Exam 2 Jun 26, 2017
MAP 2302—ODE, SUMMER 2017

‘_/\/\_/
(CLEARLY!) PRINT NAME: - '4e\(

Read all of what follows carefully before starting!
1. This test has 7 problems and is worth 100 points. Please be sure you have all the questions before
beginning!

2. The exam is closed-note and closed-book. You may not consult with other students, and no calculators
may be used! '

3. Show all work clearly in order to receive full credit. Points will be deducted for incorrect work, and |
unless otherwise stated, no credit will be given for a correct answer without supporting calculations. |
No work = no credit! (unless otherwise stated)

4. You may use appropriate results from class and/or from the textbook as long as you fully and correctly
state the result and where it came from.

o If you use a result/theorem, you have to state which result you're using and explain why you're
able to use it!

5. You do not need to simplify results, unless otherwise stated.

6. There is scratch paper at the end of the exam; you may also use the backs of pages or get more scratch
paper from me.

7. Some questions are multiple choice.

o Indicate correct answers by circling them and/or drawing a box around them.

o More than one choice may be a correct answer for a question; if so, circle all correct answers!

o There may be correct answers which aren’t listed; in this case, only focus on the choices
provided!

8. Some questions are True/False.

o If you write True, you should give a “proof” or (thorough!) explanation of why.

Example: “All quadratic functions have derivatives which are linear” is True, and the proof is: If
f(x) = ax® + bz + ¢, then f'(z) = 2az + b, which is linear.

o If you write Fulse, you should give and explain a counterexample.

Example: “All polynomials have graphs which are parabolas” is False; a counterexample is the function
f(z) = x3, whose graph isn’t a parabola, and I could “explain” why this is a counterexample by drawing

the non-parabola graph of y = f(z).

9. The notation y(”) always means “the n'® derivative of 37, e.g, y(4) is the fourth derivative of y and is
equivalent to ¢y (with 4 primes).
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1. (15 pts) Find the general solution of the ODE

(ey siny + cosx — 22y + y3) y' = 2zy® +ysing + z%e® + 4
. 1 ¢
M= - 2xy® ~ Yy Sinx ~x% -4

Hint: [ t?eldt = (* — 2t +2)e' + C.
in / e ( Je N egsinﬂbeSX-szﬁ-t‘js

Sourion:  ® 15 W exact’.
My = ~hay=sinx Ny= =3inx -Uxy
¢ bow: Then adsts £yl st
° £y= M= -ngj’--vsinx—xzex—“( (&)
ofy =N = sing 1005¢-2¥% TY* (o)
:l Gen san Fleyl=C.
¢ Tidd £ | .
°w‘15‘n5 @): = -yt v ycosk - (xz- 2x+l)exv§$3’ ¥ l«\(j) u
o Usiny Gk ): Q‘j = -2)(131- CoSX A\th‘w)
° Q:m(am w/ k) -Zx’wj r CoSX \W \’h‘(g)?— e’simyrmsx -2x25+f
=> p\‘(cj): g:ﬁsimj—wf
=7 hly)= ge‘jsiv\f‘jf ’Ll{\jq

M ) X Iy d Loy C
2 - (*2xx2)e -Hx + |esinyady + ¢y ' =C.
SR s ST

\
= 3 Csin- 3¢7Co8K
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2. (2 pts ea.) Consider the first-order IVP

W ), vl =10

Indicate whether each of the following questions is True or False by writing the words “True” or “False”.
No justification is required, and no credit will be given if you write only the letters “T”
or GCF”!

(a) The IVP may fail to have a solution if f is continuous in a rectangle containing .

Fﬂ\%t

0
(b) The IVP always has a unique solution if f and 2 are both continuous in a rectangle containing

Zo. or
Fa\\it.

(c) Under no circumstance may the IVP have multiple solutions.

Fal%C ‘

0
(d) If f and a—gjj are both continuous in a rectangle containing xo, then two integral curves of the ODE
d
E% = f(z,y) in the zy-plane may both pass through the point (zo, yo).

Fdlse.

