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PROBLEM SET MATH 282a
Due 10/20/69 REAI, ANALYSIS

Do Problems 1-12, 1-17, 1-19, 2-8, 2~36, 2-37, and 9-11, in text.

I) Do problem 1-24 in tezt and use the problem to prove that the real

numbers are uncountablie. k M‘

1I) 1f {A } is a sequence of sets, we define
e Sk ngl ki¥n b BRA 2Ty i 4

Prove the followling theorem, and state and prove an analogue for 1im An

THECREM: The following are equivalent
1) A = lim An
2) A = {x : x belongs to infinitely wany Aﬂ}

3) X ™ 1lim Xy (See definition on P. 68)
n

III) If 1im An = lim An we call their common value 1lim An'. Fill
in the blanks in the following theorem and prove it.

THEOREM: If (x, R, u) 18 a measure space and if {A } c 0{ =

1 nsl
then

4) w(lim An) < 1lim u(An);
B) lim N(An) < p(lin An) provided u( ) < @,

C) If 1im An exist and wu( ) € e then 1lim u(An) exists
and p(lim An) = Iim u(An).

iV) Let QQ and 9— be semialgebras of sets, and let wu @ J’ b [0, 0]
and v 3 9* [0,=] .

&) Prove that

<9 ng, (Ex¥? : E€J and FE?I’
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PROBLEM SET Math 282a
Due 11/24/69 / REAL ANALYSIS

In these problems, do not use any results not given in class unless
they occur on earlier assigned problems.- Prove other zesults you

I. Let F(x) be a normalized increasing fumction, v be the Borel
measure defined from ¥, and m bhe Lebesque neagure restricted
to the Borel sets.

.w Prove that F(x) ds Borel measurable.

’L’M If ¢ dis m integrable show that ¢(F(x)) is v integrable
o and that JS¢dm = [(F(x))dv(x).
[Hint: First use Problem 12-12 to prove this for characteristic
function. ]

}6 If ¢(F(x)) 4s v-integreble, then prove ¢(x) .is m-integrable
[Hint: Look at ¢+ and ¢ .)

If ¢ is wm—integrable and E 48 a Bovel set, prove

S ¢dm = f ¢(F(x))dv
F(E) . B \

S

II. We use the notation and resuvlts of Problem 11<9. If £ is an ex-
tended real valued function on X, then N(f) is the set on which
f dis pon-zero. £ 18 said to be R measurable if £-1(E) N N(£)
belongs to (], whenever E 48 2 Bozel seté=.?

4’ Prove that £ 1s & measursble if, end oul'y 1¢, £ 18 &
= measurable and N(f) belongs to R .

B) Define Jffdy in the obvious way starting with ‘Q measurable
non-negative simple fynetions. Prove that J[fdp = [fdy =
ffdy 1if the first integral exists.

: : e MW o
} If £ dis 1 integrable, prove that £ 48 u integrable. Q
Woat £ £ is p integrable?
R \ g
e ¢ FE) e® = FU(E): eR = § 3§

poe® APB=RY e & 2
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Let (X, ®,u) be a measure space and {fn} a sequence of o .

iy n o
measureable functions. e ‘say f ' converges to £ almost
uniformly if, for all ¢ > 0, there is a set E of measure less
than €, such that f converges to £ uniformly on the
complement of E. el )

o e ? 1f }“  convergea to - £ alftost unifom].y prove that £
i Fl cowerges to £ in measure and also aﬁ.e. . |

#?Give an example for which f con,verges to £ a.e, but fn
does not conve'kge in measure or almost uniformly,

w Egoroff‘s Theorem: If Wy 18 a finite ' meadure and £
converges to £ a.e., then f 'gonverges to £ almost g

uniformly.
Redo Propesitions 3 23 and 3.24 in sppropriate language

‘q, 4

JaliTV [Hint:
and your own notation, agd read the hint in Problem 3=30]
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PROBLEM SET  Math 282a
Due 12/8/69 REAL ANALYSIS

x

Do pzoblems.p-ﬁ 1-&‘6 -In!& vk %1“3-‘
(Show that the given sets are measurabl:r-= WEL1l; don't do part of

problem on p. 274).

fLet X=Ye= [0,1] with Lebesque measure. Let f(x,y) & 1/x
i¢ x3 ¥, f(x,y) = -1/y 1f y>x and £(x,y) =0 1if x=1y.

