Graded Homework 4 Applied Linear Algebra 2 Spring
2024

The solutions are due on Canvas by 11:59 PM on Monday March 25, 2024

Open Notes, Reference Texts, and Solutions for Study Questions and
Homework
No collaboration with class members and any others.
All source usage must be properly cited and explained. Simple duplication or
quoting of a source of any type will not receive full credit.
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1. 10
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3. 10

4. 10

5. 10
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Note that throughout this assignment, Steepest Descent refers to the algorithm defined
on slide 19 of Set 6 of the class notes and the general descent algorithm of which Steepest
Descent is a special case is defined on slide 31 of Set 6 of the class notes.

Problem 4.1

Let A € R™™ be a symmetric positive definite and define the A-norm using the A-inner
product

(v1,v9) 4 = ngvl

Il = (v,v)a-

Consider the linear system Az = b with solution z, = A~'b. Define the two functions from
R" to R )
E(r) = o —z.|3 fz) = ot Ae —be

( 4.1.a) Show that E(z) and f(x) have the same unique minimizer z..

(4.1.b) If Az = b is solved using the general descent method the stepsize oy, used
in xp 1 = xp + agps, is defined in terms of py, r, and A. Show that «y is the
solution of a n x 1-dimensional minimization problem of the form

: (k) (k) 2
glelﬁnvl vy o

expressed using its normal equations. In your solution, identify the vector norm
used to define the n x 1-dimensional minimization problem, give U§k) and vék),

and show how «, arises from the associated normal equations.

Problem 4.2

Let A = QAQT be a symmetric positive definite matrix where @ is an orthogonal matrix
and A is a diagonal matrix whose diagonal elements are positive and also are the eigenvalues
of A. Define

Given xy and I, define the sequence x; as the sequence of vectors produced by steepest
descent applied to Ax = b and the sequence Iy as the sequence of vectors produced by
steepest descent applied to AT = b.



Let e®) = 2, — 2 and é® = &, — Z. Show that if 7o = Q" then

le®ly = [1e® 2, k>0

Irelle = I7kll2, &> 0.

Also, what is the relationship between the stepsizes ay and a; for the z, and Z, iterations
respectively.

Problem 4.3

Let A € R™" be a symmetric positive definite matrix with eigendecomposition A = QAQT
where () is an orthogonal matrix and A is a diagonal matrix whose diagonal elements are
positive and also are the eigenvalues of A. Consider solving the linear system Ax = b with
solution x, = A~!b. using the general descent method.

( 4.3.a) Show that for the choice of stepsize oy, used in the method we have rf;pj, = 0,
i.e., rer1 L pr in the Fuclidean inner product, where i1 = b — Axgyq is the
residual vector for xy 1.

( 4.3.b) Suppose we take a direction vector p; such that py L ry, where rp, = b— Axy,
is the residual vector for x;. How does this affect the iteration?

( 4.3.c) A matrix polynomial of degree k+ 1 can be defined as Py11(A) = vol + 11 A+
oo+ AR 4 v AR where the v; are real scalars. When analyzing iterative
methods for linear systems the matrix polynomial can often be expressed in the
more specific product form of degree k + 1

k

Pk+1(A) = H([ - ’Yz‘A) (1)

=0

where the 7; are real scalars. Consider solving Az = b using the Steepest Descent
method, i.e., the general descent method with p, = r;. Show that the residual
at step k+ 1, rpr1 = b — Axpyq can be written as

The1 = Pry1(A)ro

where 1o = b — Axg and Py, 1(A) has the product form of (1). Be specific about
relating the v; to parameters in the Steepest Descent sequence.

( 4.3.d) Assuming 7), = QTxy,, k> 0 and b = QTb, what matrix polynomial relates
Tgr1 = b — AZgyq and 7 for the Steepest Descent method?



Problem 4.4

Let A € R™™ be a symmetric positive definite tridiagonal matrix, i.e., its elements are 0
when not on the main diagonal or first superdiagonal or first subdiagonal. For n = 6, A

would have the form
11 19 0 0 0

0

Qg1 Qg9 Qg3 0 0 0

A= 0 Q39 Q33 Qi34 0 0
0 0 o3 agw ays 0
0 0 0 54 Q55 (5
0 0 0 0 Qg g

where ;; = a;;. Consider solving the linear system Az = b with solution z, = A~'b. using
the general descent method.

Determine the computational complexity, i.e., what are the number of storage locations
and the number of computations, for the method. Be sure to give the numbers for each major
computation done in each iteration and for the matrix and any vectors required. Express
the totals as

Cn + O(n*1) computations and Cnd + O(n‘i_l) locations.

Problem 4.5

Let A € R™™ be a symmetric positive definite matrix with eigendecomposition A4 = QAQT
where () is an orthogonal matrix and A is a diagonal matrix whose diagonal elements are
positive and also are the eigenvalues of A. Consider solving the linear system Ax = b with
solution x, = A~!b. using the Steepest Descent method.

( 4.5.a) Suppose the n eigenvalues of A all have the same value, i.e., A\j; = Ago =
... = Apn = i > 0. What behavior does this cause for the iteration from the
Steepest Descent method for all o € R"?

( 4.5.b) Now suppose the n eigenvalues of A on take on two distinct values, i.e.,
>\171 = )\2?2 = ... = /\s,s = 1 > 0 and )\5+1,s+1 = )\s+2,s+2 = ... = >\n,n = g > 0
with gy # po. Does the behavior you identified when all eigenvalues had the
same value still occur? Justify your answer.

( 4.5.c) For the situation where p; # po are the only values taken on by the A,
relate the stepsize oy used to compute xp11 = 2y + 7y in the Steepest Descent
method to the p; and the residual vector 7.



