& +&3) = (C1,C1)
&1+84=2C

argmin (&5 + &3) = (Ca, —Cy).
§2—E3=2C">

2.7 Routines and Implementations

This section elaborates the algorithmic and implementation details of the derived formulae.
Recall that the proposed new formulae are derived from the complex formulae (2.9) by exploiting
the skew symmetry and avoiding complex arithmetic. For simplicity, the new formulae are denoted

as “real” formulae while the formulae (2.9) are denoted as the “complex” formulae. For the
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formulae proposed in [26] and [27], they both utilize the Padé series of the matrix exponential for
the computation and therefore they are denoted as the “Padé” formulae in this section.

These formulae apply to different range of matrices S in D expg[Ags] = QAg where @ = exp(S)
and the following table presents a summary. Note that the row in “forward” means the computation

Ag — Ag while the row in “backward” means the computation Ag — Ag.

Table 2.1: The feasible conditions of the root S in computing Ag < Ag

Condition Real Complex Padé
Forward | Skew Symmetric | Diagonalizable, [28] All Complex Matrix , [26]
Backward | Skew Symmetric | Diagonalizable, [28] | Within Principal Branch, [27]

2.7.1 Three-Stage Evaluation

First of all, the computation of the formulae derived in this chapter all share three similar
stages. They all require some intermediate results typically computed during the matrix expo-
nential S — exp(S). These computed objects are then used to further compute the necessary
parameters in the formulae. The final stage is to apply the formulae to an input variable. This
3-stage procedure applies to other existing formulae, not specific to the skew symmetric and special
orthogonal matrices. These stages are denoted as “PreEval-Param-Action”. In the PreEval stage,
the routine gets objects that are either available from previous computations or recomputed from
the scratch. In the Param stage, all parameters in the formula other than the input variable are
computed. The Action stage computes the action of the formula provided with an input A.

The stages like the PreEval and the Param are considered as a single “Preprocessing” stage
in a typical algorithmic analysis. However, it is necessary in this case to distinguish them for
the following reasons. Firstly, different formulae require different intermediate results that are
computed in different ways of computing S — exp(S) and these objects do not convert easily from
one to another. Secondly, the contribution of the PreEval stage to the overall complexity may vary
from a very significant portion, if it is computed from the scratch, to nothing at all, if it reuses
the previous computation appropriately. Finally, the contribution of the Param stage to the overall
complexity is usually negligible. In conclusion, having PreEval and Param split provides important
details in usage of these formulae.

In the PreEval, the formulae specific to skew symmetric and special orthogonal matrices require

the Schur decomposition of the skew symmetric matrix, the formulae in [28] and [27] require the
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spectral decomposition of the skew symmetric matrix and the formula in [26] requires the interme-
diate matrix products in the scaling and squaring method [18]. Note that the algorithmic details in
various ways of computing S +— exp(S) is beyond the scope of this dissertation. A brief discussion
about this topic is given in later chapter on important primitives. Although the complexity of the
matrix factorization significantly varies by the structure of the matrix being factored, this section
no longer dive into details. Instead of elaborating all possible cases in the matrix factorization,
this dissertation refers to the standard library of each formula that can handle most cases in a

reasonable range with consistent complexity, which is discussed below.

2.7.2 Refinements on Existing Formulae

To demonstrate a comprehensive and reliable analysis of the complexity of the proposed new
formulae specific to skew symmetric matrices, it is necessary to introduce appropriate refinements
to the existing formulae that are designed for more general scenarios. These refinements should
exploit part of the structure in the skew symmetry and accelerate the existing formulae so that
the comparison is fair. Secondly, these refinements are expected to help narrowing down the vary
range of complexity as the formulae are evaluated in a more targeted set of matrices.

The existing formulae proposed in [28], [26] and [27] are assumed to be evaluated on a normal
matrix S, i.e., SST — STS =0, i.e., S is unitarily diagonalizable with the spectral decomposition
ZAZH where ZH is the Hermitian transpose of Z. It is clear that normal matrices include skew
symmetric matrices S but not vice versa. With the additional normal structure, the formulae in
[28] are free from computing the inverse of the eigenvectors of S as normal matrix has unitary
eigenvectors and their inverse is given by the simple Hermitian transpose. For the formula in [27],
the normal structure reduces the repeated solves on block upper triangular matrices into solves
on block diagonal matrices. For the formula in [26], the differential of the matrix exponential
is expressed as the linear combination of a series of dense matrix products, in which the normal
structure cannot speed up the computation. Fortunately, this formula is already fast enough for
the experiments.

Based on the discussion above, the PreEval stage of the formulae executes the following compu-
tations. The real formulae perform the SYTRD-like method proposed for the Schur decomposition of
the skew symmetric matrices proposed in [24]. The complex formulae and Padé perform the HETRD
in CLAPACK for the spectral decomposition of the Hermitian matrices. The Padé formula performs

the dense matrix multiplications for the matrix products in the scaling and squaring method.
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2.7.3 Pseudo Codes

Algorithm 1: Linear Operators of D expg and Dexpg1

Input: Set of angles ©
Output: Parameters for Lg stored as vectors

for j=1,--- /mdo
T

[uny

2 | Lj:=[a; b]; // Equation 2.16
3 L; = [a; b;-]T; // Equation 2.17
4 fori=j5+1,---,mdo
5 Li]’ = [CLij + Cij Qi — Cij bij + dij bij — d,’j]T; // Equation 2.14
6 L;'rj = [agj +oy a—c; b tdi b — d;j]T; // Equation 2.15
7 Return Lij,ij,Li,L} fori>j=1,2,--- ,m;
Algorithm 2: Action of the Directional Derivative D expg or its Inverse.
Input: Real Schur vectors W of S with linear operators from Algorithm 1 and A.
Output: Ag from Dexpg[A] = exp(S)Ag or Ag from D expg[A] = exp(S)Aq.
1 X « WTAW;
2 forj=1,---,mdo
3 fori=45+1,---,mdo
5 Yija) < _Y[iTj]3 // Skew-symmetry
6 | Yy ¢ Xpgp
7 if n=2m + 1 then
8 Yim,j] < Limg)(Xpm,j)) or Yimj < /J[_ml’ﬂ (Xim,j1) 5 // Equation 2.15,2.17
9 Yijm ¢ —Y[E i’ // Skew-symmetry
10 | Return wWYwT,

2.8 Complexity Analyses and Numerical Results

This part presents the analysis of operation counts in the proposed new formulae and the existing

formulae in [28], [26] and [27] and numerical experiments that validate the complexity analyses.

2.8.1 Complexity

Real formulae for skew symmetric S: A real Schur decomposition of S is required for

-1

Dexpg[-] and D (expg)q” [-] which takes approximately 25n3 floating point operations (FLOPs),
[16]. All angles of S are known at no additional cost from the Schur decomposition. It remains
to determine all the a, b, ¢, d from the angles by Algorithm 1 so that all parameters in the direct

formulae are obtained. This takes 8n? FLOPs. Finally, the execution of Algorithm 2 requires 4
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matrix multiplications and O(n?) ~ 3n? updates in 2 x 2 blocks, with a complexity approximately
8n3 + 3n? FLOPs.
Complex formulae for normal S: A spectral decomposition for an arbitrary normal matrix
is obtained based on the real Schur decomposition [16] and it requires approximately 25n% + 9n?
FLOPS when S is skew symmetric. It remains to determine the exp(—A)¥ matrix from
Ag = exp(S) 'Dexpg[As] = Zexp(—N)Z 1 (Z((Z7'AsZ) - 0)Z71)

= Z(exp(—=AN) (27 AsZ) - W) 27

=Z((Z7'As2) © (exp(—A) )2z
where the last equal sign follows from the fact that exp(—A) is a diagonal matrix. These complex
computations require approximately 8n?> FLOPs. Finally, the evaluation computes 4 complex
matrix multiplications and 1 complex Hadamard product, which is 32n3 + 3n? FLOPs. For the
inverse of the directional derivative, the Hadamard product with exp(—A)WV is replaced by the
Hadamard division with exp(—A)W.
Padé formulae for normal S: Since the underlying algorithms for the matrix exponential and
the matrix principal logarithm are fundamentally different, the two directional derivatives have
different complexity. D expg[-] does not require a decomposition and D logg[] requires a real Schur
decomposition. The complexity of the implementations depends on the Padé order ¢ of the matrix
exponential and the rescaling process s on a large Ag and/or S. According to both [26] and [27],
the recommended Padé order is ¢ = 13 and no rescaling is considered in the complexity analysis,
i.e., s = 0. Note that repeated evaluations with the same S or () are required for these primitives
and therefore those computations that only depend on S or () are considered the preprocessing of
the Dexpg or Dlogg, which are reusable in repeated evaluations. The preprocessing for D expg
requires 6 real matrix multiplications(12n® FLOPs) and 1 LU decomposition(2/3n® FLOPs), while
the Dlogg has no reusable terms for repeated evaluations. The evaluation of D expg requires 13
real matrix multiplications(26n3 FLOPs) and 2 LU solver on n x n matrices(4n® + 4n? FLOPs).
The evaluation of D logg requires 17 real matrix multiplications for 34n® FLOPs.

The following tables summarize the complexity discussion. Note that the decomposition com-
putation is usually free from earlier computations in later chapters. The preprocessing compu-
tations can be reused in repeated evaluations. Also note that the preprocessing computation for
D (exps);}p(s) [[] can reuse the preprocessing computation for Dexpg|:] if it is available. In the

case of reusing the preprocessing computation, the required computation is given in curly brackets.

38



Table 2.2: Complexity of the Directional Derivative of the Matrix Exponential

Table 2.3: Complexity of the Directional Derivative of the Nearby Matrix Logarithm

Algorithm | Decomposition | Preprocessing | Evaluation
Padé 0 (12 +2/3)n3 | 30n3 + 4n?
Complex 2513 + 9n? 8n? 32n3 + 3n?
Real 2503 9n? 8n3 + 3n?

Algorithm | Decomposition | Preprocessing | Evaluation
Padé 2513 0 34n3

Complex 25n3 + 9n? 8n? {0}* 32n3 + 5n?
Real 25n3 5n? {n?}* 8n? + 3n?

* : Complexity that reuses the preprocessing from D expgl-].

2.8.2 Experiments

For each formula, the following experiment is performed. Given a dimension n, two random
skew symmetric matrices S, A € Skew,, are generated and @@ = exp(.S) is computed in advance.
Then, the formula or its inverse is executed with the full 3-stages, i.e., the PreEval stage is executed
from scratch. The computed times of the individual stage are recorded and the results are plotted
against the dimension n, in Figure 2.2 and Figure 2.3. Besides reporting time for computing the
actions Ag — Ag and Ag — A, the figures also present the combined time of Param and Action
stages as the best scenario, where no PreEval is needed to be computed from scratch, and the
combined time of all 3 stages as the worst scenario.

Note that the Padé Algorithm for the inverse action is not included as it is restricted within the

principal branch and relies on a system solver that is significantly slower than the other 2 methods.

150 150 150
—Real
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Figure 2.2: Computation Time of Ag+— Ag in Dexpg(A) = QAg
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Figure 2.3: Computation Time of Ag — Ag in Dexpg(A) = QAg

Overall, the new formulae proposed in computing the linear map £g(A) and Egl(A) is4~4.5
times as fast as the other formulae. The extra speedup beyond 4 is observed in large dimen-
sions, in which case dense matrix products and complex arithmetics affects more in the real time

performances.
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CHAPTER 3

LOCAL DIFFEOMORPHISM IN SKEW
SYMMETRIC MATRICES

Based on the differential of the matrix exponential on the skew symmetric matrices investigated
in Chapter 2, this chapter further studies its implications between the special orthogonal group
and the skew symmetric matrices via exp : Skew,, — SO,, and presents a solution to the smoothly
evolving geodesic problem (4.2) proposed in Chapter 4. In particular, this chapter first identifies a
local diffeomorphism in exp : Skew,, — SO,, in which the inverse of the matrix exponential is well-
defined, unique and smooth. Then, some intriguing properties of the diffeomorphism are derived
and discussed. The notion of the nearby logarithm proposed in [9] is re-interpreted under this
diffeomorphism. Finally, two different algorithms are designed to compute the smoothly evolving

geodesic problem (4.2).

3.1 Skew Symmetric Matrices with an Invertible Differential

In order to identify a diffeomorphism structure within exp : Skew,, — SO,, around some skew
symmetric matrix S € Skew,, its differential at S restricted to the skew symmetric matrices,
Dexpg : Skew,, = TSO,, where () = exp(.S), must be invertible. In other words, S is not on the

conjugate locus Conj; characterized in Corollary 2.5.4, denoted as
S := Skew,, \ Conj; = {S € Skew,, : S satisfies condition (2.20)}. (3.1)

Recall that the conjugate locus Conj; is described as the union of countable conditions indexed
by the integers k # 0 and each one of them states that there exists a pair of angles (0;,6;),i #
j=1,2,--- ,m such that 6; £ 0; = 2kr. Therefore, the skew symmetric S satisfying the k-indexed

condition consists of the following two or three subsets
A+ UA, — :={S € Skew,, : 30; + 6; = 2kn} U {S € Skew,, : 30; — 6; = 2kn}

(3.2)
Ay« = {5 € Skew,, : 30; = 2kn} additional for n = 2m + 1
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such that
Conj;, = |J (At UAL)

or = U (Ap+ UAp - UAg ) for n=2m+ 1.
k=41,£2,

It follows that Ay 4, A — and Aj . are closed and connected subsets in Skew,,. Therefore, the
set S is constructed by removing countably many closed subsets from Skew,,. It immediately leads

to the following conclusion on the subset structure of S.

Proposition 3.1.1. The set of skew symmetric matrices S with an invertible differential to the
matriz exponential is a collection of countable open and connected subsets denoted as S., where
e € € belongs to a countable indices set. In other words,

s=Js. (3.3)

eef

Proof. Simply notice that the closed subsets defined in (3.2) are closed subsets in the vector space
Skew,. Removing countably many closed and connected subsets from a vector space results in
countably many open and connected subsets. In this case, they are S, e € £ where the countable
index set £ is determined by the integer k = +1,£2,--- and the plus-minus-star signs that label
the closed subsets (3.2) (but not themselves, i.e., & # ({£1, -}, {+, —, *})). O

Definition 3.1.2. In particular, the 0 € Z indexed subset Sy is reserved for the open subset that

consists of the zero matrix 0 € Skew,,, i.e.,
So :={S € Skew,, : Vi # j, 0, + 0; < 27}. (3.4)
O

For the case n = 4, there are only 2 angles of a skew symmetric matrix S, denote them as 6; and
0. Figure 3.1 illustrates the angles of the matrix at the conjugate locus in red. Note that each
red dashed line corresponds to a closed subset in Conj; C Skew,. The 4 dashed lines correspond
to the 4 closed subsets Ay 4, A1 —, A_1 4+ and A_; _. The interior red box in the middle is the
0-label subset Sy.

The skew symmetric matrix in the principal branch (2.1) has its angles bounded by —7 and
7. The boundary of the principal branch is plotted as the black dashed line and the interior black
box is the principal branch. Notice that the principal branch is fully contained in Sy and this
observation applies to more general n > 4, as 0; £ 0; < 2m,Vi # j = 1,--- ,m easily concludes

|0;] < m,Vi=1,--- m.
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Figure 3.1: Illustrations of the conjugate locus and the principal branch in Skew,

3.2 Preimage of Exponential at Special Orthogonal Matrices

With the conjugate locus Conj; fully characterized on Skew,, it leads to the next question
characterizing the distribution on the preimage of the matrix exponential {X € Skew,, : exp(X) =
Q € SO, }, especially for the @ = exp(S) with S € Conj; .

Consider a special orthogonal matrix Y that has a set of principal angles © € [0, 7™ specified

in the preferred Schur decomposition

Y = RER" = Rdiag(Ep 1),- -+ )R" = Rdiagy

ay,bys”” aEar,br

as in (2.7). Let
X = RDR" = Rdiag(Dy i}, )R" = Rdiag(Do,, - , Do, )R"

be the skew symmetric matrix constructed from the angles © and Schur vectors R from Y. Recall
that the notation E;; stands for 2 x 2 blocks, and an additional 1 when n = 2m + 1, in the

diagonal. The notation E,, 5, stands for the repeated diagonal block Eq; 5, = [Zj :ﬁj } ® Ij; with
J j

L&y, -1 O

0 1

follow for Dy; ; and Dy;. The constructed skew symmetric X = RDR?" serves as a reference skew

multiplicity k;, and an additional Eyo = [ } when n = 2m + 1. Similar structures

symmetric matrix that characterizes the preimage
E;' = {X € Skew,, : exp(X) =Y} (3.5)
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Lemma 3.2.1. For any Y € SO,, with a preferred Schur decomposition RERT, with the principal
angles © = {f,---,0,,} € [0,7]. Then the skew symmetric matrix X = RDRT with D =

diag( [;1 _091} ,+++) is a preferred Schur decomposition and it satisfies exp(X) =Y.

Proof. By construction, there is

_ 0 —6;|\ [cos(f;) —sin(6;)|
eXp(D[iﬂ)_eXp([ei 0 D— Lm(ei) cos(9;) | = Flis

such that exp(X) = Rexp(D)RT = RER" = Y follows immediately. To see that RDRT is a
preferred Schur decomposition, notice that 6; > 0 is satisfied as they are principal angles chosen to

be nonnegative. For the ordering in cosine values, there is
cos(f) < cos(w) <= 0 > w,V0,w € [0, 7],
as cos(x),x € [0, 7] is monotonically decreasing. Then, 6; > 6;,1,i =1,--- ,m — 1 follows. O

Notice that if the principal angles © in Y are bounded by «, i.e., 0 < 8; < w,Vi=1,--- ,m, the
X = RDR" constructed in Lemma 3.2.1 is the classic principal logarithm that is uniquely defined
within the principal branch {X € Skew,, : || X||2 < 7}, as

IX]l2 = |RDR" s = | Dl = max (10:)) <.

Lemma 3.2.1 not only relates the special orthogonal ¥ = RERT with a skew symmetric
X = RDRT, but also implies that the repeated block diagonal structure in @, if any, is preserved
in the X constructed from the principal angles. This is not true for S € E{,l in general is discussed
later in this section. The next Lemma 3.2.2 states the implications of a shared repeated block

diagonal structure in terms of the set of possible Schur vectors.

Lemma 3.2.2. For any two Y, Z skew symmetric or special orthogonal matrices with the corre-
sponding preferred Schur decompositions Y = RMRT and Z = RNRT, let M and N share the

same block diagonal structures and repeated pattern given by

aj —bj

N :diag(NaLbu”' 7Nar,br)7 Naj,bj = |:b :| ®Ik]
J

J

. c;i —d;
M = diag(Mcy 4y, s Nepd,)s Meja; = [d]- C,]] @ I,
i G

where k1, - - - k, is the multiplicity of the repeated diagonal block that satisfies 22:1 k. = 2m. Then

Y and Z share the same set of possible Schur vectors.
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Proof. From Proposition 2.2.3, the set of all possible Schur vectors is {]:2 = RQGP}, generated
by orthogonal transformations (),G and P. The G term and the P term only depends on the
dimension n = 2m or n = 2m + 1. The @ term depends on the multiplicity and the position of
repeated blocks, which are both identical in M and N. Therefore, the same sets of Q,G and P

generates the same sets of Schur vectors of Y and Z. O

According to Lemma 3.2.2, the X = RDRT constructed by the principal angles © of Y =
RERT shares the same set of possible Schur vectors, i.e., for any given set of Schur vector R of Y,
it is also a Schur vector of X, i.e., D := RTXR must be in forms of a block diagonal structure.

This insight is further exploited in the following Theorem to characterize the preimage E;,l.

Theorem 3.2.3. For any Y € SO,, with a preferred Schur decomposition RERT and the principal
angles © € [0,7]™, the Schur decomposition on the skew symmetric matriz S = RD®RT is a
preferred Schur decomposition and S satisfies exp(S) = Y. Furthermore, the preimage at 'Y is
given by

R = RQG, D = diag(Dp 1), )

0 —(97; — 2]%7'&' (36)
W6+ 2k 0 ki Z

I
fuy)
o
=
)%

{X € Skew,, : exp(X) =Y}

where Q = diag(Qeos(g;)sin(61), " "+ »Qo,1) and G = diag(Gyy 1), ---) with the additional condition
det(G[i,i]) =1,i=1,--- ,m are orthogonal transformations specified in Proposition 2.2.3 applied

to the preferred Schur decomposition Y = RER™.

