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Leit- gva\S be 4 Sev X | a o-dlgebd AonX and
d postive medsure u. Rewminber
d D\‘mﬁwm\v&, sve Bk | is B 55@3& s 2l =)
sodar  Aed = X\Aed ad (A )<= = VA €2,
dnd @ Positie medswre ow @ c-8lgebrd ¢2 54
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Notakion. The wiosh  Lmportant exdmple wull be. When
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F is o= measnrdbl. i the s d \F\Enmwsmw\m g wih %U@ -ae,
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Rroposition  Lp, ke 19,2> and Lo(R) de order isometric,

Wt does +?m mmmww Some. definitions
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ﬂ«oo%“ Let iﬁ%@ Q\: M«w e fombpb@u

[ £
@@&\m, ntt) = Nv.,m;% A&@ { - \w: 4 Mw_mtd Note. ,Mvﬁwoiﬁi ok :
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WN H& lder's st@mm@& This is the wwst ‘wportant inequalitiep Jor us,
T 1spseo | Ythe conjugate exponent of P is p’, where

(Ww+w\ =1 with the Convenbon = =0. If unw de  measurable

Junctions on X | Yhen
(*) rjunmz\:\ = USWp gl e

uith_equlit olding if and orly if Jifgldn=c0; o F WU lglr <0
and {1817 ﬁm is linearly dependent (1<p p<20) ov if 191=lgly die on
.v,fvﬂo%%uﬁ mwu_ivu&v
Remadks Note Hat (%) makes no dssumphion on the Findeness
o dny of the numbers. Rlss we dre accephing the usud| convesdion in
wmead sure .:;mo,\u Hat 0:c0 = O.

wsogo First some special cases
(Gse I Elder sun:w o lglies =0. This implies eifher $=0 3., o wuom@

In ecither case %wto A.e. hence looth sides ofF &) dre zero.

Case I uw% WEY .w/w,,, rees, B ds o,oSo:mﬁw Feue . When DOWchonmE 2t
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ovee X we obtain (). Suppose the right side of (&) is Fintte ard
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0= 15Uglle = 151191 duc = [IF1(1lle = I31)du  henco I3]= U3l Bec.
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if Fely ,qeloys we hae
(8 | f&5) = WS g,
and (%) [Fq < Uy, lglls
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Jhois real #F [Tah =0. Futhermore. if Tk #£0 ae Then Ihl-RehZo
d.e. hence  [h %%i. Thos i Felp gelg
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. Kp<ed
Akg_sgamwvm Lhequd &mv with B&Enu when ﬂr%ﬁmﬁ\ sde is %_s;m Jf Jrsoe
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proof (asel Edher W ov ligll, =0 Hhe < becomes an equaliiy
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_.m %ﬁsi\@
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lemma 15 X (s @ nwormed Spac Hewn 3 limede Junctiondd F on X

S Cottruous  1F and 9)/& 4+ Flis roFSOkmnw Hat s
VEW = sup T IFool: nxi<dd = spd LFool: ux Fm wjbw NIPTRRE;
= WF{Misk ¥x (Foolsmxn é < e

v
Aso  we nate |\l wfu U M:. I peeo  let 5= S (g \al *
Fhen WSlo= ,/wyfﬁ % and ﬂw@vu if;wf = sw,m . hencg M = :/ﬂk

—+he veverse.  comes dvon Rldec’s

‘ AE¢ ,AﬂA@ we, % Lym Ioll oasm CAsES
o Finide i T _(mm, c»é V4EN = F(%) is @ measure od X, M\v
and V<< F g st FE) = [Sdv=[Fgdu. Heney &= F
p_o=Sinite! Packition THE, with wu(8,)<0 dnd mﬁmﬁ&w@?ﬁ

For each AcX nith p(X) <« we gblain

# genedl I<p<eo
Since ,%M/Psw Ave, ﬂ.E_OfM/%O»SAl
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The examples
() Let [ be wncowndable T=C00 Q= § A e TNA s Sssﬁquw\?;@
Then B3t w)= 409,00 bt bevMuEﬂ RGN

And [1,0M) = Ja (7,3, 4.

@) X=1n2% ,30=18,18,15, 1,288 wliD=1 , u({d)=
then L) is L-dimensional , Lo(n) is 2=dimensimal.

