
Check Your Understanding—REF & RREF

The purpose of this handout is to ensure that you’re okay with the notions of row echelon form
(REF) and reduced row echelon form (RREF) introduced in the last handout.

First, recall the definitions:

Definition: A matrix is in row echelon form (REF) if it satisfies the following three properties:

(i) All nonzero rows are above any rows of all zeros.

Mnemonic: “Rows of zeros have to be at the bottom!”

(ii) Each leading (nonzero) entry of a row is in a column to the right of the leading (nonzero)
entry of the row above it.

Mnemonic: “As you go down, leading entries must
move to the right!”

(iii) All entries in a column below a leading (nonzero) entry are zeros.
Mnemonic: “Entries below leading entries must be
zero!”

Definition: A matrix is in reduced row echelon form (RREF) if it satisfies the following three
properties:

(i)–(iii) It is in REF.

(iv) The leading (nonzero) entry in each row is 1.

Mnemonic: “Leading entries must equal 1!”

(v) Each leading 1 is the only nonzero entry in its column.
Mnemonic: “Entries above leading entries must also be
zero!”

The following example (on the next page) is intended to test your understanding of these defi-
nitions.
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Example. State which of the RREF conditions (i)–(v) each of the following matrices satisfies.
Note: If a matrix has no rows of all zeros, then it vacuously satisfies (i), and if a leading entry

is in the bottom and/or top row, then it vacuously satisfies (iii) and/or (v)!

A =


0 1 2 3
1 2 3 4
0 0 0 1



B =


2 1 3
1 1 1
0 0 0
0 1 0



C =
2 5

1 0



D =


0 1 1 0
0 1 1 0
0 0 0 1



E =


1 1 0 0
1 1 0 0
0 0 0 1



F =


1 1 0 0
0 1 1 0
0 0 0 1



G =


1 0 0 0
0 1 1 0
0 0 1 1



H =


2 0 0
0 1 2
0 0 3



I =



1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 0 1



J =


2 0 0
0 1 2
0 0 3
0 0 0



K =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 0 0



L =


1 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0
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