Proof. Let X = RDR™ be a preferred Schur decomposition on the skew symmetric matrix X as
constructed in Lemma 3.2.1. By Lemma 3.2.2, both X and Y share the same set of possible
Schur vectors.

(RHS = LHS): Notice that det(G[; ;) = 1, which yields GW]DMG% =Djgi=1,---,m.
For Q = diag(Qay by» " s Qa,b,) Where Qq; p; = I2 @ Qy; with any k; x k; orthogonal matrix acting
on the j-th repeated diagonal block in £ with the multiplicity of £;. The j-th repeated diagonal

J

. a; —b; .
block is expressed as E p; = [bj aj] ] @1y, . Simple algebra shows that Qa; b, Ea; b, Q;Fj’bj =Eq4p
as discussed in Proposition 2.2.3. Then, it can be concluded that “RHS = LHS”

exp(RQGDGTQTRY) = exp(RQDQTR) = RQexp(D)QTR
= RQ diag(exp(b[l,l])v -~ )QTR" = RQ diag(E 1, - )QTRT
= RQEQTR" = Rdiag(Qa, b, Fay 0, Qay 0y )R
= Rdiag(F,, 4,,---)R" = RER" =Y
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(LHS = RHS): Let S = RgMRL be a solution to exp(X) = Y with the Schur vectors Rg.

Then Rg is also a Schur vector of Y as
Y = Rgexp(M)R§ = Rg diag(exp(Mp ), -+ ) Rs.

By Proposition 2.2.3 applied to Y, there exists orthogonal transformations @) = I,,, G and R such
that

Rs(PTGT diag(exp(My 1)), )JGP)RY = RsER}.
By Proposition 2.2.3 applied to S, Rg remains a set of Schur vectors of S, i.e., S = RgMRg is a

Schur decomposition. Then, it remains to verify that the new Schur decomposition falls in (3.6).

Let E = diag(E[Ll], . ) with E[l’d = G[l,z] eXp(M[i,i])GT then the

[3,i]”

PEPT = diag(EN[ilﬂil], s )

where P permutes i1,--- ,%;, to 1,2,--- ,m. Since the solutions to
~ 0 —b; cos(f;) —sin(0;)
R - i) J j
Bliji;) = exp <[9ij 0 ]) [sin(ej) cos(6;)
. Ty S . L 0 —0; — 2k;m -
is given by {0;, = 0; + 2k;m : kj € Z}, there is M}, ;1 = [93‘ 4 2k 0 ] Then, it is

ready to conclude “LHS = RHS” as
RsMRY = RsGMGTRs = RGPPTMPPTG'Rg

= RSPT diag(M[Ll}, s )PRS = RS dia‘g(M[il,iﬂ) e )RS

[ 0 —0; — 2k 0 N ._
01 + 2k 0

Il

aol}
0
o

0 —0y — 2kom o RT
0y + 2kom 0

where the first equality follows from the assumption det(G; ;) = 1 and the fourth equality follows

from the fact that PT permutes 1,--- ,m back to i1, - ,%,, by construction. ]

Computationally speaking, it is important to note that the extra condition det(Gp;;) = 1
introduced in Proposition 4.5.4 provides a convenient yet sufficient characterization based on the
principal angles © € [0, 7]™, but it also suppresses the equivalent matrix expression of the Schur
decompositions with R[i} = RjGliq), ki € Z where det(é[m}) = —1. Although the suppressed
expression is equivalent to G|; ;) == GW] [(1) (ﬂ and —k; € Z, i.e.,

0 0; — 2ki7r] RE{] _ R[i] {0 1] [ 0 —0; -I—Qkﬂ} {0 1] Rg]’

Ry —0; + 2k;7 0 1 0| |0; —2k;m 0 10
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the Schur decomposition on skew symmetric matrices computed from the standard library does
not appear in the characterization chosen in Theorem 3.2.3. Therefore, extra considerations are
needed to be taken care of if there are algorithmic demands on the form of Schur decompositions.

There are also two intriguing implications from the characterization (3.6) on particular skew
symmetric matrices that sheds some light on the geometric insight of exp : Skew,, — SO,,. The
first one justifies the cut locus Cuty, on SO,, being {X € Skew,, : | X||2 = 7w} and the second
one relates the skew symmetric matrices on the conjugate locus to skew symmetric matrices with

repeated diagonal blocks structure.

Corollary 3.2.4. For any skew symmetric matrix S € Skew,, on the cut locus Cut;, = {X €
Skew,, : || X||2 = 7}, there exists a different X # S also on the cut locus such that exp(S) = exp(X)
and || X[z = [|5]]2.

Proof. Let S = RDRT be a preferred Schur decomposition with angles 6; > 6;,1. Since

0 -1
7= |Slle = |RDR™|lz = |Dljs = max ||, — max |6,
i=1,-,m 1 0 9 i=1,-,m
there are 0y =mand 0> 60; < m,t=2,--- ,m. Write S as the following
S=ry|® T BT 4N Ry DR
=Ry |, o | B+ D RaDia R
i=2

Let Q = exp(S) = RER". By construction, © is the principal angles of Q. Therefore the preimage
Eél is characterized by (3.6) with S. Consider the X with —2r shift in the first block as

0

—T

_ s i
Eq' > X = Ry [ 0] Rijy+ Y Ry Dia R
=2

0 —2m
2r 0
exp(t - X) and exp(t¢ - S) arriving at @ from I,, with the same distances

It is easy to see that X # S as S — X = Ry [ ] R[Tl] # 0. Then, there are two geodesics

(

|X|r = [|[RxDxRx|lr = | Dx|r =

ISl = | RsDsRs [ = || Dsllr =
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Corollary 3.2.5. A special orthogonal () has repeated eigenvalues if and only if
Eél N Conj; # 0,

i.e., there exists S € Conj; such that exp(S) = Q.

Furthermore, the repeated eigenvalues are characterized by a repeated block diagonal structure
in its preferred Schur decomposition Q = RERT = Rdiag(Eq, by, ,Eahbr)RT where there is at
least one diagonal block Eg;p, larger than 2 x 2. Such an E,, ;; is characterized by the angles
Q in S. If there are k angles that violate (2.19) with w = w; as i # i1 # iy # - -1} such that

w + wj; = 2k;m, then

cos(w) | sin<w>|]

Eeos(w),) sinw)| = Ik ® [| sin(w)|  cos(w)

or with iy # iz # - - - if such that w;; = £2k;m and n = 2m + 1, then Ey o = log41.

Wy 0
ferred Schur decomposition RERT = exp(S) must have E; with dimension 3 x 3 at least. The

Proof. When w; = 2km and n = 2m + 1, there is exp <[0 —wz}) = I5, which means a pre-
corresponding canonical angle is 0 and the statement follows.
When w; £ wj = 2k7, observe that w; + w; = 2km & w; = (—w; £ 2kw). For S = RD®RT

0 1] ,In2j> and R = RQ such that the

constructed by the angles w;, let @ = diag <12*(j_1), [1 0

j-th diagonal is flipped as
S = RDRT = Rdiag <[0 _“’1} e [ 0 “’J} > RT.
w1 0 —
Then, shift the j — th block with +2k7 to get

A 0 wj F 2km ~ T
X_Rdlag< ’[—wj:I:Qk?T 0 } >R

:Rdiag<-~7[£, Cgi]w‘)RT

i.e., X has repeated diagonal blocks in 4, j positions. Then, it is easy to verify exp(S) = exp(X). Let

the exponential of the repeated block be Eu () , convert it to a preferred Schur decomposition

sin(w;)
a8 Eeos(w;),| sin(w;)| to find the corresponding (repeated) principal angles 6 € [0, 7] satisfying cos(6) =
cos(w;) and sin(f) = | sin(w;)|.

The above discussion on constructing repeated diagonal blocks from the conjugate locus can
be reversed to construct a skew symmetric matrix on the conjugate locus from a repeated angles.

Therefore, the “if-and-only-if” statement follows.
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Corollary 3.2.5 reveals the relation between the set of special orthogonal matrices with repeated

eigenvalues and the conjugate locus. Such a set is denoted as
Q := {exp(S) : § € Conj; } = {Q € SO, : Q with repeated eigenvalues}. (3.7)

Note that having @ € Q only implies there exists a S € Conj; satisfying exp(S) = @, but not
necessarily suggesting Eél C Conjy . In other words, there may be X € Skew,, with exp(X) =
@ € Q and an invertible Dexpy : Skew, — THSO,,. With the set Q identified, the following

theorem concludes an essential feature of the preimage Eél, VQ ¢ Q.

Theorem 3.2.6. For any Y € SO, \ Q, the preimage {X € Skew,, : exp(X) =Y} is an isolated

set with points separated by a distance of at least 27 in matriz 2-norm, i.e.,
|A — B|l2 > 27,VA # B € Skew,,, exp(A) = exp(B) (3.8)

Proof. Let X = RDRT be the reference skew symmetric as constructed in Lemma 3.2.1 with the
Q = RER" such that both A and B can be expressed as a shift from X in forms of (3.6) with
EneZ™ Qa,Ga and Qp,Gp such that

) ) B ) 0 —0, — 24
_ ERT = ¢ = T
A=RpD*Ry, Rp=RQaGa,D diag <[91 + 26 0 ] ’ >
B= ReD'R}, Ru—RQpGpD" —ding (|, 0 ~H—2mm
B B B BUB, 01 + 27]177 0 ’

Since Y ¢ Q, there is no repeated diagonal block in F, the Q4 and Qp are both the identity matrix
I,,, which yields

|A = B|s = |RGAD*GYR — RGD"GLR||2 = |GaD*GY — GgD"GE|2

Dyigll2

i

= |[D* = D" = max ||Dj,
i=1,,m

= max [|2(§, —mi)7| > 2w
=1,,m

=1,

where the third equality follows from det(G 4 ;;) = 1 and det(Gpg;;)) = 1, the fourth equality
follows from the 2-norm on block diagonal matrix and the fifth equality follows from the fact that

A£B &+, 0

The condition Y ¢ Q is necessary for Theorem 3.2.6. Otherwise, the following proposition
finds a connected set of skew symmetric matrices that have the image under the exponential equals

to the same Y with the repeated diagonal blocks.
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Proposition 3.2.7. Consider Y = RERT € Q with principal angles © and X = RDR" € Skew,,

be constructed by the principal angles, with 0; = 0;11. Let S = RD:RT € Conj; ~with shifts £ € Z"
cos(w) —sin(w)

in multiples of 27, then for any w € [0,27] and Q(w) := [Sin(w) cos(w)

} ® Iy the set
{S(w) : w € [0,27]} C B!

and ||S(w) — S(0)||2 ranges in [0,2|&; — &j41|7] continuously where

¢ pT Dy 0 | B
Sw)= > RaDjyRy+ [Ry Ryl Q) |07 e QW) | pr
i#5,j+1 [i+1,5+1] li+1]
Proof. This follows from the Gershgorin circle theorem. O

3.3 Diffeomorphism Structure in Skew Symmetric Matrices

Based on the structures exploited on the connected subsets S.,e € £ and their boundaries
Conj; _, it is now possible present the local diffeomorphism in the matrix exponential exp : Skew,, —

SO, as follow.

Proposition 3.3.1. Given any S € S.,Ve € &, let Q = exp(S). There exists a small enough
netghborhood of S denoted as Mg C S, with its image denoted as

Ng ={Y =exp(X) : X € Mg},
such that the restricted matriz exponential exp : Mg — Ng is a diffeomorphism.

Proof. Since the S, Ve € £ is an open and connected subset, it is always possible to build any small
enough neighborhood Mg C S..

For such a Mg, any X € Mg, including the X = S, has an invertible differential Dexpy :
Skew,, = Ty,(x)SOn. By the inverse function theorem, there exists a small enough neighborhood
of Mg on which the matrix exponential is invertible.

Then, let that Mg be this smaller subset, on which exp : Mg — N is a bijection. Furthermore,
the differential Dexpy : Skew,, — TyS0,,VX € Mg,Y = exp(X) € Ny is invertible, i.e., the
inverse exp ™! : Ng — Mg is differentiable for any Y € Ng. It concludes with the definition that

states a bijection with an invertible differential is a diffeomorphism. O
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3.3.1 Sufficient Condition of Constructing Diffeomorphism

The locality of the diffeomorphism within S, Ve € £ cannot be extended to the entire S, as the
exponential exp : S¢ — SO,, may not be a bijection. To see that, simply notice that Sy contains
S € Skew,, with an angle 0; € (7, 27). For example, in the illustration of Skew, in Figure 3.1,
the region within the red box but outside the black box contains such an angle greater than .
Replace 0; in S with 0 = 0; — 2w € (—n,0) to obtain S’ that still lies within Sp. In the illustration
of Skew,, S’ lies within the black box. It is easy to see that exp(S) = exp(S5’), i.e., exp : Sg — SO,
is not a bijection, which implies exp : Sg — SO, is not a diffeomorphism.

Fortunately, the diffeomorphism within S.,Ve € £ is lost solely due to the loss of bijection
structure, as for any X € S.,Ve € &, the differential is always invertible. Combined with the fact
that the preimage of the matrix exponential is a set of isolated points, a stronger statement on the

diffeomorphism is proposed in below.

Proposition 3.3.2. Let Mg be an open neighborhood of S € S, for e € £ and let N be its image

under the matriz exponential. Then the matriz exponential exp : Mg — Ny is a diffeomorphism if

for YA, B € Mg, ||A— Blj2 < 27.

Proof. The matrix exponential can only fail its one-to-one nature in Mg if there are at least 2 points
A # B from a preimage of some Y € N lie within Mg. By construction, Y ¢ Q which yields that
the two points are separated in at least 27 distance, i.e., ||[A — Blla > 27 as stated in Theorem
3.2.6. This statement contradicts the imposed condition. Therefore, the matrix exponential is a
bijection on such a Mg.

On the other hand, the Mg C S, by construction has all differential D expy,VX € Mg invert-

ible, the diffeomorphism of exp : Mg — Ny follows. O

3.3.2 Diffeomorphism on an Inscribed Ball

The Proposition 3.3.2 provides a sufficient condition to construct a diffeomorphism in S, Ve €
E. The following proposition further shows that for any S € S., an inscribed ball of S, that
is tangential to the boundary of S., satisfies the proposed sufficient condition. This provides a

practical way to identify a local diffeomorphism.

Proposition 3.3.3. For any skew symmetric S € Se,Ve € £ with Schur vectors R and angles ©,

its distance under 2-norm to the conjugate locus, which is also its distance to the boundary of S,
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is fully determined by its angles ©, denoted as dg. It is given by

min {‘Hi—i-(gj—2]{27'(",‘(91‘—(9]'—2]477["}, n=2m
260 = i#j=1, ,m,k#£0 (3.9)
' min {16; + 0; — 2k~|,|0; — 0; — 2kx|,|0; — 2k7|}, n=2m+1 '
i#j=1,- ,m,k#£0
Furthermore, this distance is bounded from above as

T, S e

o < . (3.10)
71'/2, S ¢ SO

Proof. Recall that a distance from a point to a subset is the infimum among the distance from that
point to any point on the subset. In this case, the given point is S € S, and the subset is Conjy, .
Since the Conj; is a closed set that consists of countably many closed subsets, the distance from
S to Conj; becomes the infimum among the distances from S to all closed subsets. Then, one can

characterize the distance from S to the closed subset Ay, |
dp 4 = dist (S, Ag.+).

Since Ay, 4 is a closed subset in Skew,,, there must be a X}, ; € Aj  that realizes the distance, i.e.,
dist(S, Xg +) = [|S— Xk 4 |l2 = dist(S, Ak +) = di 4. It is easy to find such a X}, ; as Xj . = RD'RT
where R is the Schur vectors of S, D’ consist of the same angles of S except the 7, j-th angles that
realize the minimum

argmin |0; + 6; — 2kn|.
175‘7:172) ;1

Let € be the difference 2km — 0; — 0; that realized the minimum in magnitude and set the corre-
sponding 4, j-th angles as 0] = 0; +¢/2 and 0 = 0; +¢/2.

By construction, the resulting X = RD'RT has 0] + 03- = 2km, ie., it is on A 4. Since
X = RD'R"T and S = RDR? share similar structures in the Schur decomposition, their distance
under matrix 2-norm is given by

|X = S|z = |R(D" = D)R||2 = ||D" = D2

o ... 0 - 0
[;/’2 %/ 2} 0

S

o=}
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Le., 2di 4+ = |e| = #Fnllgnmwl +60; — 2kn|.

Similarly, one can define dj _ and dj, . to the closed subset Aj _ and Ay, , realized by X;, _ and
X}« respectively. Taking the minimum over dj 1, dj — and the optional dy, . for all k = £1,---,
yields (3.9).

Finally, to see the bound on the matrix 2-norm, consider S € Sy first. In this case, the
boundary of Sy is simply the 4 subsets A4 1. Let the distance be realized on Ay 4 at 6;,0; as
200 =2dy 4+ =10; + 0; — 27|.

Suppose 2d; 1 > 2m. Since, S € Sp, there is 0; + 0; < 27, there is —4n < 0; + 0; — 21 < —2m7.

In this case,

2d_17+ = 17&]:11117121} 7’m|01 + 0] + 27T|
< 16; +0; + 27|

=10; + 0; — 2w + 4~|

=4+ (0; +0; — 2m) <27 < 2dy 4.
This is a contradiction as dj 4 realizes the shortest distance, therefore, 2dy < 27. When d; —
realizes the distance, similar argument can be made by looking into d_; —.

When S € S, # Sy, the boundary of S, must include at least one of the following 3 pairs of
subsets: (1) Ak 4 and Agy1+; (2) Ap— and Api1 ;5 (3) Ak« and Agiq 4, where k,k + 1 # 0 are
integers. Apply the same argument above to this tighter pair of boundary yields 26g < 7, which
concludes the proof. Note that the missing closed subsets Ag 4, Ao — and Ap, makes the Sy the

only special case with dg < 7. O

Theorem 3.3.4. For any S € Sc,e € £ with angles O, let
Mg :={X € Skew,, : | X — S]||2 < do} (3.11)

be the inscribed ball under the matriz 2-norm centered at S, where dg is the distance from S to

Conj;, . Then exp : Mg — Ng is a diffeomorphism where Ng := {exp(X) : X € Mg}.

Proof. By construction, the inscribed ball Mg lies within S.. Then, the triangle inequality of the
matrix 2-norm yields VA, B € Mg, ||A — Blla2 < [|[A = S]||2 + ||B — S||2 < 2, i.e., the sufficient

condition in Proposition 3.3.2 is satisfied. O

From this point, the Mg in a diffeomorphism exp : Mg — N is assumed to be the inscribed

ball (3.11) unless otherwise specified. Note that the principal branch (2.1) happens to be the largest
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inscribed ball centered at 0 € Skew,, with the radius dg = w. This result is also consistent with

the classic result stating that the matrix exponential is invertible within the principal branch.

3.4 Nearby Logarithm

The immediate result following from the diffeomorphism exp : Mg — N is the well defined in-
verse function exp™! : Ng — Mg, which is also a smooth bijection map with invertible differential.

It leads to the definition of the nearby matrix logarithm, which is originally proposed in [9].

Definition 3.4.1. Given a skew symmetric S € S, Let Mg C S be an open neighborhood con-
sisting of S and let Ny = {exp(X) : X € Mg} be its image such that exp : Mg — Ny is a
diffeomorphism. Then, a nearby matrix logarithm is the inverse function of the diffeomorphism
denoted as

logg : Ng = M. (3.12)
O

Note that any diffeomorphism exp : Mg — N meets the condition in Definition 3.4.1, i.e., the
Mg is not restricted to the inscribed ball in (3.11) or even the sufficient condition in Proposition
3.3.2. However, the inscribed ball is convenient in practice.

Also note that the skew symmetric S in logg serves more as a parameter that locally determines
the nearby logarithm in a loose manner, rather than an input variable. Given a well-defined nearby
matrix logarithm logg : Ng — Mg, VX € Mg, the same open subset Mg can also be viewed as
the neighborhood of X, such that logy : Ng — Mg is the same nearby logarithm. One can still
force S to be an input variable and define the nearby matrix logarithm around S as something
like Skew,, x SO,, — Skew,, (S,Y) — X where exp(X) = Y, but such a function is not even

continuous in the Skew,, portion of its domain.

3.4.1 Comparison with the Original Definition

Compared to the vague description given in [9] stating that the nearby matrix logarithm around
the given S seeks a solution (X, exp(X) =Y') nearest to (5, exp(S) = @), Definition 3.4.1 clarifies
the condition of S around which the nearby logarithm is defined.