The exdmples Joc o<p<l il be dore. [dtfer,

For more examples See the &rentises in Royden in ogiml_
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The Rademacher Sunchions: H(): Todl =4 n=\
T x is a8 real number define wwiﬁum, A

X< O

tien ¢, (1)Y= squ Sin mﬁlw (Z%t)  n=lz .  Ost<)
! ) — !

graphs : ‘ m! Bt .ﬂ A ete.
3 &y O &) &) =
~4 k ) h=| R L 3 -t n=3

MQMH, IS 3 exdmple o an @b@@&@ Segquenc u@:%o:wvlw@*\w

r\n wﬁsg Bl e W m_u ﬁ“ﬁ . In Jack Something more generd/
(o)
IS true

Nv (LI

>

Lemmb  Let  nOygnidyswsnm) Bnd kUY, k2N 0 B be ﬂom%..\m

;*m,w@ﬁmv Fhen A iFall ke are

a RO k() k(m)
% mﬂh;?& ﬁ @95@.\& mﬁﬁzv?&u elt nw len
0

QO octherwise.
3 .
ﬁso&“ I R is egen ﬁﬁs?&u =1 ae  hene &t suHices 4o show
Hatr W ny <ney < . <nm) Hhen

J
%o Faey Ty 12 w%a%n = ¢ B (m-1)
» . L |
let a2t < 2" on Hhe interval ﬂC:O\Ns " &V L/ 2" p

i |
: N:CS:J .:NS m-1) ﬁh.ﬁ 5
5 (Y <} — ﬁ’hgd ﬁ.ﬂ.v —
rﬁ.‘l,v\ Njﬁ.s,\l,ﬂwh& «;:hN¢ w (M=) h«wﬂﬂh;d ﬁf” wa NN NNJQS: 0 &

Since ~\Wsh§;7 s Sevadl Hwes e \ﬁmj,om oF Sin AN:?;N:&WV 6 ELE&
oo =1 40 27" e obiaim the resultt,

Theorem  Letr (< p<eo | then Jordl—scalas there are eomstaus
As Bo So Hatr Jor all SeqUeNCDS oF scalars m&swo_\wﬁ

. | 4 vy
A (3ot " = m %o (22, ;E%%ﬁ o@wm B, 3, s

Tt is . Gn we veshict the hm - norm o e Qo%mk Linedr Sgpan
oum ~+the. Radenacer u@:@fgw IS S0 séﬁum:ﬁ &Mﬁ\\%mw\\ @&N& / .

profi T p=2: The sequence Lo is dn orthondrmal
blguence weth respect 4o fhe nner predict <4,4> = % f4 dt.
& Jollows +hat we can take Ap =B, =4 Fromthe %&.&&@ qenerd)
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EE@H Hum m)miﬁ.u dn Qﬁﬁesoﬁxsm_mﬁgsg (n 3 IN.\r\meﬁ MN%\Q
T, Wodapecll =5 ugE)=.

First ha; Since we are &oiﬁ,;w on [0,4] ¢ |sps2z=2q <
:%:ww 165532 = :%5 henco
For I1=p=2 : T
-2l M= 2 l, = (Zhe ) > (e Bp=1)
and_ Jor NM»M& ‘ ; ‘
Sl 2 (3l = (S )™ (eeRg=1

Secondl half;  we will dp the m\qum\ lise _q=2k  k dn \E@Q)wu

i m 2R s s> - 5" 3
ST gy dt = [ (T ane) (T Gne )] de

0

| " Tk, MLk < I =S@) OE50)
Sing (Fleo, 0, )) (T le)) = NA::.T % % G
&.h&.&@v.?@ =Y

_.5+m@&?.5@ Hhis last sum Term @& term Wu e levama  we must have
(D) +4 () must be even Sor Islsm o Get 3 non-zem Contributin,
and f () +L.§‘.\.m pren Jor |=0<m then

—m xtmmg.g* iwé.& _ Ss () —~J4@) de

e, Q& Lk =—%—%

- - 2 - = oy 1 s
T AT : Thus GS the iﬁmswﬂm Q_@Ac@r@
fHIEr o <[ 2 Tyttt
0 e I i iyt = e =)

%r%a?,&ﬁiu_m
ﬂ L+ 1) s even
- k " 21(0)
On the otheciind, (2 14,12) = 2 Tooy ey
L) 4 L) & WMz le

These, look. somednal simildr, we rieed 4 how many fimes edch parficular
form is chesen in  gach Preduct.