A) Findn;[[f(x,y)dxdy and SSE(x,y)dydx.

B What 1s Jf'(xy) d(xy)  amd  SE (x,y) dlxay)?

Asgume Tonelli's theorem for finite measure spaces and prove it for
o-finite measure spaces.. .

111. Let (X,R,n) and (665 d3,v) be measure spaces and let B and F
be measureable subsets of X and Y, respectively.

155;53’?r0ve ‘that the restriction measure of p x v to E x P is the
same as the product measure of the restrictions of 4 and v
to B and F, respectively.

B) Use A) to prove Tonelli’s theovem for £(x,y) > 0 with
« {(x,y) : £(x,y) # 0} o-finite (without of course assuming
4 and v o-finite). How much of Fubini'’s theorem can you
prove for non o-finite u and v [Hint:., See Problem 11-20.]

iv. Let . be the Borel sets of QQ and @, be the Borel sets of dQ
1 L - 2

Prove that




MATH 282a
SEMESTER EXAM

DO ANY FIVE PROBLEMS

January 30, 1970
2:00 p.m.

I. A) Suppose that S and T are sets of non-negative extended real numbers.
Prove carefully that sup(S + T) = sup(S) + sup(T).

B) Part A) can be used to prove one of the following inequalities for non-

negative measureable functions. Which one?

S(f+g) < JEf + Jfg or f(f+g)-

C) Prove [(f+g) = Jf + Jg for non-negat
State, as unproved lemmas’, the results you n

II.. Suppose (x,'?ﬂ,u) is a measure space and a =

, that there exists an A in 771 with H(a) = a.

/// can you say about measureable subsets of A7 Pr
III. Suppose that (X, M ,u) dis a measure space and

A) If Jf du =0 for all E in M , prove th

E
{20
B) Show by example that it is possible for [f
' - E
v able E, without f = g almost everywhere.

C) Prove: if f and g belong to Ll(u) or
Jf du = [fg dy for all E in M, then
E E

Prove it.

s T8 + J

ive measureable functions.

eed about limits of functions.

sup {u(E) : p(E) < «}. Show
If o dis finite, what
ove it.

that ff and Jg exist.

at £ = 0 almost everywhere.

dy = fg du  for all measure-

E

’ €
D

if p is finite, and if
f = g almost everywhere.

IV. Let (X, 77) be a measureable space and let 2 be the collection of all

finite signed measures on ¥ . For v in v
Prove that U is a vector space on whlch ”v”
(i.e., ‘U is a Banach space).

, define ||v]] = |v](X).
is’a complete norm

V. A) ‘Let m be Lebesgue measure on the reals, R. If m(E) is finite and

e > 0, prove that there is a set J which i

s a union of a finite number

of finite intervals, such that m(J A E) < e.

B) State and prove a theorem characterizing all
on C (R) in terms of normalized increasing
(&3

you may state,as unproved lemmas; any results
measures or measures on locally compact spac
special to the real numbers.

positive linear functionals
functions, In your proof,

about general abstract
es; but prove any properties

/



VII.

VI,

Suppose that and v, are finite measures on (X, /) and that

and

A)

B)

1 1 )

2
if ul.L vy then 1y X u, L V] XV,

If v and v2 << uz, then wv.x v2 << ulx u2

1 M 1

Suppose that EL is a collection of subsets of X and that (3 contains X

and ¢. Suppose also that yu : ¢ -+ [0,0] and u(¢) = 0. Define
wk(E) = inf { 2 u(c) : Uc DE; {c}c €},
n n n
1 1
A) Prove that u% is an outer measure.

B)

.C)

v .
Let

A)

B)

)

D)

State and prove a necessary and suff1c1ent conditjon that u and ¥
agree on : &

Suppose that (: is an algebra and that u  is a measure on (3. Prove
that E 1is measureable if

p(C) > u*(C N E) + p*(C - E), for all € in C&. Prove that

all sets in G are measureable.

~
(x,‘%ﬂ) be a measuieable space and let <f+. be the set of non—negative
extended real valued 71— measureable functions. Do two of the following
/J
Suppose I : c*+ -+ [0,»] satisfies:
1) I(f+g) = I(f) + I(g) 2) I(cef) = c I(f) if c 2 O

3) If fn + £, then I(fn) -+ I(f). Prove that X(A) = I(XA) is a

Ved
measure and that I(f) = Jf dA for all £ € F'.