The description of the “nearest” solution of (X,Y") to (S, Q) is ambiguous, as the measurement

to quantify the “nearest” notion can be made on Skew,, or SO,,, in different metrics. Furthermore,
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the “nearest” notions on the two different metric space may not be equivalent. Therefore, Defini-
tion 3.4.1 drops the “nearest” statement and replaces it with diffeomorphism. The impression of
finding solution “near” to exp(S) = @ is kept naturally in the diffeomorphism description, as one
may shrink Mg to an arbitrarily small open neighborhood of S and the diffeomorphism structure
stays on the shrunk neighborhood. For this reason, the term “nearby” is kept in the new definition
even though the notion of “being the nearest solution” does not explicitly appear in it. In conclu-
sion, the basically heuristic definition of the nearby matrix logarithm given in [9] is subsumed and

accurately interpreted in the new definition given above.

3.4.2 Algorithms

This section develops two different approaches in computing the nearby logarithm logg : Ng —
Mg, the Newton method Algorithm 3 and the adaptive method Algorithm 4, that operate on

Skew,, and SO,, respectively.

Newton Method. The Newton method in Algorithm 3 is improved from the prototype
algorithm proposed in [9], with the input S € S, and Y € Ny clarified and the N; in line 6
is computed with the improved formula, rather than appealing to a brute-force linear solver on
Dexpy,[Ni] = QiM; as a matrix free action, which is suggested in [9]. Note that this algorithm
operates on Skew,, and generates a sequence of {X;} C Skew,, that has convergence guaranteed

by the classic Newton framework with a good initial guess Sy.
Algorithm 3: Newton Method for Computing the Nearby Logarithm
Input: S € S. with diffeomorphism exp : Mg — Ng and Y € N near @ = exp(5)
Output: The unique inverse of exp : Mg — N at Y as X =logg(Y).
Initial guess Xy < S if not provided;
Yo« Y5
1 < 0;
while ||Y; - Y| > e do
M; + Skew(Y;YY — I,) ; // Project difference to Ty;SO,
N; « L3N Ny // Algorithm 2
Xiy1 < Xi+a- Ny // Line search for step size «
Yit1 < exp(Xit1);
141+ 1;
Return Xj;

© W N O ks W N =

=
(=}

There are three important algorithmic considerations to note in Algorithm 3. First of all,
the M; in line 5 is an estimation of the difference between Y; and Y. Theoretically speaking, the
M; = log(Y;'Y) should be used. However, the computation cost in one iteration is dominated

by the matrix exponential in line 8, including an extra matrix logarithm in line 5 would double
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the execution time in one iteration. On the other hand, due to the close enough assumption of
Y € Ng, the estimation Skew(YiTY —I,) is good enough for the convergence. Therefore, the latter
is used rather than the former. Secondly, the computation executed in line 6, £;(3(M1) = N;
should reuse the information available in line 8 from the last iteration, exp(X;) = Y;. It implies
that the matrix exponential should be computed with the Schur decomposition approach exp(X;) =
exp(RiDiR;r) = RiT exp(Di)R;r and the Schur vectors R; and angles ©; in D; should be kept for
later computations in line 6. Finally, although the line search procedure is mentioned in line 7 for
the sake of completeness, it is actually not recommended to perform complicated line search for the
step size, as verifying the quality of a try on the step size requires a full matrix exponential. The
current stable implementation of Algorithm 3 uses the constant step size o = 1. A more careful

discussion of the linear search and convergence investigation is left as future work.

Recursive Algebraic Method. The recursive algebraic method takes a different approach
by exploiting the fact that the smooth curve {Y(t) = exp(S)exp(t-A) : t € [0,1]} C Ng where
Y (0) = exp(S) and Y (1) = Y produces a smooth curve {X(t) = logg(Y'(¢)) : t € [0,1]} € Skew,,
where X (1) = logg(Y') is the desired solution.

Therefore, for any d > 0, there exists a sufficiently small mesh 0 =ty < t; < --- < tx = 1, such
that [| X (ti—1) — X(ti)|l2 < 6,Vi = 1,--- k. Although computing the matrix 2-norm is almost as

expensive as computing a matrix logarithm, it is not hard to estimate its lower bound as

[Mllg > = max [M;;
Z7j:17"'7n

where M; ; are the entries in M. Then, for a preferred Schur decomposition Y (¢) = RERT with
X = RDRT where D are shifted from the principal © in Y, there is ||S — X|s = || RTSR — D||s.
Note that the freedom in the above difference is the 27 shifts on the diagonal. Let M = RTSR,
then

|Mait22i41 — 6 — 25| <m,Vi=1,---,m (3.13)

is necessary to have ||[M — D”Z < 7, where & € Z. Such an integer vector ¢ is unique and can be

found from the integer part of (Ma;i22i41 — 6;)/2m. It leads to the following recursive algebraic
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algorithm.
Algorithm 4: Algebraic Method for Computing the Nearby Logarithm
Input: S € S, Q = exp(S) with diffecomorphism exp : Mg — Ng, A € Skew,, where
{exp(S)exp(t-A):t € [0,a]} C Ng, threshold § < 7 on matrix 2-norm, step size

«a < 1 and shrinking parameter o < 1.
Output: X, =logq(Q(«))

1 If § not provided, § < dq, the distance from S to Conj; ; // (3.10)
2 Qq + Qexp(a-Ag);

3 Factor Q, for a preferred Schur decomposition RER™ and the principal angles ©;
4 M+ RTSR:;

5 Find the unique set of integers &;,7 = 1,--- ,m that satisfies (3.13);

- . 0 —0, — 2647 .

6M<—M—d1ag<[91+2§17r 0 },--~>,

7 if || M|y < 6 then

8 Xa<—Rdiag<[91 +02§17r _9162&71 ,...>RT;

9 Return (Qu, Xa)
10 else

11 Call itself for (Qpa, Xoa) from Algorithm 4 with (S,Q, A,d,0 - a,0);
12 Call itself for (Qq, Xo) from Algorithm 4 with (X,a, Qsa, A, d, (1 —0) -, 0);
13 | Return (Qus Xa);

In this recursive algorithm, the divide-and-conquer idea is employed in lines 11 and 12, when
the trial solution identified in line 5 does not satisfy the bound § on the matrix 2-norm. The failure
in line 5 suggest that the algebraic approach has no guarantee in computed solution. Then, a
break point Q,q = Qexp(ca - A) is inserted and then line 9 attempts to solve the easier problem
Xoa = logg(Qexp(oa - A)). When line 9 succeeds, the algorithm moves on the solve the nearby
logarithm problem on the remaining Qexp(t- A),t € [oa,a]. When the call in line 11 fails at its

first attempt, another breakpoint is inserted at t = o2

a and another two calls to Algorithm 4
are made in line 11. This process continues until all calls to Algorithm 4 succeed, and it thereby
produces a mesh {tp =0, -+ ,tx = 1} with X; = logg(Q exp(t; - A)) satisfying || X1 — Xill2 < 6.
There are tthree important algorithmic observations in Algorithm 4. Firstly, the complexity
within each call to Algorithm 4 is dominated by three parts, the matrix exponential in line 2,
the Schur factorization in line 3 and the matrix 2-norm evaluation in line 7. Improvements on
these subroutines will help improve the overall performance considerably. Secondly, the divide-
and-conquer strategy in line 11 and 12 can be adjusted so that they reuse the previous computed
objects in the recursive calls as much as possible. For example, by setting o = 1/2, the matrix

exponential in line 2 in each call becomes exp((k/2%)A). By further restricting a being 1/2°, only

exp((1/2°)A) are needed. These exponentials are available in one call to the scaling and squaring
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algorithm [25] when computing exp(A). Finally, the threshold § < 7 significantly affects the total
number of calls, it is currently using the distance from S to Conj; as the inscribed ball guarantees
a diffeomorphism. However, this condition is not necessary and it may be too restrictive in some

cases. It is left as future work to determine a more efficient and precise bound §.

3.4.3 Visualizing Geodesics with Skew Symmetric Matrices

The complexity of the Algorithm 3 and Algorithm 4 depends on various complicated factor as
discussed above. They include the quality of the initial guess for Algorithm 3 and the appropriate
bound in (4.3) for Algorithm 4. Other than the algorithmic influences, the primitives that requires
the real Schur decomposition on skew symmetric matrices and special orthogonal matrices also
have significant influences to the overall complexity. This is an active research area with a lot of
potential unexploited, see [24], so it is too earlier to make systematic comparison of the computing
performances in the two presented algorithm. Therefore, this chapter performs a simple experiment
to demonstrate that both algorithms have the correct functionality, which is to computed the nearby
matrix logarithm around S € Skew,, that is potentially beyond the principal branch.

Consider the geodesics Q(t) = exp(S)exp(t-A),t € [0, 1] used in the last experiment, instead of
just getting logg(Q(1)), this part extends the geodesic with large enough ¢ € [0, 7] and inserts 5000
mesh points 0 =ty < t; < --- <t = T. Then, the nearby matrix logarithm is used step-by-step
as Sp = 5,8; =logg, ,(Q(t:)),i=1,--- k. The returned S; are expected to be a smooth curve on
Skew,,, which is illustrated in Figure 3.2. For a skew symmetric matrix S € Skew,, with the angles
01 and 6, Figure 3.2 reports its angles to demonstrates the smoothness. Notice that the order in
0, and 05 as well as the signs in them can be arbitrarily flipped while the corresponding S € Skew,,

remains the same. Therefore, the eight possible combinations of angles in every S € Skewy

{(01,02), (02,01), (=01, 02), (02, —01), (01, —02), (—02,01), (=01, —02), (—02, —01)}

are checked and the most appropriate combination is selected to be reported in Figure 3.2.
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Figure 3.2: Illustration of Geodesics with Skew Symmetric Matrices.

Red Dashed: Conj; ; Black Dashed: {S: ||S]|2 = 7}; Solids: Curves Computed by the Nearby Logarithm
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CHAPTER 4

SMOOTHLY EVOLVING GEODESIC PROBLEM
ON THE SPECIAL ORTHOGONAL GROUP

4.1 Introduction

The special orthogonal group SO,, arises in many applications, [5, 22, 10, 15], and a special
orthogonal matrix is usually interpreted as a rotation to set of independent variables. For example,
a 3 x 3 special orthogonal matrix is usually used to represent a rotation of the 3 spacial coordinates
and it can be extended to a 6 x 6 special orthogonal matrix if the rotations in the velocities are
included. This information may be collected from a gyroscope and a GPS locator that describes an
object’s momentum in each time frame. Part of the anti-vibration algorithm in cameras takes the
average of these rotation information of lens to adjust the graphic information at each time frame
and to produce a picture with more consistent and stable quality. However, these applications suffer
from the fact that the rotation information can only be smoothly represented in a small region and
there is a lack of a smooth representation of all rotations in practice, see [40].

With the differential of matrix exponential restricted to the skew symmetric matrices and the
nearby matrix logarithm on the special orthogonal matrices developed in the previous two chapters,
it is possible to define and solve the smoothly evolving geodesic problem on SO,. The smoothly
evolving geodesics computed in this chapter present a novel solutions to the above issues and
they also yield important implications on other manifolds with special orthogonal constraints as

discussed in later chapters.

4.2 Preliminaries

SO, is a set of orthogonal n x n matrices that have their determinant equal to 1, i.e.,
SO, == {Q e R : QTQ =1I,,det Q = 1}. (4.1)
This is a Lie group and there is a natural Riemannian structure induces by the Lie structure, as

developed in [11]. Some important notions are reviewed in this section.
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As a Lie-group-induced Riemannian structure, SO, is a complete manifold, on which the Rie-
mannian exponential is smoothly defined on the entire tangent space at any point. Furthermore,
SO,, is connected. It is then safe to conclude that the Riemannian exponential on SO,, forms a
smooth surjective map Expg : 79SO, — SO, at any @ € SO,,. More details specific to SO, are
given below.

The tangent space of SO,, at special orthogonal matrix ) is characterized by the set of skew
symmetric matrices as

TS0, ={QS : S € Skew,,}
where Skew, = {S € R™" : § + ST = 0} collects all skew symmetric n x n matrices. The
Riemannian metric is given by the inner product between the skew symmetric matrices as

1

9Q(Q51,Q82) = 3 tr(S} Sa).

The corresponding Riemannian geodesic takes the simple form of

Expg(QS5) = Qexp(9)

where exp(-) is the matrix exponential.
Note that the identity matrix I, lives in SO, and the cut locus of I, in 77,SO,, takes the
following simple form:

Cuty, = {5: S € Skew,, ||S|2 = 7}.

In other words, for any skew symmetric S with ||S||2 < 7, the geodesic Q(t) = exp(t - S),t € [0,1]
is the unique shortest geodesic between I,, and exp(.S). According to the Lie group structure, the

characterization of Cuty, can be transported to any () € SO,, as follows

Cutg = {Q-S: S € Skew,, |||z = 7}.

4.3 Problem Formulation

With the notations introduced above, it is easy to write the smoothly evolving geodesic problem

on SO,, in the form of
PS(0)=PS

Pexp(S(t)) = Q(¢),Vt € [0,1]
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for substituting (1.2) with P € SO,, for x € M, PS € TpSO,, for v € T, M and Pexp(S(t)) for
Exp,(v(t)). However, this formulation is equivalent to a simpler formulation that emanates from
the identity matrix as in the following Definition 4.3.1.

Consider the general formulation of the smoothly evolving geodesic problem (1.2) on the special
orthogonal group M = SO,, with z = I, T, M = Skew,, v = S and Exp,(v) = exp(S). The

smoothly evolving geodesic problem on SO,, is defined as follows.

Definition 4.3.1 (Formulation at the Identity Matrix). For a smooth curve of special orthogonal
matrices {Q(t),t € [0,1]} C SO,, with a skew-symmetric matrix S satisfying exp(S) = Q(0), the
smoothly evolving geodesic problem on SO,, seeks a smooth curve of skew-symmetric matrices

{S(t),t € [0,1]} C Skew,, such that

It remains to show that the smoothly evolving geodesic problem at any point P € SO,, can be
solved under the formulation (4.2) at I,,, which follows from the transitive property of the geodesics
on SO,,. For an arbitrary smooth curve {Q(t),t € [0,1]} C SO,, a reference special orthogonal
matrix P # I, and an initial velocity PS € TpSO,, such that Expp(PS) = Q(0), there is

PS(0) = PS S(0) = S
<
Pexp(S(t)) = Q(t), ¥t € [0,1] exp(S(1) = PTQ(1), vt € [0,1]

Let Q(t) = PTQ(t). Then, the smooth evolving geodesic problem of Q(t) referenced at P is
converted to (4.2) of Q(t) referenced at I,,. The found solution S(t) of the Q(t) problem can be
recovered as the solution PS(t) € TpSO,, of the Q(t) problem.

The ability of shifting a geodesic emanating from P to a geodesic emanating from I,, and vice
versa is known as the transitive property, which follows from the Lie group structure. On a more
general manifold that may not enjoy similar features, one should expect more complications in

solving the smoothly evolving geodesic problem.

4.4 Solution Characterized by the Nearby Matrix Logarithm

With the smoothly evolving geodesic problem on SO,, formulated at the identity matrix as (4.2),

it is simplified to the problem of finding a smooth inversion of the matrix exponential evaluated
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in the skew symmetric matrices. This problem is locally solved by the nearby matrix logarithm
developed in Chapter 3, as the local diffeomorphism exp : Mg — A at a neighborhood of S

uniquely specifies the inversion. This statement is summarized as follows.

Proposition 4.4.1. Consider any skew symmetric S ¢ Conj; with Q) = exp(S), let exp : Mg —
Ng be a local diffeomorphism where Mg is an open neighborhood that includes S. Then, for any
smooth curve {Q(t) : t € [0,1]} C SO,, with Q(0) = Q, the solution to the smoothly evolving

geodesic problem (4.2) with Q(t) and S(0) = S is uniquely given by the nearby matriz logarithm

5(t) = logg(Q(t)).

Proof. The existence and the smoothness of the curve S(t) = logg(Q(t)) are guaranteed by the
diffeomorphism. It is also easy to see that exp(S(t)) = Q(t) by construction. Therefore, S(t) is a
solution.

The uniqueness follows from characteristics of the isolated preimage. Since the neighborhood
M does not include any matrix in the conjugate locus by construction. Theorem 3.2.6 suggests
that the solution S(t) = logg(Q(t)) at any ¢ € [0,1] is an isolated point such that VX # S(¢)
satisfying exp(X) = exp(S(t)) = Q(t), there is || X — S(t)||2 > 27. If any other smooth curve X (¢)
satisfying exp(X (t)) = Q(t) exists, then there is || X (¢) — S(t)||2 > =, Vt € [0, 1]. This is impossible,
as X(0) = S(0) = S is the shared initial point. O

With Theorem 3.3.4 constructing a practical diffeomorphism in an inscribed ball and the
Algorithm 3 and Algorithm 4 computing the nearby logarithm reliably, it remains to partition
the smooth curve {Q(¢) : ¢t € [0,1]} into 0 =ty < t; < --- <t =1, such that

{Q(t) : t € [ti—1,t:]} CNg,Vi=1,--- k, for some diffeomorphism exp: Mg — Ng.  (4.3)

The divide-and-conquer idea is applicable to the partition process, which leads to the following

algorithm that has a structure similar to the algebraic algorithm of the nearby matrix logarithm,
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Algorithm 4.

Algorithm 5: Smoothly Evolving Geodesics Computed by the Nearby Matrix Logarithm
Data: Special orthogonal {Y(¢),¢ € [0,1]}
Input: Section [t,s] € [0, 1], skew symmetric X (¢), shrinking parameter o < 1
Output: X («) from the solution X (¢) in (4.2)

1 if Condition (4.3) for {Y (t),t € [t,s]} is satisfied with exp : Mg — N then

2 ‘ Return logg/ (Y (s)) ; // Algorithm 3 or Algorithm 4

3 else

4 0+ (1—o)t+os;

5 Call itself for X (0) from Algorithm 5 with ([t,d], X (t),0);

6 Call itself for X (s) from Algorithm 5 with ([, s], X (5), 0);

7 Return X (s);

There are two important algorithmic considerations in Algorithm 5. Firstly, the difficulties
in verifying the condition in line 1, i.e., in (4.3), may vary from no computation to very expensive
computations. It depends on the structure of Q(t), e.g., it is difficult to locate a diffeomorphism
covering Q(t), if it exists, when @Q(t) gets arbitrarily close to the Q in (3.7). On the other hand,
when Q(t) takes a simple form like Q(t) = Qexp(t---A), a sufficiently small section of s —¢ < €

guarantees (4.3). One of the practical criteria is to check

lo—q(s) < Lde

where lg1)—q(s) is the (estimated) length of Q(t) section, L is the (estimated) upper bound of
operation norm E;(l for X € Mg(;) and de is the radius of the inscribed ball Mg(;), which is the
distance from S(t) to Conj; . Secondly, the appropriate choice in computing the nearby logarithm
in line 2 also depends on the structure and the knowledge of Q(t). When Q(t) = Q exp(t - A), the
curve coincides with the intermediate curve used in Algorithm 4, which makes it an appropriate
choice. In the case where users can generate a good initial guess for logg (Y (s)), Algorithm 3
becomes more feasible.

Unfortunately, it is not clear how to justify the global existence of the solution X (t) to the
smoothly geodesic problem (4.2) with arbitrary smooth curve Y'(¢). A convenient sufficient condi-
tion is to assume {Y(¢) : t € [0,1]} NQ = 0, i.e., there must exist an open cover { Mg, C S.}%_, for
some e € &, such that {exp(M)g, }¥_, covers {Y(t) : t € [0,1]} and the respective nearby logarithm
of exp : Mg, — N, identifies the unique solution {X (¢) : ¢ € [0,1]} C S.. However, this condition
is not necessary. For the Y € Q, there still exists an isolated solution X € E{,l with an invertible
Dexpy as given in Theorem 3.2.6. For such Y = exp(X), let S(t) = X, there is still a local

diffeomorphism around X that guarantee the existence of solution to (4.2) locally around X. Even
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for the X € Conj; that solves exp(X) = Y € Q, the numerical experiment performed on the
geodesic Y (t) = Qexp(t- A) in Chapter 3 indicates that such a curve can be extended to infinity
in general. This observation leads to the discussion in the next section about the Y (¢) being the

geodesics on SO, rather than arbitrary smooth curves.