: {
UL, . @i Ly ) (2R)"
_ @./ ﬂmw\— - ,Qms/ OLUNG APCYY,WC&_. C,(Gv+rw~.,&v_. o C.\rg/v.ﬁ.uoﬂju%.
f Q 210) ﬁm WNHH@.V M mﬁ Nm:Sv ﬁ ~
MM 22 440 <5/ Oﬁh\;«a@ _\Qd—. —.\A.Navn. — —.\CSU_.

N ?Eé@, ot s@% ow. Combuidkons ik «Qmm%f?mv
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3
The eypression.  (3txb+C+..- +W¢Tﬁ as 4 '&=... 2 as Ferm ket bk

how 5&:@ Hmes? we must chese R, ?+m@.mé, From {1, ---k3 4o be
Qs Yhen chote k., §+m%mﬁw Srom e «wgm:_isu -k, :i.mpmmﬁw T be

ng\smmooﬁlrcu@ m&y.,d immm&r_b>mﬁ@ \Row@ @S@?/w
henco the  number wags s & Krm

k! le-l,)! R -
_m e B ket (k- @_ i) Rml
W,
— 4:

W\v TN_-., ,N‘S.

S FNFV i Nr\ NW S L

_ 2 ..vl -
o N, nN% 7" - -
Sup }@w»\ Bl o 2R ok
S e L T ot

Hencp
~

[Tl de < €[ (Fua?)dt = € (a)
and SR P S |
1 Mgsfsc&_/wﬁm V. AM ELJ‘%T o wu@m (k.

Now i 25qs00 let 2k be @ eien infeger = ¢

[ Sesoll, < 1o, < i (Tue
?—m Do.\slﬂmmm the  Fheorem  For NAI& <00,

‘ \
Mo For p=d Lot T eeee) =56 S 3%, =1 oy Wley

(m el dt - ?: E C %é\\m\v WM il 5[5)3 |
:m_v %%_% v_\@ Q_rvi%ip ik

I IS 2% E o
:%:m% < 2° ufwb

_

=l W)

Thins Pmuw@qﬁ lsp< 2. This Qéﬂg#mﬂeam@ra@ﬁs@s
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T X is a Banach wﬂwe.w V=X is a closed subspdu
B : 3 1 = 3
s said +ol e ooém. 52@%4& wX & Hee is 4
ﬂ«d@@ﬁﬁoﬁ i et ﬂ P HﬂoﬂuﬁJ So that éﬁoﬂﬂﬁ
and Pl = sup Lo Rl x4 <=0,

 Tach closed subspan of a Hilbect Spaa is Complonered
bt eteny other co— dimensiond| Randch sppe has 4 Subspa
which_is” NOU Complemented. .

e B

ww%?m@y@ﬂ%»:@gb«@!g.\hw%\Emi&@? ,.,(.-fy e

TheoremFor 1< p<ca_the ¢losed linarspan of the.

Wd,\o,\% This Jollows From 3 wmore @ms@&/ Pnuple

 Popositin: HE is 3 Banach oo with ddl T/ and
_ Suppose 3X,f< X e SxteX’ sHat ﬁ?&uw&

[ such a Jequancg. is called ,.ﬁw,..&émgg u ‘;‘M‘Fﬂﬂo%lf
there Bve Constats AE® sothalb

NOT B RN € - We:1CN i Sl—

Y. hspadils BGuel T |

Jor edch Sequonca of Scalars 3¢5, 38:¢ g?&%f?.@ ov-22r)
then PIX—X defived by Pody = 2 %,00%, s @
projection onto the closed (inear span affxnf, dnd

IPIl < BA
poof: let xe X with Wl<d | The First claim is
Fhat the sequence %00 € belongs o bw. Suppose. naf: ]
Hhen (T RO Y=o, m& the_equalc part of Holders
S@Aﬁ% o \@NJ ‘here isy g sequena \w;ms:u_ So
hat (Bp)e =1 and -~

a0 = N8R, Mook e = (2 [Ke)
N 2 _\F

Furthormore, 12 g, 1< B(Z1)) " = & B
Tus T wl6) = (3 A 00 < sl il < B,

o lim, (TVUTOPY™ = limy (2B < B
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d Sﬁr;wﬂfos. ~ et )
Lot (TNa)2=1  and chose $8:%Y So thad GYaD*

=1 and 24;p;=1, d9qin we can doHhis by Hlders @Samﬁ&?&,

PRy, M i

Now (2 p.X! b AM_ X )= 2 By =1y s )
NYYeox/ M N T =4 and W Zexll 24/ :M.:%o.xc\: W:ﬁ\w@?@w

= e, ,mmsgf};Mw% T Al 0w Y i W
Also Aqu‘m,.xm V(ISP )= Sa;fo=1  Hhus
Wl 1/ sl = YaGepd™ > ATV
Henco || oo x/ll > A @D R
_ This show IX;§ dnd X% dve .\m.@&.s&msﬁ.‘.

