
Areas of Various Regions Related to HW4 #13(a)

I wanted to give a complete answer to the problem(s) we discussed in class today (in particular, 13(a)
and its hypothetical subparts). To do so, I’m going to work out full computations for the three possibilities.

First, note that we had two curves: a circle r = 3 and a cardioid r = 2(1 + cos t). Those are shown in
the below figure.
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Before we start, let’s find the area of the circle and the cardioid using the polar area formula:

Acircle =
1

2

∫ 2π

0

(3)2 dθ

=
1
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∫ 2π

0

9 dθ

=
1
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(
9θ
∣∣∣2π
0

)
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1
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(18π − 0)

= 9π

Acardioid =
1

2

∫ 2π

0

(2(1 + cos θ))2 dθ

=
1

2

∫ 2π

0

4(1 + 2 cos θ + cos2 θ) dθ

= 2

∫ 2π

0

1 + 2 cos θ + cos2 θ dθ

= 2

∫ 2π

0

1 + 2 cos θ +
1

2
(1 + cos 2θ)︸ ︷︷ ︸

double angle formula

dθ
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4
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= 2 (3π + 0 + 0− 0− 0− 0)

= 6π
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Next, before we look at the regions specific to #13(a), we should note/clarify a couple things:

(i) You always want to choose your θ values in a counterclockwise fashion, increasing from
smaller to larger.

(ii) The choice of outer curve and inner curve will depend on the figures in question and on
the regions you’re shading in.

Note on (2): The thing we discussed in class about “reading from left-to-right and/or bottom-to-
top” was a heuristic which fit the example we were doing but which isn’t always true !

In general: Your outer curve will be the one which bounds your region and which has the largest
absolute value!

As we saw in class, the curve r = 3 intersects the curve r = 2(1 + cosθ) at the points θ = π/3 and
θ = 5π/3. Note here that the ray θ = 5π/3 is the same as the ray θ = −π/3, and this is a fact we’ll use a
bit later.

Now, let’s look at the three possibilities stemming from #13 (a).

Possibility 1: The Leftmost Region

This is the example we did in class (and which is on the homework).

• Finding θ: Note that traversing either curve (the circle, say) in the standard counterclockwise fashion
will trace the region as θ ranges from π/3 to 5π/3. Because π/3 < 5π/3, this is the range we’ll use.

• Finding outer/inner curves: Note that the leftmost point on the portion of the circle bounding the
region is (−3, 0), while the leftmost point on the portion of the cardioid bounding the shaded region
is between that and the “y-axis”.

In particular, the absolute value of the circle point is larger than the absolute value of the cardioid
point, and so: Outer curve = circle and inner curve = cardioid.
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Now, to find the area:

Aleftmost =
1

2

∫ 5π/3

π/3

(router)
2 − (rinner)

2 dθ

=
1

2

∫ 5π/3

π/3

(
32 − (2(1 + cos θ))2

)
dθ

=
1

2

∫ 5π3

π/3

9− 4(1 + 2 cos θ + cos2 θ) dθ (by squaring each expression)

=
1

2

∫ 5π/3

π/3

5− 8 cos θ − 2 (1 + cos 2θ) dθ (using double-angle)

=
1

2

∫ 5π/3

π/3

3− 8 cos θ − 2 cos 2θ dθ

=
1

2

3θ − 8 sin θ − sin 2θ

∣∣∣∣∣
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π/3


=

1

2

(
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√
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√
3

2
− π + 4

√
3 +

√
3

2

)

=
9
√

3

2
+ 2π.

Possibility 2: The Rightmost Region (“The Sliver”)
We talked about this one briefly, but it wasn’t very precise.

• Finding θ: Because the region in Possibility 1 is traced from θ = π/3 to θ = 5π/3, the obvious
deduction for this region is that θ goes from 5π/3 to π/3. This is right in principle, but remember:
You want θ to be increasing.
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Therefore, since 5π/3 > π/3, we swap 5π/3 for −π/3 and let θ range from −π/3 to π/3 to get
increasing values of θ.

• Finding outer/inner curves: Here, note that the rightmost point on the portion of the cardioid
bounding the region is (4, 0), while the rightmost point on the portion of the circle bounding the
region is (3, 0).

Thus, the rightmost circle point is between the rightmost cardioid point and the “y-axis,” thus
making the absolute value of the cardioid point larger and implying: Outer curve = cardioid and
inner curve = circle.

As for the area

Asliver =
1

2

∫ π/3

−π/3
(router)

2 − (rinner)
2 dθ

=
1

2

∫ π/3

−π/3

(
(2(1 + cos θ))2 − 32

)
dθ

=
1

2

∫ π/3

−π/3
4(1 + 2 cos θ + cos2 θ)− 9 dθ (by squaring each expression)

=
1

2

∫ π/3

−π/3
−5 + 8 cos θ + 2 (1 + cos 2θ) dθ (using double-angle)

=
1

2

∫ π/3

−π/3
−3 + 8 cos θ + 2 cos 2θ dθ

=
1

2

−3θ + 8 sin θ + sin 2θ

∣∣∣∣∣
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−π/3


=

1

2

(
−π + 4

√
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√
3

2
− π + 4

√
3 +

√
3

2

)

=
9
√

3

2
− π.

Possibility 3: The Middle Region (“The Inside”) This one is saved for the end because it’s different
than the others.

In particular, note that because π/3→ 5π/3 bounds the first region and 5π/3(= −π/3)→ π/3 bounds
the second, there are no values of θ which we can use to bound the region in the middle. Thus, we have
to get a bit clever to find the area Ainside.

“Clever” can take one of two forms depending on which of the following facts you observe first:

(i) Acircle = Aleftmost + Ainside =⇒ Ainside = Acircle − Aleftmost.

(ii) Ainside + Asliver = Acardioid =⇒ Ainside = Acardioid − Asliver.
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Now, because we know Acircle = 9π, Acardioid = 6π,

Aleftmost =
9
√

3

2
+ 2π and Asliver =

9
√

3

2
− π,

we have two different formulas for finding Ainside:

Ainside = Acircle − Aleftmost =⇒ Ainside = 9π −

(
9
√

3

2
+ 2π

)
= 7π − 9

√
3

2
,

and

Ainside = Acardioid − Asliver =⇒ Ainside = 6π −

(
9
√

3

2
− π

)
= 7π − 9

√
3

2
.

From this, we can also find the total area bounded by all the regions:

Atotal = Aleftmost + Ainside + Asliver

=
9
√

3

2
+ 2π + 7π − 9

√
3

2
+

9
√

3

2
− π

=
9
√

3

2
+ 8π.
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