4.5 Smoothly Evolving Geodesics of Endpoints Varying along
Geodesic

In the smoothly evolving geodesic problem (4.2), the smooth condition is the constraint on
the varying endpoints Q(t). Based on the local diffeomorphism exp : Mg — N established on
Se, e € £, the smoothly evolving geodesic problem has a local solution in Proposition 4.4.1. This
section considers the locality constraint in Proposition 4.4.1 and further investigates the smoothly

evolving geodesic problem (4.2) on the endpoints varying along geodesics emanating from @ as
Q(t,A) == Qexp(t---A) = Expy(t- QA).
The more restricted and structured varying endpoints yield a stronger and more global conclusion.

4.5.1 Vector Fields and Geodesics

First of all, recall that a Riemannian geodesic (¢) emanating from ~(0) along 4(0) on the

manifold M is the unique solution to the ODE problem
Y(t) = Py o-7(0)

7(0) =~(0)

(4.4)
where P ot : Ty )M — T ;)M is the parallel translation along . Then, the parallel translation
on SO,, along the geodesic v(t) = Q(t,A) is given by the map

PSOn (QS) = Qexp(tA)S,¥QS € ToM = {QS : S € Skew,,}.

v,0—t

In other words, any given geodesic Q(¢,A) is equivalent with a vector field on SO,, as
Ua :={QA:Q € S0O,} C TSO, (4.5)

where TSO,, = UQ TS0, is the tangent bundle of SO,,. At any point @, the vector field Ua(Q)
assigns a tangent vector QA € TpSO,,. With this vector field given and the initial point v(0) = @

specified, the original geodesic Q(¢, A) can be uniquely recovered.
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Recall that the (pseudo) inverse operator at X € Skew,, with ¥ = exp(X) is
Dexply : Tuxp(x)SOn — Skew,
YS s £(S),VS € Skew,,.

Notice that the “prefix” Y is dropped and the vector field Va, (4.5), to SO,, naturally relates to

the following vector field to the set of skew symmetric matrices
Sa = {LL(A): X € Skew,}. (4.6)

At any X € Skew,, the vector field Ga(X) assigns the tangent vector E&(A) € TxSkew,, =
Skew,,.

Proposition 4.5.1. The vector field S constructed in (4.6) is locally smooth around X if A €

R(Lx), i-e., YA is in the range space of Dexpy, where Y = exp(X).

Proof. When X ¢ Conj; , Lx is invertible and the Lg is smooth around X, according to the
explicit formula derived in (2.8). Then, the smoothness of Sa around X follows.

When X € Conj; and A € R(Lx), by the nature of a pseudo inverse operator, there is Lx = A
and the designed projector onto R(Lx) degenerates to the identical map. Without the non-smooth
action given by the projector, for any X (¢) € Skew,, with X (0) = X and Y (¢) = exp(X(t)). There
is Y (0) = exp(X) € Q. When X (¢) leaves Conj; , i.e., X (0) is not tangential to Conj; , Y (t) leaves
Q and the restricted Ga(X(t)) = E}(Y(t)) is smooth. When X (0) is tangential to Conj; , the
designed pseudo inverse operator remains a smooth action, which follows from the explicit formula

developed in Definition 77. ]

Note that for the A ¢ R(Lx) case, the vector field Sa is no longer smooth around X, which
only happens on the conjugate locus Conj; . The almost every where smooth vector field yields the
ODE problem with the unique solution that coincides with the solution of the smoothly evolving

geodesic problem as stated in follows.

Theorem 4.5.2. For any geodesic Q(t, A) = Qexp(t-A) with exp(S) = Q and A € R(Lg), there
exists a unique (local) solution S(t),t € [0, €| to the ODE problem

S(t) = 6a(S(t))
(4.7)
(5(0)) =S
This solution coincides with the smoothly evolving geodesic problem (4.2) with Q(t, A) and S(0) = 0.
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Proof. The existence and uniqueness of the S(¢) as a solution to the ODE (4.7) is guaranteed by
the smoothness that follows from Proposition 4.5.1.

To see that it is the solution to the smoothly evolving geodesic problem, notice that

4 exp(S(0) = Dexpg | 50)| = Dexpg[©a (S(0)] = exp(S()A.

By the existence and uniqueness of the solution to the ODE (4.4) with exp(S(0)) = @, the solution
must be exp(S(t)) = Qexp(t---A). Therefore, {S(t),t € [0, €]} satisfies the criteria of the solution
to (4.2). O

Note that the ODE formulation presented in this section is a more universal characterization
of the smoothly evolving geodesic problem on an arbitrary Riemannian manifold. Therefore, it is
expected to define the same curves stated in Theorem 4.5.2. Thanks to the rich geometry in the
SO,,, the solution to the smoothly evolving geodesic problem can be computed without introducing

the ODE (4.7).

4.5.2 Co-Manifold Characterization

With the vector field & as a function of A € Skew,, that defines ODEs throughout Skew,,,
the following definition of a co-manifold characterization is introduced to establish a “copy” of the

SO,, around some exp(X) =Y realized in Tj, Skew,,.

Definition 4.5.3. For any X € Skew,, and Y = exp(X), let 8 be a subspace of R(Lx). Then a
co-manifold characterization around X with 95 is defined as a map

Cxp B — Skew,
(4.8)
A— X(1)

where A yields a solvable ODE (4.7) for ¢ € [0,1] and X (1) is the solution X (¢) evaluated at
t=1. U

Note that it is not completely understood if any A with arbitrary scale yields a solvable ODE,
i.e., it is not clear if the local solution {X (¢) : t € [0, €]} to ODE (4.7) can be extended to infinity.
Therefore, €x g may only be well defined within an envelope in 8. Nevertheless, the well-defined

part remains a smooth map.

Proposition 4.5.4. The well defined co-manifold characterization €x g is a smooth and invertible
mapping, which further provides a smooth characterization of {Qexp(A) : A € B} as Qexp(A) —
X(1).
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Proof. The map Q exp(A) — X (1) is the solution to the smoothly evolving geodesics with endpoints
restricted to vary along geodesic evaluated at the endpoint Q(1) — X (1). However, this mapping
is generally not invertible, as the solution is path-dependent. In this case with the path fully
characterized by A, the mapping between X (1) and A is indeed invertible.

When the existence and uniqueness of €x 53(A) is guaranteed around A, the smoothness follows

from the fact that it is locally realized by the nearby logarithm, which is a local diffeomorphism. [

Note that the co-manifold characterization €x g remains a local characterization. However,
the set {Y exp(S) : S € B} generated at ¥ = exp(X) with B has a very strong global manifold
structure in SO,,. It is reasonable to speculate that there is a manifold structure in the collection

of the co-manifold characterization as defined in below.

Definition 4.5.5. Consider a submanifold G in SO,, generated at Y € SO,, defined as
G=G(,B) :={Yexp(S):S e B} (4.9)

where ‘B is a subspace. The co-manifold characterization of the submanifold G is the union of the

co-manifold characterization around X where exp(X) € G defined as

Cg = U exa (4.10)
{X:exp(X)egG}

O

The co-manifold characterization is a novel concept that attempts to translate and preserve
the structure of a submanifold in SO,, to Skew,, which enjoys an embedded Euclidean structure.
Although most of the geometry in the co-manifold is not understood globally, it provides a con-
nected manifold-like feasible set that supports the retraction-like first order update according to

the following observation.

Lemma 4.5.6. A geodesic triangle on SO,, with the vertices Q4,Qp,Qc € SO, and the edges

QAeXp(t . XAB),QAeXp(t . XAc),QBeXp(t . Qgc) for t € [0, 1] and X ap, Xpo, Xac € Skew,

is equivalent to a geodesic triangle with the vertices In,Q};QB,QEQC with the edges exp(t -

Xap),exp(t- Xac) and Q4Qpexp(t- Qpc).

The geodesic triangles on SO,, can be arbitrarily shifted by any special orthogonal matrices. In

Lemma 4.5.6, the triangle Q4,Qp, Q¢ is shifted by the transpose of a vertex QE. Regardless of

68



how the triangle is shifted, the skew symmetric matrices X a5, Xpc and X 4¢ that characterizes the
edges remains unchanged. Notice that the triangle I,,, QEQ B, QEQC in SO,, also yields a triangle
in Skew,, with vertices 0, X 45 and X 4¢ with edges parameterized by ¢t € [0,1]: Sap(t) =t - Xap,
Sac(t) =t- Xac and Spe(t) solved from the smoothly evolving geodesic problem

exp(Spe(t)) = Qa@p exp(t - Xpe)

Spc(0) = Xap ‘

The following proposition states a more general result.

Proposition 4.5.7. Consider any A € Skew,, with a solution Sap(t) that arrives at a B € Skew,,

that is characterized by X ap € Skew,, as follows,
exp(Sap(t)) = exp(A) exp(t - Xap)

Sap(0)=A

If there is another solution Spc(t) that emanates from B and arrives at a C € Skew,, given by
exp(Spc(t)) = exp(B)exp(t - Xpeo)
Spc(0) = B '

Then, there exists a solution Sac(t) that emanates from A and arrives at a C' € Skew,, given by

eXp(SAc(t)) = exp(A) exp(t . XAC)

Sac(0) = A

such that Sap(t), Spc(t), Sac(t) forms a triangle in Skew,, and their exponential form a geodesic

triangle in SQ,,.

Proof. When A = 0 which makes exp(A) = I,,, the edge Sap(t) is fully characterized as Sap(t) =
t-B. Then, the edge Spc(t) is given as an assumption. Let C be the arriving point in Spc(t) and the
edge Sac(t) =t - C naturally follows. For the A # 0 case, shift the geodesic triangle by exp(—A)
to obtain the endpoint @’y = exp(—A)Qa = I, Q5 = exp(—A)Qp and Q, = exp(—A)Qc.
Then, let A" = 0 so that B’ and C’ in the respective exp(B’) = Q5 and exp(C’) = Q¢ can
be solved by the nearby matrix logarithm, as indicated in the first scenario. Shift the geodesic
triangle @'y, Q'5, Q¢ and the corresponding skew symmetric triangle A", B’, C’ back to Qa, @, Qc

concludes the statement. O
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Corollary 4.5.8. For any sequential updates S; — S;+1 — -+ — S;+n along the solutions to the

smoothly geodesic problems in the form of
exp(Sj—j+1(t)) = exp(S;) exp(t - Xjj41)
Sj—j+1(0) = S; j=L-idn—1,
Sj—j+1(1) = Sj
there exists a direct update Sj_;1n(t) in the form of the solution to
exp(Si—itn(t)) = exp(S;) exp(t - Xii4n)
Si—itn(0) = S;
Si—itn(1) = Sitn

such that it construct a polygon with n + 1 edges in Skew,,.

Proof. Repeatedly apply Proposition 4.5.7 to get the triangle with the edges S; ;11 (), Si+1—i+2(t)
and S;_;12(t), and then the triangle with the edges S;—it2(t), Sito—its(t) and S;;+3(t). It con-

tinues until the S;y, is produced. ]

Corollary 4.5.8 is essential to the computations, especially in solving an optimization prob-
lem with iterative updates. In those computations, a series of data points {Xgy, X1, ---} are
computed along the smoothly evolving geodesic and this corollary guarantees that there exists
a smoothly evolving geodesic that connects the originated initial guess Xy to any X;,¢ > 0.
Such a geodesic maintains connectivity and smoothness from the initial guess to any interme-
diate result as long as the update is constrained by the smoothly evolving geodesic problems in
Corollary 4.5.8. Notice that the constrained update in Corollary 4.5.8 is exactly the condi-
tion proposed on the co-manifold characterization, i.e., the sequential updates in the co-manifold
characterization also maintains connectivity and smoothness inherited from a smoothly evolving
geodesic. This is useful in many applications and analyses. For example, in the Stiefel man-
ifold that consists of n x p orthonormal matrices, each matrix X is identified with the subset
{Q €S0, :VQ = [X X l] }. This subset is a submanifold in SO,, and can be fully characterized
as {Q exp ([O 0 }) : for some Q = [X XJ_] VAL, € Skewn_p}. The co-manifold char-

0 A,
acterization then further translates this submanifold characterized in A,,_, to 177,S0,, = Skew,,.
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CHAPTER 5

VELOCITY-BASED KARCHER MEAN ON THE
SPECIAL ORTHOGONAL GROUP

5.1 Introduction

The Karcher mean problem that finds an average of a given set of points arises in the literature
and applications in various contexts. The Karcher mean on a Riemannian manifold has a significant
amount of attention as the manifold structure provides an intrinsic representation of constrained
objects. These objects are embedded in a parameterization space that has significantly larger di-
mension than the manifold in general. Furthermore, a Riemannian metric equips the manifold
with a metric space that is inherently related to the motion on the constrained sets rather than the
embedded space. Ever since the work by Edelman et al. in [11], the notion of Riemannian mani-
folds is proposed on various constrained objects and the Karcher mean problem on the respective
Riemannian manifold has been studied extensively, see for example [20], [35], [2] and [39].

Recall that a Karcher mean on a metric space M with distance function dist : M x M — {z > 0}
is the global minimum to the following objective function

k
— S )2
f(z):= o% ;dlst(a:,yl) Ve e M

where {y1,---,yx} are the given data points. In a Riemannian setting, the distance between 2
points is realized by the length of a shortest geodesic between them, which is measured by its

velocity under the Riemannian metric. Then, the objective function is equivalent to

k
F(2) = 5 3 a(Loa, (31), Lo, ()
=1

- (5.1)

1
= o 2 9y (Log,,(z), Log,, (x))
=1

where Log, : M — T, M for p € M is the Riemannian logarithm. It returns an initial velocity
at p that emanates a shortest geodesic arriving at the given ¢ € M. This elegant and compact

objective function provides a necessary and sufficient condition for x € M being a critical point if
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and only if

k
> Log,(y:) = 0. (5.2)
=1

This is obtained from differentiating the objective as D f,[A] = Zle 9x2(Log, (yi), A)/k. Unfortu-
nately, there are severe theoretically concerns in utilizing the condition (5.2).

All concerns arise from the differentiability of f(z), which depends on the distance function al-
ways being differentiable, i.e., the Riemannian logarithm always being differentiable. Unfortunately,
this is impossible in general. Consider the SO,, investigated in this dissertation as an example,
there exist multiple shortest Riemannian geodesics for some pair of points. On these points, neither
the distance function is differentiable, nor is the Riemannian logarithm well-defined or continuous.
As a consequence, the objective function (5.1) may be globally non-smooth and non-convex, which
may introduce multiple local minima to this objective function based on distances. Other than
the theoretical difficulties in identifying the “unique” Karcher mean, the existence of multiple local
minima implies the sensitivity and discontinuity within the computed Karcher mean with respect
to the varying data set as well as the varying computing setup. In other words, when the given data
points or the initial computing setup are perturbed (in a smooth manner), the computed Karcher
mean may jump from one local minimum to another discontinuously.

Except for the rare cases where the Riemannian manifold is shown to be globally geodesically
convex, e.g., the set of positive definite matrices in [39], the issues of differentiability persist. In
most of the literature about Karcher mean on Riemannian manifolds, the global minimum require-
ment in the classic distance-based Karcher mean formulation is dropped and any local minimum
characterized by (5.2) is accepted as a Karcher mean, e.g., [20, 38]. Some literature addresses
and handles the uniqueness by restricting the data set to be close enough, e.g., [20]. When the
Riemannian logarithm is not computationally available, the (5.2) with an alternative for Log, is
used to define a Karcher-mean-like mean, e.g., [2].

This chapter investigates the differentiability issues of the Karcher mean on SO, by looking
into a SOy example, i.e., the Karcher mean on a circle. Then, it applies the tools developed on
SO, to propose a generalized Karcher mean that depends on velocity input on SO,,, namely the
velocity-based Karcher mean. The velocity-based Karcher mean is designed to maintain the differ-
entiability in computations and numerical experiments are performed to demonstrate its potential

in applications.
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5.2 Example on a Circle

This section considers the simplest non-trivial Karcher mean problem on SO, the Karcher
mean problem on SOy with 2 points Q1 and Q2. Any 2 X 2 special orthogonal matrix takes the
form of Q) = [Z _CS] where ¢ + 52 = 1 and this characterization is equivalent with the unit circle
c® + s> = 1 with the point p = [c S]T representing the given ). Meanwhile, any 2 x 2 skew
symmetric matrix takes the form of A = Ajgg g = [(9) _09} where 0 € R. In this very restricted
setting of SO9, the geodesic becomes

ccos(t-0) —ssin(t-0) —csin(t-60) — scos(t-6)

Expo(t-A) = [csin(t -0) + ssin(t-0) ccos(t-0) — ssin(t - 0) ] £ € (0,1,

This geodesic is equivalent with the arc moving in the unit circle as
p(t) = (ccos(t - 0) — ssin(t - 0), csin(t - 0) + ssin(t - 6)).

Note that the arc may overlap when t0 > 27w. Furthermore, the length of the geodesic equals the
length of the arc, which makes the Riemannian distance between two points realized by the shortest

arc length between the corresponding points on the unit circle.

5.2.1 Objective Function with the Riemannian Distance

According to SO realized on the unit circle constructed above, consider the Karcher mean

problem of the two points @1, Q2 € SO,, which are realized by y1,y2 as

n=[anoom) > %= famtoon)

Consider the unit circle parameterized by

- [cos(x)

sin(x)] ,x € [—m, 7.

Figure 5.1 illustrates the y1, y2 and z on a unit circle and plots the objective function f(x) := f(ps)
against x. The shortest arcs that realize the Riemannian distances from x to y; and yo are also
plotted in red.

Note that the middle point [cos(0.757) sin(0.757r)]T with 21 = 0.757 of the arc between y;
and g is indeed the Karcher mean of y; and yo. This is easily verified from the plot of objective
function on the right. However, the objective function f(z) is not globally smooth as expected, it

is not differentiable at x = —0.17 and & = —0.47. These break points partition the unit circle into
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Figure 5.1: Illustration of the Karcher Mean on an Unit Circle

two regions, the region containing periodic segments [—7, —0.47] and [—0.17, 7] that can be glued
together at —m and 7 and the [—0.47, —0.17] region. Within both regions, the objective functions
are not only smooth, but also convex, which grants them the respective unique global minimum,
x1 = 0.757 in the first region and the x9 = —0.257 in the second region. Also note that the
non-differentiable points have discontinuous Riemannian logarithms as expected. For example, the
shortest arc from x around —0.17 to y; = 0.97 flips from the arc in the upper half-circle to the arc
in the lower half-circle or vice versa. This observation is reflected in the discontinuous Riemannian

logarithm with x approaching —0.17 from above or below

lim  Log,, <[cos(:1;) sin(:c)}T> = [~7sin(0.97) 7rcos(0.97r)]T

z—(—0.17) _
. : T : T
x_}(l_l(r)l.lhr)+ Log,, ([Cos(:z:) sin(z)] ) = [msin(0.97) —m cos(0.97)]

Even with this simple setup, this example has demonstrated the theoretical and computational
subtleties in the Karcher mean formulation on SO, or on a Riemannian manifold in general.
First of all, the non-smooth structure from the discontinuous Riemannian logarithm introduces
multiple local minima. The more data points it includes in the Karcher mean problem, the more
discontinuous points are introduced. Eventually, it results in more complicated and non-convex
structures in the objective function with more local minima. Secondly, there is no good way to
tell if a local minimum is a global minimum. Even with just 2 points in the example, the found
local minimum x; and x5 are no different from each other as they both realize the local minimal

objective value with the shortest geodesic connecting to the data points. In other words, one must
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exhaust all local minima to find the true Karcher mean, which is impossible in practice. In an

extreme case when the two points sit the opposite polar point with each other, i.e.,

Yy = [cos(&) sin(@)]T
y2 = [cos(6) —sin(@)]T

I

the corresponding local minima z; and xo have the same objective value, i.e., there are two Karcher
means. Last but not the least, some literature, e.g., [20],has relaxed the condition of a Karcher
mean but it may still have computational concerns, as the computed mean is very sensitive with
respect to the initial guess and the distribution of the data set. In other words, consider a set of

relaxed Karcher means of given data set y = {y1,--- ,yx} as follows
y:={z e M: f(z) is a local minimum} (5.3)

that consists of all local minima and let

Mean(zo,y) € ¥ (5.4)
be the computed relaxed Karcher mean from the initial guess zg. Then the computed mean
@l(azo, y) is not continuous with respect to both the initial guess x¢ and the data set y, which

includes the following scenarios.