4o 0,s wsual kasis,
o Qaim: clesed linaae %PP,\MK%W;M 24X &vwm.b,wm._
L UER s AN 0 hene Taix; iS A Cauchy
_Sequant. and_hena & Converges. Thus each Jax; with 3a:5el,
_is in-the tlosed lingar spin 3G E. lef ye closed Unearspan %
M RN
- Now by w@%@ Mﬁ,ﬁ%m €, heno E[SI1 xxfﬁ,.v, -0
~and 30X, Converges do Some elementz
_ Hhe closed Wneac span 3%}, Now Sine X, is Contimpus
X @) Hfitn CUXIOX0) = Xi(4)  and i (y=2) =0 Jorall m,

. Caim y-z=0. Suppoce not lef w= y-2z/ily—2!\ Hen
wli=4 and X,/ (W)=0 andn=ryzyu . let 3x; so that
I MWE —wll< oo so |5Vax 1l = 1="%o0  and ﬁMiu&:w
\ (S =L | Tap =ClEYT ISpulis®
?cxwoymﬁw% % (Zaxd—wd) < Blooe hencs Xw)#=O Jorall ¢
This  mess  Completes polf elaims.  There is an easier
sgv §u +he Open wnapping Hrenrena,

i
)

Nest we show P=P. If xeX 151 00¢ el
3 XL ) Xn € cloded  Cnear span. Now @ o&:ﬁs&
Xon CIXDO )= Kk 0O KiaKo) = X500 hence. PP
Qnd ﬁ@%&@ P = closed Linearspan T -



Relige o o st He above is all stamdard m.ﬁumm .

let bs Compule the noom aF P, let X 0 ‘Hhat
B = NTxfoow N =1 heno (7D =R
Chove {pc3 (2RO =1  Tegr=t{si
T A4 O = (Z IO | Sexdil 2B "
Heno Ml /p > LT aox KN 2 E Ak )00 uM\wk@ {3l
And x> BATY  so x> BATT I\ P
o kL€ BTA WL Which gsﬁm\»mw the 4389

@” B Fheoem Follows ._‘mr?@ =g < ke Qncl
‘ Mﬁsw = Mx%w n* VJ Wheve _\A % _\vUP
XL ) = %ot,ﬁs o == Baen )

_The "Rademaches's dre wot Do§ﬁ,¢§m<@nmo~ n edher

L ee b Qmmlv the. propesikion does not mw?u.\w&:nm ALY
noeasy proof of His. One mast chece 8l pessible projections

notjust Hhe one. dboove. We will Fu@mwm Yhis{or the momert.

Mssible _ﬂ&qc«m\\nodmow oY \@Brwm\&.m ‘

(1) Type and Co-Type in gerecd Tardchg Spaxe0

n\wu Zomorc\rw& mggo\@ meﬂwrd.«w ‘?omro& mw W 5045%@&&&
Gl ol

(3) Gaussion  Revmdowm Nawriables tn /./u

(4 Eve .bw mmo§9>ﬁr n Iv (p22) 1Is 8§1¢§§§\
(5) zm@w,r@ defondte Funchions and embeddings of

Iu‘ indo (SN I i
() When can You- embed 1o nto g . -
Au«v Lo~ Lo ® pN y n ungo.ﬂ i Xis Q?\Avfwgmi& mlp 5 Iv@_lw@\kl
ﬁww Each gﬁﬂf@,?bf_ﬂ& Mcoow‘,vmg‘ o\ﬁ mmv s ,,w%o.ﬁwczm cto Q P

* nov qu havel progt . bor&g_u s is ot a dibRrelt result

we u:mﬁ e Some ﬂs@?&?mﬁ,& Hat we will rot use
i vest of #ae quarter
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33. Audomadic ooé@@?pp

et ‘M% mv A,\fu uwD ;Nu ~ no¥in, Qm \\% ..Uc&ule
This Seckion = \T_\&cromm eommkmx; 850?#% QSW% M msmun.
which ﬁsﬁvu that uw —F in the \,\olsses First some condiions

