Exam 1 Jun 5, 2017
MAP 2302—ODE, SUMMER 2017

e —

(CLEARLY!) PRINT NAME: 51 -

Read all of what follows carefully before starting!

1. This test has 6 problems and is worth 100 points. Please be sure you have all the questions before
beginning!

2. The exam is closed-note and closed-book. You may not consult with other students, and no calculators
may be used!

3. Show all work clearly in order to receive full credit. Points will be deducted for incorrect work, and |
unless otherwise stated, no credit will be given for a correct answer without supporting calculations.
No work = no credit! (unless otherwise stated)

4. You may use appropriate results from class and/or from the textbook as long as you fully and correctly
state the result and where it came from.

o If you use a result/theorem, you have to state which result you're using and explain why you're
able to use it!

5. You do not need to simplify results, unless otherwise stated.

6. There is scratch paper at the end of the exam; you may also use the backs of pages or get more scratch
paper from me.

7. Some questions are multiple choice.

o Indicate correct answers by circling them and/or drawing a box around them.

|
o More than one choice may be a correct answer for a question; if so, circle all correct answers! |

o There may be correct answers which aren’t listed; in this case, only focus on the choices
provided!

8. Some questions are True/False.

o If you write True, you should give a “proof” or (thorough!) explanation of why.

Example: “All quadratic functions have derivatives which are linear” is True, and the proof is: If
f(z) = az® + bz + ¢, then f'(x) = 2ax + b, which is linear.

o If you write False, you should give and explain a counterexample.

Example: “All polynomials have graphs which are parabolas” is False; a counterexample is the function ]
f(z) = 23, whose graph isn’t a parabola, and I could “explain” why this is a counterexample by drawing
the non-parabola graph of y = f(z).

") always means “the n' derivative of ¥, e.g. y® is the fourth derivative of y and is

(with 4 primes).

9. The notation y(
equivalent to 3"

Question L) | 2 3 ao 4 (20) 5 (25) 6 as) Total (o0 |

Points

Do not write in these boxes! If you do, you get 0 points for those questions!




1. Consider the autonomous ODE

b _pg, = yly>-)

de Y
(a) (& pts) What are the equilibrium solutions of this ODE?

SOLUTION:

%=—3
=0
J
y =3
Noke! £y} > 3\jz-°l <0 &
<=2 3213

<= \jr—iﬁ'

(b) (5 pts) Classify each of the equilibrium solutions of this ODE as asymptotically stable, asymptotically
unstable, or neither. Hint: Do not assume that y > 0!

SOLUTION:
— —> - T
«—— i s
=3 o 3
~2:  anstable
ot Shuble
3. uastgble

Part (c) is on the next page
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(c) (5 pts) Which of the following phase lines correspond to this ODE?

- s o o=
i) ® 5 — >
-3 0 3
- < - e
11) a g —& @ -
-3 0 3
i i -
111) @ " g -
-3 0 3
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-3 0 3

L |
A
v
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& =
0 3
& - - =
vi) ' B G— 3
-3 0 3

vii) None of the above

Part (d) is on the next page
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(d) (5 pts) Assuming that y(0) = 2, find lim y(z). Do not solve the ODE!

SOLUTION:

linn 3&) > O.
x40

(e) (5 pts) True or False: This ODE is separable. Justify your claim!

Hint: See item 8 on the front page for what constitutes justification!

SOLUTION:

—

[L{V R s €Vg(5 G\\A."P’MMGUS o€ ES n?ﬁfﬁb\L

- &eara\{i&:
Mo 4
4%~y

Page 4



dy
A ?
I T+ y!

2. (& pts) Which of the following slope fields correspond to the ODE
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3. (10 pts) Show that y = sinz + cos z is a solution to the third-order ODE
¥~y +y =y

SOLUTION:

5 T SinX t+ CosX

9':cesx -sink
(o L |
Y1 —sink -~ Cosx J Jry =
(;) SinX =Cos X

= ~(osk HSWX

J

~ (%Y ~C°5X) = Sinv4CoS X
1

l

-y

+ CosYy -Sing

"

dor's = 2015 ea Doolg:.
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4. (10 pts ea.) Answer the following questions about the first-order linear ODE 3

-
(z—2%y +y—2®=0. ~.7'g+ X-x3 U \(-R
(a) Find the integrating factor of the differential equation. Simplify fully!

Hint: Expect to use partial fractions; also, be careful with your algebra: Things should be nice!

SoruTion: mlx) = Lxe (S\P(K)d\a QK()(S\ K- X3 dx) = QXP(Y)((\-)()(H.)() ) .

A C .
v Using octial  feactions © = X(H-Y = 5t |-x +.= T D = A(_l*rx)(:-)é\:c&\c(xl;x)
L7 @ X:O l" A\-O\-O >A"'( __L-). ._L \/
Q@ xz|. 1= 642840 = B=3 gx(\— (,m | X _\?:X = l___.fj dy
@x=-: |z ot0-2c7C=3

x| z In IX\‘;‘_M \l~x\ —;L]v\\\\'}(\

o Dlug I o m: mba)= ex (\ ——r/—l )
?ug n m. m () < i Ix | )
I JT= x|

(W

(b) Determine which of the following is the largest interval on which the IVP (z — 2°)y/ +y — 2% = 0,
y(—0.5) = 3 exists and is unique. Do not solve the ODE!