—

1. When y stays constant such that y stays constant, Mean(zg, y) may jump to a different local

minimum in y as g moves.

2. When xg stays fixed and y varies in a smooth manner such that the set y also varies in
a smooth manner, the computed mean Mean(z(,y) may jump from smoothly varying local

minimum to another smoothly varying local minimum.

3. Some of the local minima may vanish as y varies in a smooth manner, e.g., when y; and yo
overlaps, xo becomes a kink in the objective function illustrated in Figure 5.1, i.e. it is no

longer a local minimum.

These sensitive relationships are quite common in solving non-convex optimization problems in
general, since the sets of local minima to those non-convex objective functions may not be smooth
in the first place. However, one can expect more structure in the Karcher mean problem on a

Riemannian manifold once the smoothness condition is re-introduced to the objective function.
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5.2.2 Objective Function with the Smoothly Evolving Arc Length

The difficulties in the Karcher mean problem on SO,, are consequences of the discontinuous
Riemannian logarithm that is necessary for measuring the distance on a given point. Therefore,
the notion of the smoothly evolving geodesic that comes with a smoothly evolving curve length
is a perfect relaxed alternative to overcome the difficulties. In particular, this section applies the
smoothly evolving geodesic to the same example given above.

For some x € [—m, 7|, in addition to the point (cos(z),sin(x)) it represents, let 61,602 € R
determine two initial velocities given on y; and ¥ such that the arcs emanating from them along

the respective velocities arrive at x as

Y1 exp(Ao.0,,0) = P

Y2 eXP(A[O,QQ,o]) = Pz .
Then, as {z(t) : t € [0,1]} varies on the unit circle, there exist unique smooth functions 6 (t), 62(t)
of ¢ such that 6;(0) = 6; and y; exp(Ajog,(1),0) = Px(t)- These geodesics correspond to the arcs
on the unit circle that may be greater than the half-circle. Finally, the distance in the objective
function realized by the shortest geodesic is replaced by the curve length of the smoothly evolving
geodesics/arcs. Figure 5.2 illustrates the notion of smoothly evolving arcs in the unit circle and

the corresponding objective function.
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Figure 5.2: Tllustration of the Karcher Mean with Smoothly Evolving Arcs on an Unit Circle

There are two different sets of initial 81, 05 presented in Figure 5.2, the blue set and the green

set. For each set, the corresponding objective function degenerates to a globally smooth and convex
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function that consists of the global minimum as the unique critical point. The green set finds the
local minimum x; from the classic Karcher mean formulation and the blue set finds the local
minimum x2. Even when the data point y; and y» overlaps, x2 remains the global minimum to
the green set. More importantly, the original non-smooth and non-convex objective function can
be recovered from taking the minimum over the relaxed objective functions with all possible sets
of initial velocity 61, 02. This further validates the observation that distance realized by a shortest
geodesic in the classic Karcher mean formulation is not appropriate.

In conclusion, the Karcher mean formulation in SO9 with the distance replaced by the curve
length of a set of smoothly evolving geodesics has overcome the issues addressed in the previous
section. In particular, the objective function with the velocities of the initial geodesic specified,
namely the velocity-based objective function, is globally smooth and convex on the manifold and
obtains a unique critical point as the global minimum. As long as the algorithmic objects vary
in a smooth manner, the computation under any algorithm remains in the same framework of
the velocity-based objective function and should converge to the corresponding global minimum.
In other words, the computation of solving the optimization problem under this velocity-based

objective function is reliable to the perturbation on the initial guess and the data set.

5.3 Velocity-Based Karcher Mean

In the SO2 example, utilizing the metric space nature in a Riemannian manifold in (5.1) yields
theoretical and computational issues. While these issues cannot be handled by relaxing the global
minimum condition to a local minimum condition, introducing the notion of the smoothly evolving
arc/geodesic solves them naturally. This example suggests that the classic Karcher mean formu-
lation (1.10) is not applicable for a Riemannian setting without some appropriate generalizations.
Therefore, this section considers a more general statement that describes the Karcher mean in a
length argument, which degenerates to the classic formulation in a Hilbert space. Based on that
length argument, a novel Karcher mean formulation based on velocity argument is proposed as a

special case specific to a Riemannian manifold setting.

5.3.1 Length-Based Karcher Mean Objective

Recall that the distance in a Hilbert space is realized by the length of the unique shortest curve
between the given points. In this context, the classic Karcher mean with the objective (1.10) can

be interpreted as a special case of the following statement.
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Lemma 5.3.1. The Karcher mean of a set of data points {y1,- - ,yr} in a metric space M finds a
set of continuous curves, that connects each data point to itself, such that these curves realize the
minimal sum of the squared lengths

k
Zz’:l l72'i

f(7,x) = o 7 ={r,-- 1} C (M) (5.5)

where I'(M) denote the space of all continuous curves in M with well defined length, 7; is a curve

connecting y; = 7;(0) and = = 7;(1) and [, is the length of 7;(¢),t € [0, 1].

Consider a Hilbert space as the metric space M in which the shortest curve between given
points is unique and realizes the distance with its length. Then, the minimal sum of the squared
lengths is always achieved by the sum of the squared lengths of the shortest curves, i.e., the sum
of the squared distances. The uniqueness of such shortest curves, given the data points and the
Karcher mean, also makes it trivial to identify them. Eventually, the length-based argument given
in Lemma 5.3.1 degenerates to the classic formulation (1.10) in a Hilbert space, and it is referred
to as the distance-based Karcher mean in this chapter.

When it comes to a Riemannian manifold M where the points can be connected by multiple
geodesics, the shortest curves between points are no longer globally continuous for arbitrary pair of
points in M. The SO, example has already demonstrated the disadvantages in dropping the non-
minimal geodesics for keeping the distance argument. Since the shortest curve constraint simplifies
the length-based statement in Lemma 5.3.1 only if it is uniquely and continuously defined over
all pair of points on the metric space, one must resort back to the more general length-based
statement to work with a Riemannian manifold. Furthermore, it necessary to further weaken the
global constraint such that the mean associated to non-minimal geodesic can be included. This

ideas lead to the following generalization of the length-based statement.

Definition 5.3.2. The generalized Karcher mean (7, z,) of a set of data points {y1, -+ ,yx} is a
local minimum of the length-based objective (5.5) such that for any perturbation (7, z) # (7, T«)

, there is f(7s,2y) < f(7,2) O

Note that the perturbation includes the cases of x, = x while 7, # 7 and the cases of z, # x,
i.e., it is both the curves and the shared endpoint z,. together that realize the local minimum.
However, working on a space of curves I'(M) with infinite dimension is not desireable in many

ways. The following section considers the generalized Karcher mean (the local minima) of the (5.5)
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specific to a complete Riemannian manifold and derives a simplified version based on a velocity
argument. This is similar to the process of the length-based arguments (5.5) degenerating to the

classic distance-based Karcher mean (1.10) in a Hilbert space.

5.3.2 Velocity-Based Karcher Mean on a Riemannian Manifold

In a Riemannian manifold (M, g), consider a Riemannian geodesic (t) = Exp,(t - v) with
velocity v € T, M that connects arbitrary y and = ~(1). Although such a geodesic is no longer
guaranteed to be a curve with the minimal length between z and y, it achieves the local minimal
length in T'(M), the space of all continuous curves in M with well defined length. In other words,
for any other perturbed curve 7(t) ~ Exp,(t - v) that connects y and z, there is [, < I, where the
length of a curve is obtained from the integration of /g, (7(t),7(t)). Note that in an inner product
space like (M, g), the space of curves with well defined length can be further specified as follows.
I'(M) is the space of continuous curves consists of the curves that can be partitioned into finite
segments such that the aforementioned integral exists on each segment. But the characterization
of I'(M) is not a primary focus since it is dropped in the simplified formulation.

On the other hand, the Hopf-Rinow theorem guarantees that the Riemannian exponential in a
complete Riemannian manifold is smoothly defined on the entire tangent space at any point y € M.
Suppose the manifold is also connected, which is a reasonable assumption for the Karcher mean

problem and denote the set of initial velocities emanating from y € M
U(y,z) := {v e TyM: Exp,(v) = 2} C T,M

that arrives at x € M along the Riemannian geodesic v(t) := Exp,(t; - v),t € [0, 1]. Then, U(y, x)
is well defined and nonempty for any z,y € M. Furthermore, the length-based argument given in

Definition 5.3.2 is simplified to the following velocity-based argument.

Proposition 5.3.3. Let (M, g) be a complete and connected Riemannian manifold and let'y =
{y1,"+ ,yr} C M be a set of data points. Then, any local minimum (7,z) of the length-based

objective (5.5) is equivalent to a local minimum in the velocity-based objective

k k
i) o Ge(wiywi) , ,
f(V,.’L') _; 2k _Zz:; 2k y V.= (Ulv 7vk)7vz Gm(yu'x)? (56)
with the Riemannian geodesics 7;(t) = Exp,, (t - vi) carrying velocities
Vi = ’)’1(0) S Q](yz,x) C Tyi./\/l
Ni=1,-- .k (5.7)
w; = ’yl(l) S TxM
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More specifically, for any local minimum (v,x) of the of the velocity-based objective (5.6), (7,x)
with 7;(t) = Exp,, (t - vi) is a local minimum of the length-based objective (5.5).

Proof. This statement follows from the fact that any curve in a complete Riemannian manifold has
the local minimal length between the endpoints if and only if the curve is a Riemannian geodesic.
Note that such a Riemannian geodesic may not be a shortest one.

Suppose there exists a local minimum (7, z) to the length-based objective such that the 7;(¢)
is not a Riemannian geodesic. Then, the length operator evaluated at 7; € I'(M) is not a local
minimum, i.e., there exists a perturbed 7; # 7, € I'(M) with the same endpoints, such that
Ly, <l, ie., f~({7'1,'” Vit s TR X) < f({n,--' yTiy' Tk}, x). This is a contradiction to the
assumption. Therefore, any local minimum (4, z) to (5.5) consists of Riemannian geodesics in the
form of ~;(t) = Exp,, (t - vi), vi € BV(y;, ).

It remains to show that the corresponding (v, z) is a local minimum of the velocity-based
objective (5.6). Notice that for any v; € T),, M, it uniquely defines a curve Exp,, (¢ - v;) € T'(M)
when M is a complete Riemannian manifold and the length of such a curve is given by /gy, (vi, v;).
Therefore, the velocity-based objective (5.6) can be viewed as a restricted subproblem of the length
objective as )

Fraa) = 27 = (e mdon(t) = By (1)

Then, any local minimum to the full problem (5.5) is naturally a local minimum to the above

subproblem, i.e., a local minimum to the velocity-based objective (5.6). O

Note that in both the length-based objective and the velocity-based objective, the shared ar-
riving point z = 7;(1) in (5.5) and x = Exp,,(v;) in (5.6) for all i = 1,---,k is redundant.
However, keeping the shared x in the objective emphasizes that the perturbation to the objective
should yield a shared motion at the point = as a crucial characteristic. In the length-based ob-
jective (5.5), if there is an infinitesimal change (7, A,) applied to (7,z) where A, € T, M and
0z = {6;(t) € Ty ;yM : t € [0,1]}%_,, then there must be

5:(1)(t) = A, Vi=1,- k.

For the velocity-based objective (5.6), the redundant = becomes more informative in expressing the

tangents to the feasible set as follows.
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Proposition 5.3.4. Consider the feasible set that is constrained by (5.7) and let (v,z) be a point
in the feasible set. Then, the tangent to the feasible set around (v, z) takes the form of

(Ay,A,) = <{(D Exp,)." [Ax]}'f”

,AI) €Ty M x -+ x Ty M x T, M. (5.8)

Proof. For each geodesic ;(t) = Exp,, (¢ - v;) with the fixed emanating point y;, the infinitesimal
change A, € T, M on the arriving point x is fully characterized by the infinitesimal change A,, €
T,, (T, M) = T, M where A,, = (D Expyi);1 [A;] have been carefully discussed in the smoothly

evolving geodesic problem in previous chapters. ]

Note that special considerations are needed if there is an operator D Exp,, : Ty, M — T, M
that is not invertible. In particular, if A, does not fall into the range space of D Exp,,, such a
motion to x within (v, z) is not possible in the feasible set constrained by (5.7). It implies that the
feasible set may not be a manifold globally. It remains future work to investigate this specific case.
Nevertheless, the tangent to the feasible set characterized in (5.8) yields the following differential

operator and gradient operator to the velocity-based objective (5.6).

Proposition 5.3.5. The differential of the velocity-based objective (5.6) along (Av,Ay) in the

form of (5.8) is given by

k k
Df( ) AV,A ng w’La x . (Z?aAgg)

k. 9y, (Ui’ (D EXpyi);l [AI])
k

(5.9)

i=1
Proof. The first equation follows directly from differentiating the Riemannian metric with respect to
the perturbation to the root along A,. By doing so, the v terms in the objective are independent
and therefore dropped. For any w € T, M, there is D g,(w,w)[Az] = 2gz(w,Az). The second
equality follows from the bi-linearity in the Riemannian metric. The third equality is obtained

through the chain rule in differentiating the v terms as follows

k
D Ao Av, A = 3 5 D gy, (v, 00),, [(Av, A,)]
=1
_ i gy, (i, DED[(Av, Ar)]) i gy, (11, )
k
=1
where A,, = (D Exp);1 [Az] as characterized in (5.8). O
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Corollary 5.3.6. The gradient descent direction

grad f(v,x) = (grad fU17 -, grad kaa grad fx)
of the velocity-based objective evaluated at (v, z) is given by the grad f, as follows.

k
grad f = 3 2*
— k Ni=1,-- k. (5.10)

~1
grad f,, = (Expyi)vi [grad f;]
Furthermore, any (v, ) is a critical local minimum if grad f(, ) = 0, i.e., Zle w; = 0.
5.3.3 Velocity-Based Karcher Mean on the Special Orthogonal Group

In the special orthogonal group, the tangent space TpSO,, at any @ € SO, is equivalent to
Skew,, as discussed in previous chapters. Applying the velocity-based Karcher mean notion to

SO,, yields the following specific formulation.

Proposition 5.3.7. The objective of the velocity-based Karcher mean on SO, with the data set
{Y1,---,Y%} C SO, is given by

r T
(S, 0) :ZM S ={S1, -, S}, 5 € EL

=1

o (5.11)

with the gradient given by
grad(fo)s Q Z S;. (5.12)

Proof. 1t follows from go(QA,QB) = tr(ATB)/2 and the geodesic Expy, (tS;), emanating from Y;

and arriving at @, has S; € E;L  such that exp(S;) = YrQ. dJ

YrQ
Apply the notion of the smoothly evolving geodesic to further impose a smooth structure be-

tween () and S as follows.

Definition 5.3.8. The velocity-based objective with the smooth constraint along {Q(t) : t €
[0,1]} € SO, is given by the solutions {X;(t) : t € [0,1]} to the smoothly evolving geodesic
problem Y;TQ(t) with initial condition @’ € SO,, and X| € Skew,,, such that

Q0) = Q'

X;(0) = X! Ni=1,--- k.

Y; exp(Xi(t)) = Q(1)
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The corresponding objective is f(Q(t),X(t)),t € [0,1] where X’ = {X{,---, X} is the initial con-
dition and X(t) = {X1(t),- -, Xk(t)} are the solutions to the smoothly evolving geodesic problems
to Q(t) = Y; exp(X;(t)). O

Recall that the skew symmetric matrix moving in a smooth manner that yields any geodesics
in SO,, constructs the smooth structure €gsp, C Skew,. This smooth structure can be imposed

to the objective as follows.

Proposition 5.3.9. The velocity-based objective (5.11) of a set of data points Y = {Y1,--- , Y} C

SO,, around every point (S, Q) satisfying the constraint (5.7) is smooth.

Proof. Firstly, the co-manifold characterization discussed in Proposition 4.5.4 guarantees smooth-
ness around every (S;, Q) from the geodesic 7;(t) := Yjexp(t - S;) connecting 7;(0) = Y; and
7i(1) = Q. For any tangent (Ag, Ag), satisfying (5.7), to the feasible set around (S, Q), it can be
decomposed into the tangents (Ag,, Ag) on each (S;, Q). These tangents yields smoothly varying
geodesics on «y; as discussed in previous chapters. Therefore, the smoothly varying geodesics have
smoothly varying lengths with respect to the tangents. Secondly, notice that the velocity-based
objective is the sum of the squared lengths in these smoothly varying geodesics ¥ = {y1,- -,V }-
As the length of these geodesics are smoothly varying along any tangents to the feasible set con-
strained by (5.7), the objective velocity-based objective (5.11) is smoothly varying on the feasible
set. O

While the feasible set constrained by (5.7) may not be a manifold, Proposition 5.3.9 states that
the velocity-based objective (5.11) where the point (S, @) in its feasible set moves in the smoothly
evolving geodesic manner as specified in Proposition 4.5.4 maintains smoothness. For the cases
where there is a S; on the conjugate locus Conj; , the feasible set as well as the tangents to it are
restricted due to the loss of invertibility in D expg, but the velocity-based objective remains smooth
in this more restricted case. While the gradient derived in (5.12) does not exists in this special case,
it is still possible to move the (S, @) in a smooth manner such that the objective values decrease.
The details of this specific technique is not finalized enough for this dissertation and it is therefore

left as the future work. Suppose the special case with S; € Conj; is not encountered during the
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computations, a prototype of a gradient descent method on the velocity-based Karcher mean with

the smoothly evolving geodesic constraint is constructed as follows.

Algorithm 6: A Gradient Descent Method for the Velocity-Based Karcher Mean
Data: Y7, ---,Y;, € SO,
Input: Initial condition Q) and A; ) € Skew,, such that Y;exp(A; o)) = Qo)
Output: A velocity-based Karcher mean @ with Y; exp(A;) = @ and Ele A; =0
1 j <+ 0; // Iteration counter j
2 5() ¢ Yig Ai);
3 while HS(j)”F > e do
4 Solve A; (j)(t) from the smoothly evolving geodesic problem YZ-TQ(]-) exp(tS(;)) with

initial condition A; (;)(0) = A, (j);

Line search on step size a along Q(;) exp(tS(;)) and A; (;)();
Q1) Q) exp(@S(;));

Ai 1) < By (@);

S & Licy A

B 141+ 1;

Return Qg), {A1,G), > Ak 3

© 0 N o o

1

o

5.4 Numerical Experiments

To demonstrate the smoothness nature in the velocity-based Karcher mean computations, this
section considers a set of data points {Y;(¢)}¥_; C SO, that are smoothly varying with respect to
t € [0,1] by

Yi(t) = Yiexp(t- A;),S; € Skew,,
where Y;(0) = Y;,i =1,--- , k are denoted as the initial data point. For every specific ¢t € [0, 1], the
corresponding set of data points {Y;(t)}¥_; defines a Karcher mean problem labelled by ¢.

Then, let (S(¢),Q(t)) = ((Si(t),---,Sk(t)),Q(t)) be a velocity-Karcher mean computed by

some given condition such that they satisfy the following conditions for any t.

Yi(t)exp(Si(1)) = Q(t),i =1,--- ,k
k

ZSi(t) =0.

i=1

When the initial guess of Algorithm 6 is set appropriately, the computed means (S(t), Q(t)) that
solves the t-labelled velocity-Karcher mean problem are expected to be smoothly dependent on the

t. As a comparison, the classic Karcher mean of the ¢-labelled data {Y;(¢)}¥_, is also computed by
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the algorithm proposed in [20] with the iterative step
iter 1 ¢ iter\T
QI o iz;log(exp(s )TY;)

Qitertl ( Qiter gyp(Qiter)

Gitertl  Jog(yTQiter+l)
where Q; € SO,, are the data point, X**** € Skew,, and F**** = exp(X*®T) € SO,, is the current
guess of the Karcher mean and log : SO,, — Skew,, is the principal logarithm.