; Qs\uwmv\ wu —F o rovm,

Lemma IF £,3, £ <Liidnd &, —>F in Lnorm , Hhew
(i liah =3 IFlp

(2) <w m Lpuy(i/p!+ _>v L& : %w%sor»lu %@%L\F .‘

_li(3) S=F in measure

@w& (1) This s bue u@xm@:w&, Bonach spaed Since

““““ < _:,iv;iw:L%, Tl £ I X=qll+1x)lhence
tETéi = Ax—ull.  Thws |oda- B 1<) _UD = .k {7

WS llo = IFlL

?V (:aw is_ dlso T:mumvﬁ wmsml wmmsmg spaces X, if
x m\N\ Hhen X' is Comtnpons. Seo 5. —F C\Sﬂqmw
(£ — Y'(F) .

ﬁWJ s F.=F i voem 1«9@5 mwf % S md mV? —0 ln f\d hov m -
Consider A= e w:?i 28 then Js > 2 %P@& " hewce
i :w:f!.uo \Fm X4 10012 MM — 0 el Y GO

mepsure, Sothar £, — 3 in measure,

\w@é%w 4 se umz o) i
e w «&@Mww; space does Wit~
@qZ@4 A :%7 0ol h —@.

noo Pl § L = e )

B, (@ s caled 8@9@ Oqz?@@ﬁ@\ ﬁsswﬁ p=w it is %\
wegk -stowv OQ.?<Qr@@>B\ f.m. M S o - %Ti‘m

C. (%) of Course is e He i with wmedsure .%%o@.

wagm/mm @ F.« % ﬁ‘k Kh.ﬁs R ‘@ u. FF.T
IS R P o 9 is not usmwsmi :
2) ek gl Tosmaen (Y = (2,015,000 20 50

e 8

%5 \VPM»\«JS*D r%%?& —0 . C&\;ﬁb\ oﬁ../..\.wo %S& /6;\,\.
_:M:,,.,A_H(WWWWWQ. W (Su . 2, | hW)DOM -+

o 7 Fp\T CL vf bmJ:./J\,mv\ CS —>

(\



o A §

@) 4 = 2%Agay WA = (L) — e0 bur § 0

b,
W WMEOSUFe.

Condition Q) i \mmﬁiggﬁ//rw easy 0 use.

e+ IS, L — WS, |

Case T. WH=0 | +hen F=0 awnd L\ —0 sothal
F—>0  Ln o

Case W WH=0 . let ao = WHL/WLN, now Ng 0=1IF1

N VBV W

Ond Since nvﬁnlw%..ﬂﬂuv Fa—>F . movwa

Hence.  the comdition  WSM— VSN | cawm e replaed
,OMM I\ =I5 |
bt
Conditindl (2> alwost implies (1) Aot m//rc«m but™
e «@/@W’j\@‘wﬁ&\?l\w%@%nf\? <@mu fu\ “+hen
L o, (8,00 =8
\_uslwl&:. mfuwoom\ ﬂAoo +hewn Wmex St :w;ﬂ». awnd
SaSdm= 181 (This Jollows Frorathe. Hahn=Tsamack Theorom
or Sor |= p<eo upsof\r Halder's ?Qﬂc&?ruu ' E@;Q‘
Alonaller =S98 du — %m%s&? = £ henc Jl f, 152 1,
H pmco 3 gelyl) Ngl=1 sk NFI-€ < [qfdn oy
dedtnion \OA norwm Bnrﬁl\e& as @4?&\ +His qlves
Lim cnf I 1 2 I[Pl =& (FromTthe abowe), Sinc € ¢S
m&g we dne dome,

Condibio, {3 s “the mno:o&?u (nteres tng Q&s\ﬂﬁ '

Lev X be a sepavable Bavach spae dnd let 3x,3 be

dense in XN%0%. Defive g,= %/ixdl - We have I4u¥

is A Collecton of vormone elements dense. n e S\z«\m\vvﬁm
T :x:HHw. 9&1@ musw does ngt Qon vejee: but For
@Q{_Q) X I 1%/@ CCE.\T MTT@\@ (@@5 S5 WEDMQWF&\SGI Dum»

s @os%éwgu Yo K.
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@SW % a g@@@wﬁwwvmm\%os
Theorem  Be tet 3, 4 be in Lplw),, EAch of the

mw:ugmsrm Conditions ?si@ :%x -F Su —0

(A) TResults Frowi weaswe +w,nosu. These are _u.u Sar the
most useful results. lef's qo $,_8c.a? Hhese
medsSwralstee +w,mbﬁu Ttheovems