Use Part A) to prove J[ff dv = ffg du for all £ in é?*} if v and u
are measures on (X, 7”) and g is the Radon-Nikodym derivative of v
with respect to y.

Assume that Lebesgue measure is translation-invariant, and use Part A)
to prove

J £ (xta) dx = [ f(x) dx
E atE

State Tonelli's Theorem. Assume that it is true for characteristic
functions and use Part A) to prove it in general.

v are finite measures on (Y, 45). Using any results from class, prove:

.




PINAL EXAUINATION
Real Analysis Januvary 28, 1974

A, MULTIPLE CHOICE., Each problem is worth 10 points [=5 for
Pirst ervory -2 for each of the others], Cirele all true oceses,
1; Let :fxo(y)a f(xo,y) and fyo(x)a £(x, ,Yo)a Given that £
maps RZ into R* and fy, 18 Borel measuveble for all X
when is £ Lebesgue measurable?
(a) Tor all Yoo #9° g Borel measurable and :fy°(x) = 0
for alnost all x, '
(b) For all y,, #0 i continuous, | |
- (&) For almost all yo', fy 0 is Lebesgue measurable and
© 0 (x)=0 for all x. . |
(@) For all vy, #° is Borel measmﬁbleq

2, Indicate each case for which there is a "finitely additive
_positive measure p' such that . is defined on 2ll subsets
of p 8 ,‘a.(E):n(E) whenever r{E) is defined, and p,(A).-:MB)
if A and B are congruent,
- (a) X= B and m is Lebesgue neasure,
(b)) ¥=R° and m is Lebesgue neasure,
(e) X= RS and =n is Lebesgue measure.
(d) X is the surface of the uni% baell in R? [i.e.,
X= {(_x,y,z): x2+y2+z2=1}] and = is the Borel
neasure for which the neasure of each sisrical
rectangle is its area,

3. Let (XM, p) be a o~finite measure space and let £, g
and h Ybelong to 12 (Ju)o Which of the following are true?
(a) fg € T,
(b) fz € TP(L),
(o) Izl € ().
(@) ¢€13/2() if e & T'(p) forall @ in L),

4. Which of the followlng are true?
() The set of retional numbers is a Ggmsubset of rt,
(b) If limy,, [[€=fyll = 05 then ]._imn_,mfn(x) = £(x) for
+  alungst all x. 5 :

{0} E=ch compact subset of R
functlon,

(d) There is a measure space (X,M, )y en £ in Ll(ﬁaa)g and
a sequence of neasurable sels {2 (not necessarily
disjoint) such that, for all a,

L Pam > 1 ke ) £ 1/a.
)‘Lﬁ" ﬁA' 9 ,’( ﬂ) /

ig the support of a continuwous

s~
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Bo Do exactly 6 of the following. State explicitiy which problem is
to be omitted, unless work is done on 6 or less,

-350

6o

To

84

;.)90

oy ddig

Assumg (X,M, po) is a neasure space, f is J-neasurable,
and Jpfdu2 0 for all E €M, Prove that £(x)20 for
almost all x,.

Suppose the measure ' }L on a @-algebra in R2 is positive,

translation~-invariant, complete, and -
wfx,y): 1x1$1 and Iy1$1)= 4.
Explain why j is Lebesgue mneasure or why it might not be

Assume (X,9M, j+) 1is a measure space, M is a positive
neasure, JA(X) < @ and 9] is a o~algebra contained in M.
Prove or disprove:

"For any £ € L:(X,M,), there is a & €& LH(X, N, 1)

for which ;E LA = SE g@&, it E E?}." i

Let S be a @-algebra and jh a "Tinltely additive measure"
on S, Prove that 22 is countably additive if

,"‘(“?En) - h‘mn-fool"(Eh)

whenever {En} is an inereasing sequence of measurable sets,

Let E be 2 subset of Rl whose Lebesgue neasure is finite,
Show that there is a subset S of E for which
n(S) = $m(E),

Define "measurable funcition" and prove that if {fn is a
sequence of mezmsurable functlions, then the set of all x
for which {fn(x)} converges ie a neasurable set,

Assume the measure space (X, S,{) is @=finite. Prove that
there can not bhe uncountably nany disjoint measurable sets
{Eq: K& A for which gL(Ea{) > 0 Tor all oA,