Two experiment setups are designed to demonstrate the feature discussed above. In the first

setup, consider (S, Q) := (S(0),Q(0)) solves the Karcher mean problem with the initial data set
{Y1,--+,Y)} such that

Let the data points Y;(t) leave the initial mean @ along Y;(t) = Y; exp(—tS;). Notice that Q =
Yiexp(S;), which means Y;(t) = Y;exp(—tS;) = Qexp(—(1 + ¢)S;). In this special setup, one
can easily verify that ((1 4 ¢)S, @) is a solution to the t¢-labelled Karcher mean problem, i.e., the
computed @ is expected to stay at where it is started. Figure 5.3 reports two moments with ¢ = 2.8
on the left and ¢t = 2.9 on the right. The initial mean @) is denoted as the “true mean” and the crosses
are the computed velocity-based Karcher mean using the nearby logarithm and the distance-based
Karcher mean using the principal logarithm. The geodesics {Y;(t)exp(s - (1+1)S;) : s € [0,1]}F_,
that connects the data point Y;(¢) to the true mean @ are also plotted as the blue dashed line.
In the experiment, for all ¢ < 2.8, both the distance-based Karcher mean and the velocity-based
Karcher mean converge to the true mean. As t increase to t = 2.9 and beyond, the velocity-based
Karcher mean still converge to the true mean, while the distance-based Karcher mean suddenly
jumps to a different converged point.

The second experiment has a more complicated motions in the varying endpoints. Instead of
choosing A; = —5; to force a true mean (@) staying at the same point, the skew symmetric A; are now
sample randomly. It causes a more complicated behavior of the computed velocity-based Karcher
mean as the data points Y;(t) = Y; exp(tA;) varies with respect to ¢t. In this experiment, £ = 10 data
points are used. As the Y;(t) varies smoothly with respect to t, it generates ten smooth trajectories,
which are the black trajectories reported in Figure 5.4. For each t-labelled Karcher mean problem,

the computed velocity-based Karcher mean and the computed distance-based Karcher mean are
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Figure 5.3: Karcher Mean with Evenly Spearding Spreading Data.
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reported in green and blue respectively. The green and the blue trajectories behave as expected.
The green trajectory appears to be smooth with respect to ¢, while the blue trajectory is broken into
continuous segments. In other words, the experiment suggests that the computed velocity-based
Karcher mean maintains the smooth dependence while the compute distance-based Karcher mean

does not have the continuous feature.
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Figure 5.4: Karcher Mean with Randomly Spearding Spreading Data.
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CHAPTER 6

THE ENDPOINT STIEFEL GEODESIC PROBLEM
WITH THE CANONICAL METRIC

6.1 Introduction

The Stiefel manifold St,, ;, consists of n x p orthogonal matrices
Stnp = {X eRV?: XTX =1,}

and it is one of the most important manifolds and arises in many applications. A point U =
[U 1 v Up] on the Stiefel manifold is usually considered as a preferred basis of the p-dimensional
vector subspace col(U) in R™ so that for any point z € col(U) C R"™ on there is a unique R?
representation o = (aq, -+ ,ap)T with z = Ua = >_F ;U;. For example, the principal component
analysis (PCA) on a distribution on n components that keeps p primary factors is represented by

a rank p covariance matrix C' with a spectral decomposition
C =UAUT

where U € St,, ), and A = diag(A1,---, ;). Each coefficient of the unique combination in a basis
vector U; is a principal component since it is not correlated with other coefficients.

The Riemannian structure of the Stiefel manifold is studied in [11] and two Riemannian metrics
are presented, namely the embedded metric and the canonical metric. Intuitively, for the curve
U(t),t € [0,1] on St,p, the embedded metric puts it in R"*?P before measuring the length while
the canonical metric puts it in SO,, with some Q(t) = [U(¢t) U, (t)] and the length is measured
by the length of Q(t).

This chapter investigates the quotient structure in the SO,, that defines the canonical metric
on the Stiefel manifold and proposes a novel algorithm for solving the endpoint geodesic problem
with the tools and primitives developed in previous chapters. In particular, the endpoint geodesic

problem on the Stiefel manifold is equivalent to solving the following matrix equation
A —-BT
exp <[B 0 ]) =[V V] (6.1)
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where V' € St,, , is taken as a parameter and the A € Skew,, B € R"P*P and V| € St,

as a special orthogonal completion to V' are variables that need to be solved from (6.1). Note
A -BT
B C

A € Skew,, B € R(™=P)XP and the remaining block in C' € Skew,,_) is often used in this chapter.

that the partitioning of a skew symmetric S = { ] € Skew,, that splits .S into the blocks

For simplicity, the notation is introduced as follows

_ pT
M = M[A,B,C] = [g g :| € Skew,, (62)

where A € Skew, and C € Skew,,_, are assumed to be skew symmetric. Under this notation,

(6.1) becomes exp(X[4 50) = [V V.| with the constrained unknown X and V.

6.2 Preliminaries

6.2.1 Riemannian Submersion

The canonical metric on the Stiefel manifold is constructed by a Riemannian submersion from
SO,,. A mapping ¢ : M — N from a manifold M to another manifold A is a submersion if it
is onto, differentiable and its differential D o, : T, M — T, y/\/ is also onto for any x € M and
y = ¢(x) € N. In other words, a submersion map ¢ specifies a linear operator TM — TN, such
that any motion on M can be translated to a motion on TN. When M and N have the same
dimension, i.e., when T, M and TN have the same dimension for any = € M and any y € N, the
submersion becomes a diffeomorphism. In this case, the two manifolds M and N share the identical
differentiable structure and objects can be translated back and forth. In general, the dimension
daq of M is larger than the dimension dy of N. In this case, the differentiable structure in M
determines a differentiable structure but not vice versa, as the motion at y € N, characterized as
a tangent vector 1, € Ty, cannot describe all motion at some x € M where ¢(z) = y. Those lost

motions at x describe a submanifold structure as follows.

Proposition 6.2.1 (Inverse Theorem on Manifolds). [/] Consider a submersion ¢ : M — N with

dimensions daq > dnr. For any y € N, the preimage

Fly) :={z e M:p(zx) =y} (6.3)
forms a submanifold in M with dimension dg,) = dam — dyr, which is denoted as a fiber over y.

It is clear that a fiber F(y) is specified by y € N or any x € F(y) in itself as y = p(z) if the

submersion ¢ is given in the context. For simplicity, the fiber is denoted as F with the y term
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dropped if both the submersion and the y or the z € F(y) are given in the context. The fact that

a fiber is formed by preimage under ¢ immediate leads to the following observation.

Corollary 6.2.2. Consider a submersion ¢ : M — N and a fiber F over y € N with z € M. Then
the tangent space T, F is a subspace of T, M and it is also the null space of D ¢, : TuM — T, N,
Le., D‘Pw[{x] = Oyv&r €T, F.

A horizontal structure on M further equips a submersion structure ¢ : M — N with a set
complementary subspaces to T, F. These complementary subspaces uniquely defines a pseudo
inverse D cpj; : T,N — T, M such that the motion at y in A can be uniquely identified by a unique

motion at x € F in M.

Definition 6.2.3. Consider a submersion ¢ : M — N with the subspaces TF C T'M that assigns
T,F at any x € M. A horizontal structure H comprises a set of complementary subspaces H, to

T,F at any x € M (that is smooth with respect to the foot z), i.e.,
V€, € M, E”Ug e T, F, hf € H,, such that &, = ve + hs.

As a complementary notation to the notation of horizontal, the tangent space to the fiber T, F is

denoted as the vertical space V, := T, F. ]

Definition 6.2.4. Given a submersion ¢ : M — N and a horizontal structure H, a horizontal lift
(to H) is the unique pseudo inverse D @l : T,N — H,, i.e., the unique linear operator T,N — H,

satisfying the following conditions.
(D ¢n oD@y oD w?) [ny] = ny, Yy € TN
(6.4)
(D Pz O D SOEI oD ‘pa:> [hx] = hmvv}lx S Hac

O

When the manifold M is equipped with a Riemannian metric g, the orthogonal complementary
subspace to T,.F becomes a natural choice of a horizontal structure. When there are further
consistencies in the Riemannian metric evaluated at the lifted vectors among a fiber, the submersion

becomes a Riemannian submersion as defined below.

Definition 6.2.5. Consider a submersion ¢ : M — A from a Riemannian manifold (M, g) where
g is a Riemannian metric. Then, the submersion is a Riemannian submersion if the horizontal lift
to

H=V,:= ] {he € TeM: ga(va, he) =0, Y0, € V,:} (6.5)
zeEM
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satisfies
gor (D@l ) D@l (G)) = 9o (Dol ). D2l (6,))

(6.6)
Vy € N,Vny, ¢y € TyN V1,29 € F(y).
The value in (6.6) that depends on 7, and (, but not € F(y) is denoted as
9201, Gy) 1= 92 (Dl [0y, DI 1G,]) ¥ € F(y). (6.7)
[

There are many nice properties induced from a Riemannian submersion and those that are

relevant to this dissertation are summarized as follows.
Proposition 6.2.6. Given a Riemannian submersion ¢ : M — N from (M,g) and consider
y € M and x € F, then the following statements hold.

1. The function gg (ny,Cy) : TyN x TyN — R is an inner product operator and the collection of

them for all y € N forms a Riemannian metric g¥ on N.
2. For anyy € N, any ny € T,N and any x € F(y), there is
@ (Exp,(t- Dol [ny))) = Expf(t-m,), ¥ € [0,1], (6.8)

where Exp,, and Expf are the respective Riemannian exponential in (M, g) and (N, g%?). In
other words, any geodesic in M with horizontal velocity D gp}ﬁ [ny] € Hy maps to a geodesic

in N under g% and vice versa.

3. The geodesic Exp,(t- DY+ [n,]),t € [0,1] is a minimal geodesic in (M, g) if and only if the
geodesic Expf(t - ny),t € [0,1] is a minimal geodesic in (N, g¥).

6.2.2 Stiefel Manifold with the Canonical Metric

The canonical metric on the Stiefel manifold is a textbook-example on constructing a Rieman-
nian structure from a submersion. This part summarizes some important objects and statements
relevant to the dissertation. More details can be found in [11].

Consider the special orthogonal group SO,, equipped with the classic metric
1
90(QS, QX) = 5 tr(STX),VQX,QS € ToS0,, = {QX : X € Skew,,}

then the map that takes the first p columns out of a special orthogonal matrix as

¢ : SO, — St,,
@ an,=aq]
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is a Riemannian submersion. The fiber over U is given by F(U) = {Q € SO,, : QI,,, = U}. More

importantly, it can be characterized by the @ in itself as

r_ {Qexp ([g g]) .7 € Skewn_p},

which induces the vertical and horizontal spaces as follows.

Vo = {Q [g g] :C e Skewnp}

_BT .
Heo = {Q {é g ] : A € Skew,,, B € R("P)Xp}

The horizontal spaces further yields a characterization on the tangent space 17 St,, ;, when there is

a special orthogonal completion U, to U is given in Q) = [U U L] € SO,,, such that

TyStnp = {D pqlhql : hq € He}

—{UA+ULB: A ¢ Skew,, B e R}

A —-BT

where D pglhq] = hqolnp = [U UJ_] [B 0

} I,, =UA+U,|B. Then, the horizontal lift as an

A -BT
B 0
The Riemannian geodesic in (St ;, g¥) is given by

pseudo inverse order is D @gl UA+U, Bl =Q [

Expf, (t - (UA + ULB)) = Expg (t-Q [g —é}j) = Qexp <t. [g —5T]>

where the Riemannian geodesic in (SOy, g) is given by Expg (t-QX) = Q exp(t- X) with the matrix

exponential exp : Skew,, — SO,,.

6.2.3 Related Work

There has been previous work done on solving the endpoint geodesic problem under both met-
rics. For the embedded metric, [6] provides a nice solution. For the canonical metric, [42][Algo-
rithm 4] proposes the state-of-the-art algorithm that has great performance for sufficiently close
endpoints. There is also a recent work done in [33] with more details given in [32] that takes the
shooting approach with Newton direction obtained in a system solve. The work in [29] takes a
similar approach but proposes a Newton algorithm on the shooting approach with the Hessian
operator approximated by difference of Fréchet derivatives.

The state-of-the-art algorithm proposed in [42] is referred to as the BCH algorithm, which is

named due to the essential Baker-Campbell-Hausdorff expansion utilized in the algorithm. Among
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existing algorithms on solving the endpoint geodesic problem on the Stiefel manifold under the
canonical metric, it is the main competitor with the algorithm developed in this chapter. The BCH
solver exploits the fiber structure of ¢ ~!(V) and tries to find a horizontal initial velocity starting
from chosen @ € ¢~ 1(U) so that it ends at the fiber (V).

The BCH algorithm tries to get a global exact step update to bring ¢; directly to a solution on
Hz by solving

o (R ) By Y

where X € Skew,,, Y € RM™=P)*P and Z € Skew,,_,, are unknowns.
Unfortunately, there is no general algorithm for solving (6.9) and [42] proposes using the Baker-

Campbell-Hausdorff infinite series (BCH series) on the right hand side to obtain

A; —-BF X YT\ A; —-BF L[o0], .
*PUB ¢ vy —cl|) "B ¢ 0 Z

2 [A —BiTJrX—YT_Ai —BiT+00+_‘_
B; G Y -C;|  |Bi C; 0 7

. BT
By selecting different terms from the BCH series consisting [gl g‘ ] and [g g} , approximated
(2 7

0 %
However, there are 3 concerns of the BCH algorithm. First or all, the BCH series may not be

solution Z; to (6.9) can be obtained and it is used to get the next guess Q;+1 = Q; [0 0].

converging for ||Sa, B,.c;ll2 > 1 or ||Z;]]2 > 1. Secondly, when it converges, there is no guarantee
that the converged sequence ||S4, B,.c; + 50,0,z |2 < 7, i.e., the converged sequence may not be on
the principal branch of the matrix logarithm, so the matrix exponential on the equation cannot
be drop arbitrarily. Finally, [42] does not collect the entire first order truncation in terms of Z,
i.e., there are other (infinitely many) terms with Z in the BCS series that are not included in the
truncation. Due to the simple truncation, when BCH series converges and the matrix exponential
can be dropped, the quality of approximated Z; still depends significantly on the size A, B and Z
in the solution. Note that the size of Z is determined by the quality of the initial guess.

All of these concerns can be dropped when the endpoints U and V' are sufficiently close together,
as all terms appeared in (6.9) are tiny in this case, which is validated by its excellent numerical
performance. As U and V increase in separation, the theoretical support of the BCH algorithm

becomes empirical and the numerical performance is significantly compromised.
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6.3 Problem Formulation

The endpoint geodesic problem on a Riemannian manifold seeks for any geodesic connecting the
given points. This is a weaker version then the Riemannian logarithm problem and the smoothly
evolving geodesic problem, as the former asks for a shortest Riemannian geodesic between the given
endpoint and the latter asks for a Riemannian geodesic in a smoothly evolving manner as one of
the endpoint moves. Therefore, the geometric insights obtained in developing the algorithm of the
endpoint geodesic problem as well as the solution itself helps in solving these more complicated
geodesic problems. This section gives the formulation of the endpoint geodesic problem on the
Stiefel manifold with the canonical metric along with the necessary preprocessing strategy that

simplifies the problem.

6.3.1 Matrix Equation

On the Stiefel manifold with the canonical metric, the endpoint geodesic problem with the given

U,V € St,, takes the following form
Expf(UA+U,B)=[U U] exp(Xa,5,0)) Inp =V (6.10)

where the skew symmetric A € Skew,, B € R(M=P)XP and the respective special orthogonal com-
plementary bases U, are unknown variables. According to the Riemannian submersion that defines
the canonical metric on the Stiefel manifold, any geodesic Exp;;(t-UA+ U, B) that satisfies (6.10)
can be lifted to the special orthogonal group emanating at V@) = [U U L] € F. This invertible
lifting process translates (6.10) of finding a geodesic in St,, ), into the equivalent problem of finding

a geodesic with horizontal velocity in SO,, as

Qexp(Xiapo) = [V V1] (6.11)

where the unknown variable U; degenerates to a known constant and the additional unknown
variable V| as a special orthogonal completion to V is introduced. Although the number of variables
remains the same as expected, the matrix equation (6.11) characterized in SO,, is more convenient.
For example, by the transitive property on SO,, discussed before, any geodesic emanating from any
Q@ € SO,, can be translated to I, back and forth without losing anything. In particular, (6.11) is

further equivalent to the following matrix equation

exp(Xapo)=Q" [V Vi]=[Q" QTv.].
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Notice that QTV is a known parameter with the @ and V given in (6.11) and QTV, remains
a unknown special orthogonal completion to the new QTV. Then, substitute QTV as a given
parameter V € St,, , and substitute QTV| as a unknown special orthogonal completion V| to the

new V', the formulation (6.1) proposed at the beginning is obtained.

6.3.2 Preprocessing for Rank Reduction

Lifting the endpoint geodesic problem on the Stiefel manifold to SO,, and exploiting the tran-
sitive property in SO, resulted in the convenient matrix equation in (6.1) in size of n x n. In
practice, however, the St, , may have p < n with a huge n, which makes it still very difficult to
operate on SO,,. Fortunately, there exists a smaller problem in Sty, converted from St, , with
d < 2p discussed in this section. Although not all solutions to the original problem are kept in this
smaller problem, any solution to the smaller problem recovers a solution to the original problem,
which makes the conversion feasible for the endpoint geodesic problem. This conversion can be

done with a rank-revealing factorization to n X 2p matrix as follows.

Proposition 6.3.1. [29] Consider the endpoint geodesic problem on St,, , searching for Q, A, B in

reo ([ 7o |) -0

the rank-revealing QR decomposition

rank-revealing QR [

U V] U wl .y V] (6.12)

nXx2p dx2p

constructs endpoint geodesic problem on smaller Stq, where the d bounded by p < d < min(n,2p)
is the rank of [U V]. The converted problem takes the following specific forms depended on d.

1. When d > p, i.e., U and V span different column spaces, then Ve Stq, and the solution
Ae Skew,, B e RU-P)*p of

wo([d F) - o

~

forms a solution A = A and B = [5] to the original problem with P = [U w WL].

2. When d =p, i.e., U and V span the same column space, W wvanishes and Ve 0O,.
(a) When det(V) =1, i.e., V € SO, the solution A € Skew,, of
exp(A) =V
forms a solution A = A and B = 0 solves the original problem with P = [U UJ-].
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(b) When det(V) = —1, the solution A € Skew,, B € R™? of

([ D)0

forms a solution A = A and B = [5] to the original problem with P = [U UL].
Proof. 1t is easy to see that such rank revealing QR is always possible and
V=[U W]V

where V € Styp. Then it remains to show that a solution to the problem with Iy, and 1% always
determine a solution to the problem with U and V', as shown below.

Let fl, B be a solution to the problem with P= I; and V, then
A A BT
_ 17 — I e Rdxd
o-lv 2o ([ )

and one can write

o o A —-BT o0
[0 7 ] = exp B 0 0
n=d]xn 0 0 0
Let P = [U w Wl]an, then there is
. A -BT o
P [QdXd IO ] =Pexp| |B 0 0
0 Il 0 0 o

= |Upxk an(dfk) W#x(n—d)]

dek’ Q(Ji_x(dfk) 0
0 Infd

[U W]nXdVka i [U W]nXngl_X(d—k) i WL }

= [ ViU W], Qb W]

=Q

By construction, there is PI,, = U and QI,; =V, ie., P,Q, A, [g] solves the matrix equation
(6.1).
~ : . ~ . . vV o
For the d = p case, V € SO,, is straightforward. When V' ¢ SO, simply notice that 0 —1 €
SO,+1 and the zero constraint from the stiefel endpoint problem in St 11, on the lower right 1 x 1

partition is guaranteed by the skew symmetric structure. ]
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Note that this conversion is originally proposed in [41] without exploiting the shared dimensions
between U and V. It is later developed in [29] but in a very compact expression without a clear
algorithmic instruction in how to execute the conversion. Proposition 6.3.1 summarizes the
technique and point out that a rank-revealing QR factorization suffices the conversion task. In

addition, it includes the extreme cases when d = n, which are not discussed in [29].

6.3.3 Manifold Root-Finding Formulation

The feasible set of solving (6.1) is the fiber over V' with QI , =V as
FV)={Q €80, :QI,, =V} ={Qexp (M[(,’O,Z}) : Z € Skew,,}

where the second characterization fits in the co-manifold characterization €gg in (4.8) where
exp(S) = Q and B = {Mjg g 7 : Z € Skew,,_,}. Further notice that the co-manifold characteri-
zation collects a set of skew symmetric matrices as smooth submanifold in Skew,, that emanates
geodesics arriving at the fiber F.

Recall that a geodesic in St,,;, under the canonical metric g¥ is equivalent to a geodesic in
SO,, with a horizontal velocity. Given a Riemannian submersion ¢ : M — N, a geodesic in N is
equivalent to a geodesic in M that emanates along a horizontal velocity and vice versa. Then the
search on velocity £ € T, N from {Expf(t-€),t € [0,1]} C N such that is equivalent to searching
the £ € TeM from {Expz(t - €)} C M constrained with

Expz(§) =7 € F(y) (6.13)
£ e Hz (6.14)

Notice that the lifted geodesic (6.8) emanating from Z depends smoothly on the velocity £ € Ty M.