(MY Monstone 005<Q.@m58- Theovermn Says | £

OMum < %~ e e and £ = ﬁ+..8..wm‘ (Cyact %s a.e,
then limn ..Dux = rﬁun
PP P

\B o<p<w), osd s adds
pr- wise lmik of .un.uv a.e., hene IF1l, — __%Su.
Since. mo&..n XxP s continvous , we  have

15,1, = 51l
Now § Fe L) Hen (£,1, ) +20 and hena
F Cannst Converge +5 tn hp = norm.

However, [i§ Felpwd| then  gn=F-3,
satishies o= Gn-= 3 l&ws.&o pH-wise a.c.
Thus :..3..?&:1 = O , Since dws*w ‘s dowminated
.ou ,..24 € L On &nd Uw e dominated conv Thm.

1$-§0p — 0 v Nf-£ )l —>0

Now Yhece is o vesult JSov p=20, in fact
n Lo let Fa= Xpy 47, clearly 035,23
%5 — | ..Kﬁnuuu.u .T+. wise 4.c. let ..mu\vn.mou».w
NF-S N\ =4 Sor each n.

_ However thee is & (ondifion (1) result
For p=o0. SintsH, 2§, Limsup |51l <4l .
Now let A=Fx: Fxd2aE and suppooe w(A>>O.
Define Aye = §x ¢ Sw=2a-€F and xeA. Mote
n<m = A, e < Ame. &nd For almostevery xeh
I, st Xe >_3m sinecg F,2F 1-8..@» 3.
;§;v<§ A< U A.c excepr for set of measwe zewo .
Theve  Jove. - ¥ ¥, 3, at FEEX Wonw

has poaitive in medsure o I, 1= ¥—¢€.

T Sollws Llim af I g = Ul and so

ke = § o
Ve restate Hhis as:
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— (A) If oS, =H, ad £ >7F pt-wise de | then

¥p o<ptao If o —> WS, Furthermore
F felpy) and o<p<en then UF-F I, — O

(A7) Dowminated Convergence Fheovems. These always

Sttt with the YGAVO.S/&M S22 F pr-wise a.c.
From eﬁv elearlu we should start +sm.,5w ‘o Prave
a Condition (1) Fupe resultfor pr-wise A.€. Lonvevgene
Sequancas. However there s no Such reswlt, Consider
RS:u,vuu Nz\_v - 0< p<co and 1 if p=00, e
%S = c\meu QN\MN.S >=nHIY Now :u...sfv”»‘ all n,p
but S, — O ﬂ...n&.,mm‘ a.e. dwnd go,:uno.mzﬁ\m
Hhat this is al downe in Lp. H
OF cowrse (this is why +he weasure +rnoﬁw
vesults ,.,m)c\.z.m\ some Form of &ofﬂéoﬁ. Pechaps
the wmost geneval result is the %o:osf.sw
If 5, >3 2q.,>q pt-wise a.e. gn,3 €halu)
and  Ugullg = Wb, and ¥, 15, 2qn. Then
:%ssu.lv £l
This includes He rmrnmn,cp oo#&@@%PAYno«g as
4 special case where ¥, §,.=3.
Frest we will show Haat theve is vo vesuit Sor

P=co. The example dbwe awnd thwe exdwple. W (A1) Jorp=00

ave  dovmindted by the Function \Nmovpu.

We sate 8w wost ka/m%m; result A8 Sollews

—5 @) T 4 o<p<cn, J, FElolu) Hen and 35F pruseae

Then = WS, =S, =0 F adonly iF 15,1 — IF1 .

prock: (D) is just condition ().

ﬂ&“v Each of uﬁo:oe...x.w sepuUEnaLS ooS<m\MwW 1...8&0 d.e o the

sU

wm ven limgt 9 |

— ($I7 ) 15 =R — O 1,118 20"

Since. ¥, Felphy ; ($al®, WIF and BB el (1), Furthermore
P45 = Wil - 208l = f2817. Gineaatyed § Seacy)
! . P ¥ . P e 1 mv

Firally, sing 17,51 < (Klei51)'= 2 (HX+ ) He groaled
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&0«3;@1‘0 gcwﬁ@msnn. tHheovem A«G,Twm above m..miu
M-S0 D0 o I|F-30,>0 dome.