(e) If f(z,y) = —7, then the IVP has a unique solution.

e,
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3. (10 pts) The ODE

(E—siny) y+3=0
y

is not exact. Find an integrating factor which makes it exact. Simplify fully but do not solve the
ODE! —

SOLUTION: }/l" 3 N= 5 ‘S\Y\9

Noke'.  Ny-M + -0 : ;
— ) J - S = ?"8 Condins Gn‘y vsf

3
| 1L
© ol 5u)- = o(3134)
- Q\cp( ln \\jl)
= \\5\ fs s oan ‘m\eijHj feccker
= ij‘b QD\“ C:il
C\M’(’k’\' | = 3y'ls = M at
\j (X ~Sm5>\3 t 5{3‘/3—~ VX> M_ _’3._3'/55‘“3 7:3»( L32/3'
4 Ny )
ts ecact]
Rebo: S
mids O Page 4
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dy - Wm(n(2x))42lnx

4. (10 pts) For which of the following initial conditions does the IVP dx -
3 Cos Yy

(ycosy) j—z —2Inz =In(In(22)), y(zo) = Yo k—ﬂ’_J

have a unique solution? There may be more than one! "F()Q j)

o X>E
g) = 336 € 3 O
o # -rl-'l?
)w >
(-3

0 T )
Xy (——2—) =1 ix. None of These

.S;’::k Aok s o‘j':o ® COS\j-—O 73 2__, n mkgg_r
e X320 O\Vl?_\('((‘)\»ZX‘{\ >X\l'

ok _ o=(In (W (2x)) +Z.\n¥) (“33"”3 *003‘51____ dtscontivpens @
oy - Y s Y Sanie vcalsbl
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5. (5 pts ea.) For each of the following functions y, determine a second-order linear homoogeneous ODE
having y as a general solution.

Hint: (z — (a4 bi))(z — (@ — bi)) = (z — a)* + b* for all real numbers a and b.

(a) y=cie 2 +ote™® —2 Ghal eq \N{ (‘co’tﬁ T‘\ "Z
L (rv2] Cr+.7, < 343 § =0

\CE th +‘{ﬂ

1=

(b) y =€ (cicost+cysint) Chu[‘ e% . \AJ{ TBO}S

LS (r- o)) (e (D)=
U
0= (r-D*+ V¥ = o2 204) v |
= (*- 2cy2 .

L\ooe: 5“ -2.\3‘ +2~3 O j

(©) y=ce” +ae" % Ml ey w fedts ¥ =S & =-S5
2
Ly (c-g)(x3) =0 =7 €7-25=0

ED(‘:: 5"— 25Y4*= O j
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6. (15 pts) Solve the IVP
2y -3y —5y=0, y(0)=1 ¢(0)=4

SOLUTION:

o Chat oq: 22-3¢-5=0 = 2¢% 2c-5¢-5 =0
= 2r(en)-5(c r)=0
2 | = (2r-9)(exl)=O

:;> (‘3—3 (-:'*(

. 52X -X \ g 92X ~2<>
c i. 61(}/\ SO\V] - B: C‘ﬁ + Cz_e G‘?U =§C(e —Cze

VO TV ,: C.\'\'Cz_

4= 2c,-Cz
- I, = ¢,=\C
=7/ 5=; { { =
.3
C, =
1o Sf2x 3 %
=7 Lj: 7@ ~ 76 ‘l

Page 7



7. Answer the following four questions about the pair of functions y; = cos2z and ys = sin 2z.

(a) (& pts) Verify that 4, and y, are solutions of the ODE 3" + 4y = 0.

U= Cos2x Yz© SN 2x
= 3,’: -26'\:(\2.)( = \jzl.': 2“522(
:73:’:: ~UCos XX = \j;( = ~dsin2x

Do ‘jffq%l 3 ..L\(bszx_\.\{coszx Do ljgi— thz = -YsinZx -l—q.SiY\ ZX
=0. =0,

(b) (10 pts) Find the Wronskian of y; and ys,.

Cos 1x Sin2x
W L‘jl r“)z) = dot

~2sin2X 2 (os5lx
= 2¢os22x = (-2s1n*2x )
Z(COSZZX+ sin® 2x)

2-(\)
2.

ol

u

Part (c) is on the next page

Page 8



(¢) (5 pts) Do the functions y; and y, constitute a fundamental set of solutions for the ODE y" +4y = 07
Why or why not?

\
‘3% ‘ \oy () \oy (b)

‘ﬁ‘ 5‘57‘ ane. ot Sbl“ﬁms‘{\ and \/\)(3\,32\ :Zto‘,/\

Thus, \0\/ O(Q:\’, {bl,‘jz’g s a ’(;«(Y\Ol SYS: O‘P

Sdudions.

(d) (5 pts) True or False: If y; is any solution to the ODE y” + 4y = 0, then there exist constants ¢;
and ¢, such that y3 = cy1 + coy2. Justify your claim!

W,

BY e Horem fom  cbss, {gjuﬂfj \OQWS a Hund.
SYQ. & Soluhians  weens even schution  bhos H

——-——d

'Q"(m C“‘jl.} Cz‘j; :
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Scratch Paper