Consider the linear system

€ = Projy(¢)
where projy is the orthogonal projector onto Vz. Then, the horizontal condition (6.14) can be
expressed as £ € Hz <= F(€) = 0. Together, the searching on the ¢ from (6.8) with conditions

(6.13) and (6.14) is equivalent to the system solving with the constrained feasible set

F(§) = 0,Expy(§) € F(y)

In the setup of Stiefel manifold, there is 7 = I, € SO, £ = Xia,B,c] € Skew,, Expg(g) =

exp(X) and the orthogonal projector is given by F (X4 p,)) = Projy(Xa,pc)) = C. Further
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notice that the constraint exp(X) € F(V) is equivalent to co-manifold characterization X € €g g
where B = {Mjg 0,7 : Z € Skew,,_,}.

Then, the constrained root-finding problem becomes a manifold root-finding problem
F(X)=0, for X € €5 (6.15)

with some S € Skew,, satisfying exp(S) = @ € F(V). In other words, the endpoint geodesic
problem on (St,, ,,¢%) is converted to a system solver on a manifold with F' : €g — Skew,,_,
defined on €g g, where €gg is an embedded submanifold in Skew,, around any given S. Since
the horizontal and vertical spaces, Hj, = {X[4,p0/} and V;, = {X[g0,]}, are orthogonal com-
plementary subspaces in 77, SO,, = Skew,, by construction, the system solver problem is further

equivalent the root-finding problem that seeks the intersection between €g o and Hy,.

6.4 R-Newton Method of Solving a System on Manifold

Given a system defined on a manifold, the Riemannian Newton method for solving the system
with an output is a simple generalization of the Newton-Raphson method in the Euclidean setting

that solves F'(z) =0, F : R™ — R™ with the update formula
Tip1 = T + al);
D Fy,[A;] = —F(x;)
where « is a step size and A; € R" is the Newton update. The Newton update in the Euclidean
setting is an infinitesimal change on z; that produce the negation of the current output F(z;) as

the infinitesimal change to the system. Then, the generalization of Newton-Raphson methods in a

manifold setting is obtained by restricting the infinitesimal change A; to the tangent space at x; as

Tiy1 + Exp,, (- Ay)
(6.16)

where Exp,. : T;, M is the Riemannian exponential on M and it can be replaced by any com-
putationally tractable retraction on M. Note that the Newton direction generalized from the
Newton-Raphson method in (6.16) is consistent with the Newton update in the classic Riemannian

Newton method on a real-valued function

A; = ~Hess; [f] (Crady, [])
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where f : M — R,z — ||F(z)|]3 is a real-valued function, Grad,,[f] is the gradient vector of f
at x; and Hess,,[f] : Ty, M — T, M is the Hessian operator of f at x;. For more details about
the variation of the Newton method generalized to the Riemannian setting, please refers to the
textbook [1]. Note that the || - ||2 in f is the vector 2 norm is different from the matrix 2-norm
encountered in other context. It accumulates all squared entries in the system output before taking

the square root of the sum.

6.4.1 Newton Direction

The following Proposition 6.4.1 applies the Riemannian Newton method of solving a system
to the system in the root-finding formulation of the endpoint geodesic problem to obtain a Newton

direction.

Proposition 6.4.1. Consider the endpoint geodesic problem on the Stiefel manifold converted the

root-finding formulation with the nonlinear system
F: €xny — Skew,,—p, Sia B cj 05

where FV = {Q € SO, : QI,, = V}. The Newton direction A € TsCxr(y) to the system is

characterized by the matriz equation

Dexpg [Arxy—c)] = QSj0,0,7]

where S = S p.c) € Crv), Q@ = exp(S) and X,Y, Z are unknown variables. This matriz equation

can be further simplified as

Ls(Axy,—c)) = 50,0,z (6.17)

Proof. In order to make the Riemannian Newton method applicable, one needs to verify that the
nonlinear system is smoothly defined on a Riemannian manifold. This follows from 2 observation.
First of all the system F' can be smoothly extended to a smooth system on the embedding Euclidean
space as F' : Skew, — Skew,_;, S pc) — C. Secondly, €z, around S is a Riemannian

manifold &g ¢ Mio,0.Skew

i that is diffeomorphism with F(V') locally. In conclusion, F': €z —
Skew,,_, around S € Cr(y) is a smooth system restricted to an embedded submanifold, which
results in a smooth system on the embedded submanifold. Therefore, the Riemannian Newton

method is applicable.
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Then, the characterization of the Newton direction follows from the simple differential
D Fs[Aa,ap.a0] = Ac, VS € Cxpyy.
Therefore, D Fg[A] = —C only if Ac = —C. O

Note that it is necessary to construct the co-manifold structure in Skew,, such that the smooth
Riemannian structure in SO,, can be translated to € F(v) In Skew,,, on which the smooth nonlinear
system F': €z — Skew,,_, is constructed. Otherwise, it is impossible to construct a smooth
function on SO,, directly that measures the “non-horizontalness” of the arriving endpoint @), as the
notion of horizontal is inherently defined in Skew,, that cannot be translated to SO,, via a global

diffeomorphism. With the Newton direction characterized in (6.17), it can be solved as follows.

Corollary 6.4.2. The Newton direction characterized in (6.17) can be solved from two different

systems that are derived from (6.17) as the forward system
LENXY, Z) = Ls(Sx,v0) — So0,z = L5(S0,0.c)- (6.18)
or the backward system

_ 0
ﬁgackward(z) — [0 In—p] £51(5070,Z) |:In_p:| = -C. (619)

Since both linear actions Egorward and ,C};aCkward are computationally tractable, the matrix-free
solver like the GMRES is applicable to both systems. Concerning the complexity brought by the
triple dimensions, when n < 2p in the forward system (6.18) while the linear action in both systems

are similar, it is recommended to solve the backward system (6.19) for the direction Z.

6.4.2 Algorithm

With the Newton direction characterized in (6.17) and solved in (6.18) or (6.19), it remains to
handle some technical details before applying the Riemannian Newton algorithm.

First of all, similar to the Newton-Raphson method in the FEuclidean setting that fails when
D F,[A] = —F(x) has no solution that happens when the differential D F' is rank deficient. In the
Riemannian setting (6.17). There is also a similar mechanism to handle such a failure. When the
Newton direction does not exists at some x, and there is a sequence x; approaching to x., the
system D Fy,[A;] = —F(x;) is more and more ill-conditioned with a diverging A; that has its norm
diverge to infinity. Therefore, a huge Newton direction is a flag to that detect the non-existing

Newton direction.
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On the other hand, the huge Newton direction is also a flag that indicates the failure of a local
model, as €g 3 is not expected to be extended infinitely. Therefore, it is necessary to introduce a
restart mechanism activated when a huge Newton direction is returned from solving (6.17). With a
reasonable scale of A € T5Cg g, the Riemannian geodesic on €g 3 is the smoothly evolving geodesic

S(t) solved from the Q(t) = exp(S)exp(t - Ls[A]).

Algorithm 7: The Newton Algorithm of the Stiefel Endpoint Geodesic Problem
Data: V € St,, , where n < 2p
Input: Initial special orthogonal completion Qg where Qol,, =V
Output: Solution Si = S(4, p, 0] € Skew,, satisfying

1 Return log(Qo) ; // Principal Logarithm
2 1+ 0

8 Si = S(a,,Bi,c;) < log(Q); // Principal Logarithm
4 while ||Cj|lr > ¢ do

5 | Solve Z; from Ls,(Mja, B, -c,]) = No,0,z,] ; // (6.19) or (6.18)
6 | if |£5'(S00.2)ll > (27 — 61 — 62)/2 then

7 So < log(Q; exp(So,0,7;));

8 1+ 0; // Restart.
9 Goes to line 4;

10 Line search on step size «; along geodesic X (t);
11| Qiy1 < Qiexp(a;S0,0,7,);

12 S’H—l — X(ai);

13 141+ 1;

14 Return S, = S;;

Note lines 10 — 11 come from the [42][Algorithm 4] that corresponds to the 5 terms truncation
in the BCH series, and it is used here as the numerical empirical evidence indicates that it is better

than the 1 term truncation of the BCH solver.

6.5 Numerical Experiments

As investigated in the previous chapter, the geometry of the special orthogonal group is more
complicated around @ = exp(S) where S is near the conjugate locus. In the Stiefel manifold St,, ,
where the geodesic is characterized by ~(t) = exp(t - Sj4,p o)) Inp that emanates from I, ), the
matrix 2-norm of the generating Sj4 p o) is closely related to the difficulty in solving the Stiefel
endpoint geodesic problem as demonstrated in this chapter.

Consider a Stiefel manifold on St,,;, with a randomly sampled skew symmetric matrix S(4 g g

that has [[S|4,p,0/ll2 = 1. Then, this skew symmetric matrix emanates the following Riemannian
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geodesic arriving at U(o) as follows
U(o) = exp(o - S[A,B,O])In,p € Sty p.

By construction, the o - Si4 p g is a solution to the endpoint geodesic problem between I, ; and
U(c). On the other hand, the matrix 2-norm of this solution is designed to be |lo - S4B g)ll2 = 0-
Then, the BCH method in [42] and the R-Newton method proposed in Algorithm 7 are used to
find the set of endpoint geodesic problem between I,, ,, and U (o) generated by various o € [0.1,4.0].
The performances of these method for solving the o-labelled problem are collected and reported in
below.

Note there are algorithmic alternatives in the BCH method with different implementations.
Extensive empirical testing has been performed to identify the implementation with the best per-
formance among the existing BCH variants. As a result of the BCH competition, the BCH method
with the 5 terms update is selected as the competitor of the Algorithm 7.

Figure 6.1 reports the experimental results in Stog 19 by plotting the performances in the o-
labelled problem with U(c) = exp(o -S4, ,0)) Inp against o = [|o -S4 g g]ll2- It collects 3 important
characteristics, the executed number of iteration until terminations, the elapsed time consumed in
computing the update directions for both methods and the total elapsed time until termination.
Both methods are set to terminate when it finds exp(Six,y,z])Inp = U(c) with || Z][p < 107.
For the R-Newton method, each update direction solved from (6.19) is computed by a matrix-free
GMRES. This GMRES is set to only accepts solution with absolute error below 10~7. It is clear
that the required number of iterations for the Newton method is significantly smaller than those
needed for the BCH method. Although the cost of computing the Newton direction (6.17) is more
expensive compared to the BCH method, the fewer iterations compensate the elapsed time for
computing the direction as well as the total time. The R-Newton method reduces the elapsed time
by a factor of 1.925 on average. For the complicated problem with o € [1.8,3.2], the R-Newton
method is 3.025-times faster the BCH method.
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Figure 6.1: Performances on Solving the Stiefel Endpoint Geodesic Problem on Stag 19
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CHAPTER 7

QUOTIENT STRUCTURE ON THE FIXED RANK
POSITIVE SEMI-DEFINITE MANIFOLD

7.1 Introduction

The fixed rank positive semi-definitive (FRPSD) matrix manifold
S, ={X eR™" : X" = X, rank(X) = p, X = 0}

arises in many applications with physics background or computer vision background, e.g., [34] and
[12]. In [3], Bonnabel and Sepulchre construct a submersion from the product manifold M =
Sty p X S;:p to the FRPSD manifold N = STtp as

o:M—>N

(7.1)
(U,C) —UCU*

with an a-parameterized Riemannian metric family ¢® 5, a > 0 proposed on M. Here, Sl;f » is the
well-studied manifold of positive definite p X p matrices.

This metric family {g},>0 is designed for the special horizontal structure
Hoyc) = {(ULB,H) . Be ROP*P [ ¢ Symmp} . (7.2)

where Symm,, := {X € RP*? : X T = X7} is the set of all p x p symmetric matrices. Although every
metric g® S does not form a Riemannian submersion in (7.1) nor make Hy,cy in (7.2) orthogonal
to the vertical space V(o) = T(,0)F (X) where X =U CUT, it yields invariant metric evaluation
on vectors lifted by (7.2), and the orthogonal complement Vi‘BS converges to the H specified in
(7.2) as a — 0.

Unfortunately, the metric family {g*B5},~¢ proposed in [3] does not form a Riemannian sub-
mersion in (7.1). The lack of a Riemannian submersion makes the application of the metric family
in [3] only interpretable in the limiting behaviors as o — 0, while any individual metric g®BS is

less meaningful. This chapter further adapts the horizontal structure (7.2) in [3] to construct a

different metric family such that a Riemannian submersion is obtained.
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7.2 Preliminaries

7.2.1 Geometric Interpretations in the FRPSD manifold

The horizontal structure in (7.2) is chosen to decompose the curve in 87‘{, p into a curve of

subspaces and a curve of ellipsoids. In particular, it consists of the classic horizontal space of the

Grassmann manifold on the Stiefel manifold Hgt"’P = {U.B: B € R P)*P} and the tangent space
of the SPD manifold TrS;, = Symm,, := {X € R™" : X = X"} as Hy ) = H(S]t"’p x TS,

where the Grassmann manifold is the manifold of p dimensional subspaces in R”. For a given
{(U(#),C(t)) : t € [0,1]} € M that forms X (t) = U(t)C(t)U(t)" € S, at U = U(0) and C = C(0),
the U specifies an orthonormal basis in the p-dimensional subspace in R™ and the C specifies a
p-ellipsoid in the subspace that aligns with the basis given in U.

Note that the motion in the ellipsoid can be further decomposed into the rotations in axes and
the deformations in axis-length. Consider the spectral decomposition of C(t) = Q(t)A(t)Q(t)T

that is smooth with respect to t. Then, Q(t) characterizes the rotations and the A(¢) characterizes

2 0} and Y = [1 0]. The

the deformations, [13]. For example, consider two ellipses X = [0 1 0 2

curve Q(t) = I and A(t) = [2 5 t 1 3 t} connects X and Y with no rotation, while the curve

Q) = cos(tm/2) —sin(tn/2)
~ |sin(tw/2)  cos(tw/2)
illustrated in Figure 7.1.

] and A(t) = [(1) g] connects them with no deformation. This is

D(0.5)
D(0) D(1)
X
R(0) R(1)
R(0.5)

Figure 7.1: Illustration of deformation @(¢) and rotation A(t) in ellipse.
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Note that such a rotation in axes, Q(t), is entangled with the motion in U(t) as one can insert
arbitrary O(t) € SO, with O(0) = I,, as
X(t) =UmCOUnT = UrOo®r) (01 CHOo®) U-OE)*
= U(t) (0T QWAMQRMTO®) UM = U(t) (QAMARMT) (1)
where U(t) = U(t)O(t) and Q(t) = O(t)TQ(t). Through the arbitrary O(t), the same motion X (¢)

can be realized by different curves in M.

7.2.2 Objects in the Submersion

This section collects relevant results about the objects in the submersion (7.1), which are avail-
able in the literature, c.f. [36], [23] and [3].
For the point X € N' = S/, , consider its representation (U,C) € M = St,,;, x S,f, and the

horizontal space specified as in (7.2). Then, the following objects are available.
1. The tangent space to M at (U, C) is given by

TeyM = {(US + UL K,M): S € Skew,, K € R"™P)>*? \[ ¢ Symm,}. (7.3)

2. The fiber over X = UCUT is given by
F(X) ={UQ,Q"CQ) : Q € SO,}, (7.4)

in particular, the spectral decomposition X = UAUT with eigenvectors in U and eigenvalues
in A is in the fiber over Y, i.e., F(Y) = {(UQ, QTAQ) : Q € SO,}.

3. The vertical space at (U, C) is given by
Vwe) =T F(X) ={({US,CS - SC): S € Skew,}. (7.5)

It yields the projection of any £ := (US + UK, M) € T(y,cyM to Hy ¢y against V(i oy as
Proj%EBV : Tw,oyM — Hy, oy

(7.6
(US+U K, M)~ (U K,M—CS+ SC) )

such that the &y := Projgew(&) € Hp,cy and the {y = & — &m € V(y) is the unique
decomposition of £ = &g + & into the two complement subspaces.

4. The differential to the submersion map is given by

Douo)(US+ULK, M) =D pye)(ULK, M —CS + SC)]

7.7
— U, KCUY+UCKUT + UM —CS + sC)U* 1)

where the first equation follows from projecting (US + U K, M) € T(y,cyM to Hy,cy.
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7.3 Riemannian Metric by Riemannian Submersion

In order to obtain make the submersion ¢ Riemannian, a metric on M, denoted as g®H°", with
the following features is needed.

1. The vertical space and the horizontal space are orthogonal under ¢ 1", i.e.,

90y (US,CS = SC), (ULK, M)) =0
for any S € Skew,, K € RM=P)XP and M € Symm,,.

a-Hor

2. The inner products under g between the horizontally lifted vectors Dcp]FIU ) [€] and

D goI(HIU’C) [n] for any &,n € TxN and any (U,C) € F(X) equal to each other, i.e.,

g?[}II—IvOCI:I) (D Q’D%HUl,Cl)[g]’D(‘OI(HIULCQ[U]) - g?(}?,c()/g) (D 90]%2@2)[5]’D¢%HU2702)[77]>
for any X € N, §,n € Tx/N and (U1,Ch), (Usg, Cy) € F(X).

7.3.1 Horizontal Lifting

The first feature can be satisfied by designating bases in the respective subspaces H ;o) and
V(v,c) as an orthonormal basis of the total space T{y,c)M = Hy,c) ® V(y,c) which totally char-
acterizes an inner product on it. The second feature depends on the horizontal lift operator
D(p[(EHU’C) : TN — Hy,c)- Such a horizontal lift specified to (7.2) is not available in the liter-

ature and the proposition below derives an expression from (7.6).

Proposition 7.3.1. For any X €¢ N = S,tp and a tangent vector attached to it, denoted as a
A € TxN C R™™", the horizontal lift of A to (U,C) € F(X), i.e., UCUT = X, is given by
Dcpl(ﬂac) [A] = (ULK, M) where
M =U"AU
(7.8)
K=UIAUC™!
It is easily verified that (U, M) is horizontal and D ¢(y,cy[(ULK, M)] = A. More importantly,
notice that any SPD matrix can be written as the square of a unique SPD matrix, which is known as
its unique square root. That means the representation (U, C') € F(X) can also be re-parameterized

as (U, C?) € F(X) such that UC?UT = X and C € S;f,. Then, the horizontal lift (7.8) is converted

to the expression in below.
Lemma 7.3.2. For any X = UC?UT e N = S,, where C € Sf,

to (U,C?) € F(X) is given by Dgo]éﬂUc) [A] = (UL K,CHC) where

the horizontal lift of A € TxN

H=c'vTAuc—!
(7.9)
K=UIAUC™?
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Unless otherwise specified, the horizontal tangent vector at (U, C?) in this chapter is denoted
as £ g = (ULK,CHC) with the U, available from the context. Then, the horizontal lift can be
written as Dg0<UC2)[ | = EngCg) where K and H are computed from (7.9). This special notation

is introduced for the following convenient observation.

Proposition 7.3.3. For any X = UC?UT e N = S,“:p and the horizontal lifted vector

KH
Dyl a[A] = s = (UK, RHR),

consider another representation (UQ,QTC?*Q) € F(X) on the fiber with a p x p orthogonal Q.
Then, the horizontal lift of the same A to the different representation (UQ,QTC?Q) is given by

(K H
D tlg greeoltl = Elgtcng = (ULKQ.QTCHCQ), (7.10)

i.e., the parameterization K and H varies by Q) in a consistent fashion.