Yo e
i (—=o0,—1) il (=1,1)  (iii. (=1,0)  iv. (0,1) v. (1,00) Vi. (—o00 o)

- — \
PO = W H  CorfinuohkS e al R Q\((QP+ 6,~\,|

~_._l___,.,\_, ; (| R excpt O,
(k) ] > cnfinuans for a @t O~ |

LS botn  confiauds  on ~ee,~O U (=1, 0o N0 (L o)
f~-05 lves hene

= (-1,0) s dhe wox inknol
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5. (& pts ea.) Indicate whether each of the following questions is True or False by writing the words
“True” or “False” (and not just the letters “T” or “F”). Justify your answers!

Hint: See item 8 on the front page for what constitutes justification!

(a) Every separable ODE is exact. R
rwhat T was Qoing frr Tve, ble fxidx = §lyldy => 9‘5)32 F(x) =0 % 3 ])wd

M= ) My= £ )
o As writen: False, If ODE autonemoss, }2 'F(‘j\ = ﬁ ‘R:j}—-b = 9] NE-—C) ,

%o g Isnt Cnbiouas . (The corve ires exerjore oredit hare )

dy
(b) The (first- order) linear ODE d_ + p(z)y = q(x) has a unique (i.e. exactly one) integrating factor.

= '\m Onstant  Maltiple ot ocp(femo\x\ 3 on in mhnj
for, (T = st old e %C do de gl

(c) Every separable ODE is autonomous.

Volse © %?(—:.x 1S Separobole (‘-=5 d«jiXdX) but not audonomaos .

(d) Every (first-order) linear ODE is exact.

Colse_ " lﬁm can  almost pidc a comkf‘~ examplt ot randam, e.q

- =
%\ L ]b M\i -0 1=> ot xact

—rylsy—e " 4+ C, where C is a

False . '5 x =Y D —%L -ty > g‘-—‘i ~rax = lnlg\’ -ex+C

constant.

S W)= g™ " = Ce™ lohea T = 07 frombeka

-
5\3 C"N This 's::_v\o’\“ﬂ/\.v\SaN\LQSe, fCE

«
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6. (15 pts) Solve the IVP
(zcosy + 3y?)y' +siny + 22 =0, 0) =7
I y(0)

N M

SOLUTION:

M‘ﬂ = oy 9 N 1C°5fj ':7 QKQCHG

o now' Tune s o Rwclont F0y) such Yt
GeM = o singr2e &)
Sf‘js.._.\\) =~ Rj = xCong\jz- &) .

*eind £ ! \V\k;cjmk &) we
£ = xsiny+ x +huj) serne. 11 (0]
(Y gy ‘C‘j oot GRE)
Q‘)
G Eg(uak w/ (#eK) :
\xcosgﬂn‘(g\: xCody +3\j1 = ;\‘(55 - 3%2.

= X Cody +\r\‘(3)

= \f\(\j)= 33
= -(:(\Cc\ﬁ)* Dc—S\W\g +7(,Z+\js.
oame\\ e 5 i
e Sobe DE! | Selutian, 's £= C =>\X5‘“\\Jx2+q =C \
== 7
ﬁ

e B0 C: (o) orot(@)P=C = (=T

=> Particvlar solilon lXS‘tﬂj +x rm

Fvu“\()t‘l \ Pageg
W3 Q”‘“a




Bonus: If the right side of a first-order ODE can be written as a function of the ratio y/z only, then the equation
is said to be homogeneous. For example,

dy _y—do _ (y/c) -4
dn~ z-y  1-(y/7)

and so this ODE is homogeneous. To solve such an ODE, the steps are as follows:

(by dividing everything by z),

(i) Introduce the function v(z) =y/z <= y = zv(z);

. dy dv
(ii) calculate priall + T and

d
(iii) replace all instances of y and d—y in the original ODE with these expressions of z, v, and gﬁ
& z

The resulting ODE will be separable.

. ) ) ) ) dy  z%+ 3y?
Use the above information to answer the following questions about the ODE e
x xy

(a) (1 pt) Show that this ODE is homogeneous. Hint: Divide everything by zZ.

d
(b) (1 pt) Let v(z) =y/z <= y = zv(z). Show that E;% =v +xZ—Z.

Part (c) is on the next page
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(e) (1 pt) Use parts (a) and (b) to rewrite the original ODE in terms of z, v, and Z—U
T

(d) (1 pt) Show that the ODE in part (c) is separable.

Part (e) is on the next page
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d
(e) (5 pts) Solve the ODE from part (c) in terms of z, v, and %

(f) (1 pt) Find the solution of the original ODE by replacing v by y/z in (e).
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Scratch Paper
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