Proof. This follows from 2 observations. First of all the U; remains orthogonal to all UQ, which
simplifies the first component by setting U, = U,. Then, the unique SPD square root of QTC2Q

is given by C := QTCQ. Let U = UQ and applies (7.9) to get Dgo(U &) [A] = nggZ

H=C'UTAUC™' =QTHQ

O

Recall that a spectral decomposition of X € S,‘; p, naturally yields a representation of X in the

fiber over it. For the spectral decomposition X = UA2UT where A is diagonal with the square root

of the eigenvalues in X, (7.9) and (7.10) characterizes all lifted vectors as D <p(U AQ)[ | = E{f{i and
KQ.QTHQ
D (P](HIUQVQTA2Q [ ] gUQ QTA2Q-

7.3.2 Riemannian Metric Family Constructed by Designated Basis

Recall that a Riemannian metric at a point (U, C?) € M is an inner product operator on the
tangent space Ty cyM. As a linear space equipped with an inner product (-, -), it yields the notion

of an orthonormal basis B = {B;}_; C T{;,)M such that

(Bi, Bj) =
0, i#j
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where d is the dimension of the linear space. On the other hand, any designated linear independent

basis B = {B;}%_, defines an inner product operator

d d d
e = <zxi3i,zyi3i> —S
=1 =1 =1

where £ = 2?21 x;B; and n = Zle y; B; are the unique linear decomposition in the basis B. Note
that any subspaces spanned by the distinct sub-bases from B are orthogonal to each other under
the induced inner product. For example, let H := col ({Bj,}/;) and V := col ({ B, }}-;) such that

{Bj,}"y N{Byg,}1.y = 0. Then, any £ € H has the unique linear decomposition

m
5 = Z‘rjiBji +ZO - By,
=1

I#3;
i.e., x; not in the {j;}!", positions are all zeros. Similarly, the linear decomposition of 1 ha y; that

are zero if they are not in the {k;}! ; positions. Then £ and 7 are orthogonal as

m n
(Em = @ 04+> 0-ye+ > 0-0=0.
=1 i=1

1#jil#ki
According to this observation, any inner product in T{y; ¢2)M that is constructed from the bases
in V(yc2y and Hy o2y together makes them orthogonal to each other naturally. For the

Vo2 ={(US,C*S — SC?) : S € Skew,}

I

H ey = {{ULK,CHC) : K € R"™P*P H ¢ Symm, }

the parameterization S, K and H have designated bases for each subspaces. A more intuitive way

to see this basis is to recall the canonical metric on the Stiefel manifold
g (US) + UL K, USy + Uy Ko) = tr(STSy) + tr(K{ Ko),YUS) + UL K1,USs + Uy Ko € TSty .

It is clear that the subspaces {US : S € Skew,} and {U, K : K € R(™"P)*P} are orthogonal under
g5t. Then, let
Bpt® = {US;}¥5, c {US: S € Skew,,}
BpWY = {U K} c {U K : K e RmPxPy
be the respective dg and dx dimensional bases. They form an orthonormal basis in 17, St,, ;, together
and, more importantly, they can be found in Vg c2y and H g o2 respectively
Bg’cz = {(USZ, C2SZ — SZCQ)}EEI C V(U,C'Q)

- ) (7.11)
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where {U Si}?j LU{U J_Ki}?fl is an orthonormal basis in Ti7St,, , under the canonical metric. Notice
that Bg c2 1s already a basis that spans V(g o2y but B{,( c2 1s not enough to cover the Hg; c2y. The

remaining part is provided by the affine-invariant metric on the SPD manifold proposed in [14]
952 (CH1C,CH>C) = tr(H{ Hy), YCH,C, CH>C € T2 Sy,
Similarly, one can find a basis in Hy c2)
Bfl o = {(0,CH;C)}{H, € Hy o). (7.12)

where {CHZ'C}?EI are the orthonormal basis in T¢2S,f, under the affine-invariant metric.
Together, BS U.c2 U B[IJ( cz2 U Bg c2 forms a linear independent basis in T(U’Cz)/\/l such that

Ve = col( (ch)> and Hc2) = col (B([[(],CQ) UB{{]’CQ)). By rescaling the B{{]’CQ) basis

with a parameter o > 0, a parameterized metric is obtained as follows.

Proposition 7.3.4. Consider any (U,C?) € M = St;,, x S;f

ops then a parameterized linear inde-

pendent basis of T(y,c2)M is given by

BH8" = By ey U Bl e U —= - B{{; cay,a > 0. (7.13)

\F

It defines a Riemannian metric on M with

WU%); (&%) =g (Usl +ULK1,US3 + ULKZ) +a g 2 (CH,C,CH)C)
1 (7.14)

where &; = (US; + U K;, CH;C + C?S; — S;C?), fori=1,2.

Proof. The fact that the proposed metric satisfies the properties of an inner product operator is
easily verified. This proof only points out that the orthonormal basis B(O‘UHC?Qr) depends smoothly on
the foot (U, C?) varying on M, which makes the inner product it defines in (7.14) also smoothly
depending on the foot. A smoothly dependent inner product defined on all tangent space forms a

Riemannian metric. O

The horizontal space (7.2) and the vertical space (7.5) are orthogonal under the proposed
Riemannian metric (7.14) by design. In order to show that the submersion ¢ : (U, C?) — UC?U7" is
Riemannian, it remains to show that the horizontal spaces on a fiber F(X) are isometric. Recall that

any point on F(X) C M can be characterized by the spectral decomposition X = UA?2U" and any
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special orthogonal Q as F(X) = {(UQ,QTA%Q) : Q € SO, }. Consider any &1,& € TxS,f, C R™"
and the lifted vectors E{f}@ﬁ and Eff}f;’i determined by (7.9). Then, the inner product between the

lifted vectors are given by

o —K1,H1 =Ko, H
AR (5(1},1\23»5((]2,/\23) = tr(K| Ky) + atr(H{ H).

For the vectors lifted to a different representation (UQ, QT A%2Q), the inner product remains constant
according to (7.10) as
T (B8 araie) Eva arasg) = QKT KaQ) + atr(QTHTQQTHQ)
= tr(K{ K2) + atr(H{ Ha).
Proposition 7.3.5. The submersion o : M — N, (U, C?) — UC?U" is Riemannian given the
metric g*Ho" defined in (7.14).

It is important to note that the metric on the total space
9o (US1+ ULK1, CHLO), (USy + Uy K2, CHyC)) = tr(S} Sa) + tr(K{ Ka) + tr(H) Hy)

proposed in [3] is not a member of the metric family in (7.14), not only due to the one-half scale in
the tr(S1, S2), but also due to the offset C2S — SC? that results from US not being reduced from

RHR. Therefore, there are limited results on the Riemannian geodesic is derived in [3].

7.3.3 Riemannian Geodesic with Motions in Subspaces and Ellipsoids

Note that the choice of the Stiefel canonical metric and the SPD affine-invariant metric selected
for constructing the metric family (7.14) is not mandatory but it yields the geometric insight of
the induced Riemannian geodesic discussed in this section.

Consider two given Stiefel points U,V € St,, that span p-dimensional subspaces in R", let
{y(t):t€|0,1]} C St,, be a smooth curve that connects U and V as yy(0) = U and (1) = V.
Then, this curve generates a curve of subspaces in forms of col(yy(t)) that connects the subspaces

spanned by U and V. Suppose the differential to the curve

o= vl [0 50,

then, its length and energy in the Grassmann manifold is given by

1
Leol(ve) :/0 \/tr (K(6)TK(t))dt
1

Eel(yy) = /0 tr (K (t)TK(t)) dt
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In this setup, the curve that yields the minimal length in the Grassmann manifold is solved in [19]

as follows.

Lemma 7.3.6 ([19]). The curve {yy(t) : t € [0,1]} C St,, ), connecting two given U,V € St,, ,, that

yields minimal length and energy in the Grassmann manifold takes the form of

Yw(t)=[U U]exp <t- [Ii _STD exp (t- [_OS OQD Inyp (7.15)

where S € Skew), (2 € Skew,,_, and K € R(=P)xp,

On the other hand, the Riemannian geodesic in the SPD manifold under the affine-invariant

metric is solved in [14] as follows.
Lemma 7.3.7 ([14]). The Riemannian geodesic {yc2(t) : t € [0,1]} C S, with initial velocity
Yc2(0) = CHC € T2 S,, under the affine-invariant metric is given by

Yoz (t) = Cexp(tH)C (7.16)
where H € Symm,,.

The curve (7.15) describes the minimal change in terms of subspaces in the Grassmann manifold
and the curve (7.16) describes the minimal change in terms of the ellipsoids in the SPD manifold.

Together, they form the horizontal Riemannian geodesic in M = St,, ;, x S; » as follows.

Theorem 7.3.8. The Riemannian geodesic Y17 (t) in (M, g H°"), o > 0 emanating from (U, C?) €

M along horizontal velocity %W(t)’tzo = (ULK,CHC) € Hy 2y is given by

ya-tor(p) = ([U U] exp (t- [IS( _gTD exp (t- [_OS _OQD ,C’exp(tH)C’> (7.17)

where S € Skew), and 2 € Skew,,_,, depends on the values of e > 0. In other words, the horizontal

Riemannian geodesic is the simple composition of the (7.15) and the (7.16).

Proof. Consider the energy functional of the any smooth curve 7(t) = (1y(t), 72 (t)) = (U(t), C(t)?)

with velocity.

> ds
t=s
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Notice that the first integral vanishes if the curve 7(¢) stays horizontal, i.e., S(t) = 0,Vt € [0, 1].
Then, the second integral is the energy functional in the Grassmann manifold of the curve 77 (t),
which obtains its minimal energy when 71/(¢) takes the form in (7.15). The third integral is the
energy functional in the SPD manifold under the affine-invariant metric, which obtains its minimal
energy when 72 (t) takes the form in (7.16).

Finally, for a Riemannian submersion ¢ : M — N, a geodesic emanating with horizontal
velocity stays horizontal and it obtains the (local) minimal energy among all curves 7(t) € M
connecting the same endpoints. As the two integral are independent with each other, the (local)

minimal energy is obtained with the composition of the (7.15) and the (7.16). O

Note that how the parameter a > 0 determines the two skew symmetric matrices S € Skew,
and (2 € Skew,,_,, remains unknown and it is left as future work. Another useful property follows

a-Hor 16t

from the Riemannian submersion is the fact that the horizontal Riemannian geodesic 7'
end up at some point on the fiber over its endpoint on N. It derives the following formulas and

bounds on the length of the lifted Riemannian geodesic.

Proposition 7.3.9. Let y*(t) be a minimal Riemannian geodesic that connects UN*UT and VX2V
where A? and X2 are diagonal matrices. Lift the geodesic horizontally so that 4*(0) = (U, A?) and
49(1) = (VQ, R? = QTX2Q). The length of v* under metric g% is given by the length ly_v ¢ of the
Grassmann horizontal curve under the Stiefel metric (two well-known two metrics give the same

length) and the length ly2_, g2 under the affine invariant metric as

bye = \/l2U—>VQ +alispo- (7.18)

The two components in (7.18) are curve lengths in the Stiefel manifold and the symmetric
positive definite (SPD) manifold respectively, which yields following the convenient bounds.
1. The length l7_yq of the horizontal curve connecting U and V@ is bounded from below as
dgr(col(U),col(V)) < dgt(U,VQ) < lusvg

where dgr(col(U),col(V)) is the distance between col(U) and col(V) in the Grassmann man-
ifold and dg¢ (U, V Q) is the distance between U and V@ in the Stiefel manifold.

2. The length [y2_,c2 of the Riemannian geodesic connecting A? and C? in the SPD manifold is
determined by the generalized eigenvalues w;(A%, C?) of A? and C? as

k

Inzscr = 4| D log(wi(A2,C2))2.
=1
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Let C? = QX2?QT be a spectral decomposition and let A% and Y2 be ordered in the decreasing
order of magnitude, i.e., )\% > )\% > e > )\% and so does ai ’s, the sum of the squared

generalized eigenvalues are bounded as follows, assuming.

(a) The generalized eigenvalues are bounded as \; < w; < 0y, which yields

k
lessee 2 | Y _(log(X7) — log(0))?
=1
where the equal sign holds with C? =

29

(b) There exists a permutation P so that PTZP reorders o;’s into {a _, and yields a

bound from above as

k

lnaosor < 4| D (log(A2) — log(0?2))2 < 1 /k(log(X?) — log(0?)?
=1

where the first equal sign holds when C? = PTY2P and the second equal sign holds

when M¥ =X ==X and o} =03 =--- =0}.
Combining the two different bounds yields that the lower bound on FRPSD

\/d (U, VQ) + al2,_

k
> | %, (col(U), col(V)) + a Y (log(A?) — log(0?))?
i=1

and the upper bounds

dN(X,Y) < lrp, = \/dér(COI<U)7C01(V)) ol qreeq,

< | d&,(col(U), col(V)) + az log(A\?) — log(o? ))

< Wér(colw),col(vn + ka(log(A?) - log(02))?
for X, Y € S,t » with eigenvalues A% and X2, The equal sign in the lower bound is obtained when
U and V are a canonical pair. The first equal sign in the upper bound is obtained when 7¢, is the
geodesic. Based on these more accurate upper and lower bounds, the behavior of the Riemannian

geodesic v as « goes to 0 or to infinite can be better described as follows.

Proposition 7.3.10. Let X = UAN2UT)Y = V¥?VT ¢ S,tp be two points on fixed rank manifold
where UV is non-singular. Then the Riemannian geodesics 4*(t) with initial point ¥Y(U, A?) €
&~ H(X) lifted from the minimal Riemannian geodesic ¥* from X toY converge to the special curve

P00 = ([ vileo(t]f Ty |) hme®) = GH0AR0)  (119)
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as o — 0.

Proof. For curve 41 with o = 0 or a > 0, consider the energy functional under the metric §*
Eo-tor(Y) = Eu(17) + aBo2(9¢2),a 2 0

where Ep; and the Eq2 are the energy functionals under Stiefel canonical metric and the affine-
invariant metric of the respective curves.

a-Hor

Notice that y*H°r is the minimal Riemannian geodesic under g , it has energy no larger

than the energy of 4 under g%, i.e., Eqtor(7?) < Eatior(7°). It yields

lim sup Ea_Hor(yo"Hor)

< lim Ey Hor (’YO)
a—0 a—=0

Then, linb Eonior(7°) = Ey(v%) and Ey (78 1) < Eppor(v27HY). It further yields
a—

lim sup Ey (v&Hor) < Ey (7).
a—0

On the other hand, since the energy functional Fy is also the path energy functional of curve
connecting U with fiber [V] = {VQ : @ € SO,}. By definition vy (t) is the unique minimal
Riemannian geodesic connecting U with [V] under the canonical metric on Stiefel, i.e., Ey (7)) <

Ey (y&Her) which further implies

Ey(yp) < ligl —igf Ey (g Hory,

The bounds conclude that lirrb Ey(y&Her) = Ey(7Y). Since Ey(7Y) is obtained only for the
a—r

unique minimal geodesic 7%, 731 (¢) converges to 7% (t) as a — 0 for all ¢ > 0. vggHor(t) — 72 (t)
follows immediately as the Vf’j‘Hor (t) have fully characterized the endpoints of vg‘zHor(t). O

Proposition 7.3.11. Let X = UN?UT,Y = V¥2VT ¢ STtp be two points on fixed rank manifold

where UV is nonsingular. Then the Riemannian geodesics 4(t) with initial point ¥(U,\) €

&~ Y(X) lifted from the minimal Riemannian geodesic ¥* from X toY converge to the special curve

() = (w(t), AT = (7 (1), ven (1)) (7.20)
where A and X has eigenvalues sorted by magnitude on the diagonals as o — oo.

Proof. Similar prove can be generated with the energy functional
Hor 1 . .
Botior (1) = o Eu(ig) + Er(YR), a € (0,00]

and the lower bound of the Eg2(7257°7) > Y"P(log(A?) — log(c?)). O
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CHAPTER 8

CONCLUSION AND FUTURE RESEARCH

Motivated by the smoothly evolving geodesic problem on the special orthogonal group, this dis-
sertation closely investigates the differentiable geometry within the matrix exponential restricted
to the set of skew symmetric matrices. Multiple important notions are presented and developed
based upon the new geometric understanding on the set of skew symmetric matrices and the spe-
cial orthogonal group, including the nearby matrix logarithm, the co-manifold characterization and
the velocity-based Karcher mean on a Riemannian manifold. With the carefully designed and im-
plemented routines, numerical experiments have demonstrated the value of these studies of these

Riemannian objects. The major contributions of this dissertation are:

1. The characterization of the conjugate locus in the special orthogonal group;
This dissertation gives the first explicit characterization of the conjugate locus in the special
orthogonal group that is expressed in the set of skew symmetric matrices. While there is a
general characterization for the conjugate locus on the Lie group [21], the characterization
(2.21) reveals more structures specific to the special orthogonal group and helps develop other

novel results in this dissertation.

2. The nearby matrix logarithm on the special orthogonal group constructed on the
local diffeomorphism in the set of skew symmetric matrices;
The local diffeomorphisms with the inscribed ball construction given in (3.11) are the im-
mediate applications of the conjugate locus in the special orthogonal group. These local
diffeomorphisms not only clarify the definition of the nearby matrix logarithm that was pro-
posed before in a less rigorous description, but also extend its usage to skew symmetric
matrices beyond the principal branch of the matrix logarithm. The nearby matrix logarithm
redefined in Definition 3.4.1 and computed in Algorithm 3 or Algorithm 4, as the first
reliable toolset, is essential to those applications that work with the skew symmetric matrices

beyond the principal branch.

3. The smoothly evolving geodesic problem on SO,;
The smoothly evolving geodesic problem aims to recover the smooth structure in the Rie-
mannian exponential, which is lost in the Riemannian logarithm due to the shortest condition
on geodesics. Having this problem solved on SO, facilitates the introduction of additional

smooth structures on SO,, for various applications, including the Karcher mean problem.
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. The co-manifold characterization on Skew,;

The co-manifold characterization (4.8) and (4.10) on Skew,, is a smooth structure developed
on the smoothly evolving geodesic problem. It is in a locally diffeomorphism with the special
orthogonal group and constructed by further restricting endpoints in the smoothly evolving
geodesic problem to vary along geodesics in SO,,. This smooth structure is especially useful
for iterative algorithm as it guarantees that the moving along geodesics in SO, executed
within each step of an algorithm is equivalent with moving on a smooth structure in Skew,,.
The algorithmic formulation on SO,, can then be translated to an algorithmic formulation

on Skew,, with smoothness maintained.

. The velocity-based Karcher mean on SO,;

The velocity-based Karcher mean on a Riemannian manifold proposed in Definition 5.3.8
is the first generalization of the Karcher mean formulation that addresses the non-smooth
objective issues in the classic Karcher mean formulation on a Riemannian manifold. Having
this problem solved and reliably computed in Algorithm 6 significantly extends the appli-
cation of Karcher mean on SO,, with widely separated data sets and with backgrounds with

smoothness constraints.

. The endpoint geodesic problem on St,, ,;

This dissertation is the first study that address the issues of widely separated endpoints issues
in the current algorithms of computing endpoint geodesic problem on the Stiefel manifold.
It proposes a root-finding formulation on Skew, to solve this endpoint geodesic problem
and the resulting Newton algorithm implemented in Algorithm 7 have obtained superior

performance against the state-of-the-art algorithm proposed in [42].

. The new Riemannian metric in the FRPSD manifold;

The FRPSD manifold has been studied in the literature. The Riemannian manifold proposed
in [36] have disireable and useful properties including completeness in the metric, but it is at
times too complicated in practice. The Riemannian manifold proposed in [23] is convenient to
use but not complete in the metric space. The work in [3] attempts to construct a Riemannian
metric that induces interpretable geodesics, e.g., in terms of a physics background, but it fails
at building a Riemannian submersion structure. This dissertation continues the work in
[3] and constructs a Riemannian submersion structure that induces meaningful Riemannian

geodesics in FRPSD.

. Efficient implementations of low-level primitive associated to skew symmetric
matrices, special orthogonal matrices;

There are rich structures and primitives in the set of skew symmetric matrices and the special
orthogonal matrices that can be exploited to accelerate computations. The characterization of
these low level structures and primitives, e.g., (2.5) for Schur decompositions and the param-
eters in (2.14) and (2.16) for the differential, significantly accelerates the basic computation

like the matrix exponential and its differential in the scope of 2 ~ 4.
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There are directions of the future research in both theoretical analysis and applications. For
theoretical analysis on the smoothly evolving geodesic problem, there are still unknown structures
of the co-manifold characterization it induces, especially at the conjugate locus. Having this smooth
structure studied and understood will lead to further algorithmic analysis and design on the co-
manifold characterization. In particular, the answer to the uniqueness of the velocity-based Karcher
mean problem, the better answer to the existence of the solution to the endpoint geodesic problem
and more depend on expending the knowledge of this co-manifold characterization. Also, there
are many Riemannian objects on the new Riemannian metric on the FRPSD manifold that are
not identified. For applications, the new velocity-based Karcher mean can be applied to problems
with smooth constraints or with separated data set that was poorly handled before. The faster
endpoint geodesic computation in St,, , with reliable performance for further separated endpoints

is also useful in many applications.
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