Remarles: 4, A slightly wove general reswlt cowld be obstained

Gu Just w...vw,rgf?w .wwswnlfaht& si. A= 4 Y- wise a.e,
gl Qn and\ :mss_ulw g\ Iocumbmﬁv in_peactise ,

i+ seems hat Gn is always chosen to be [7,]. R

2. OoS<Qs®@SoP in kp ~“norm does hot requive, pr-wise 2e.
Convergence. For each n there are unique k, g

with 02 E<2%  k=0,,., so that n=2%+g. Deftine
%5 = \Kﬂm\NFVAm...O\N.«w . Then %Sio (n_meas wsn’

=%;=m — o  For alp, o<p=<. But 5,720 pt-wise
a.e.

A,Mwmu P«Mﬂéﬁ,\&mw@ o Measue . We need the %o:oa.rsw
Lt mwicl .

_..m.\§<sm H% H .,m+3uowow_.om_ vanh msm xSuxnl. x u+9m.>
Xp—>X ¥ and 9>_u if every subsequance. {X,§ of §%,%
has & Swrther Subsequance I § So Hhat X —X.
preod: () edsy way (=) mgﬂwimoﬁ&& proef by contradiction.

Rewminber . i §, 2§ i weasure , then there is
d mc(vmmﬂgsg M%s.w oF M%:.W sothar 5,/ = F Pr-wiseac.
T See \mowmms p32. 1.

—PB((A3) If o<p<oo , 3,.F €l:0) 5 FomF i measure ; then
1fn=Flly =0 Fand oy § NS — W51

.wsoom.. (=) 8 Condition (1)
(&) Consider 4 Subsequema 13,/ € of 15, , Since

f,r =% in medsure there s A subsequents {5, % of
ERTEE that £, —F pt-wse de. Q@m.\& Wl 1 F
S @&2) | %s:l%fo —0. Henca Sw the Lewmg We
dre. aone.
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Remarks 1 Thece is wo vesdt Sov p=co. T § = Xre/e X

n= strw s ‘then %s.luO n <5mww§.m.~v. Henca. Gn= xnnmmm..wmwwv\w,

—> g = X54) o medsure. WG lln= ligllo =24 Sor n>i

but g = gnlles = N\ la = 4.

2. We covld sumwarize (A3) by SAune Hat Conditionl
dmd Conddion 3 together tmply Convergenca in g horr
\%9) O<P<eo.

(BY The weak +%opomﬁ (te. Condition@ - like propedies)

These results will take Quhile 4o produce | however
He dre e wost m§ﬁo1*m§+ in the ¢...o:oc95w senge , if
fa+F pr-wise | then the weak condidions dre the edsiest
o checke. Thee are also other veasons why this is
ogﬂo.l..?ﬁ*.

First Some examples.

1. let §:f6,41— IK be measurable aAnd o<p<eo
There (s an s  0<s<4d so Haat (s mm\_vms,o—m on .,u,u

)
s = Lt = e

=4 (g+W) and Ngllp=Wnip = (s 27 "F

i I1<p<eo, Uglg,llhile > €I,
if p=4 (glp,thlle = USlp
if o<p<i Mgl , Mhllp < WFlp

This Congtruchon has & Couple of ms«.mwmtsm CoviseqLencey
() I o<p<1 Arvu\HMow
@) T U is the unirloall of Ly (=5F: 13 <48) has w extreme

._UO...S*M\

proad W F:lp = K is contivnuous and linear -then
Jgyo  stF{xelp: xl,<€8) < IrcKiN<4E, Suppose

F, F.m_*lw.m 3o that F@Fj+ 0. We can chose £
so Hhat [F&)| =2 Let M= Uflls. Consider qyh @5



3.3

as dbove and x= 27T <I. ngl= dig =AM
and 2 < |F6) = F(E+w) = S(1Fgd+ IFODLY
trus T of qiw ; el it 3, 5 sakisSies \FGRIE 2,
Repeat optdlining Fn With W$.Wp = N M and

\EGD = 2. m<@s.frm=u XM <g ooi.ﬁm%oiﬁw the. wwwﬁz?,?
Hatk T is conhnoous. Hewco F = %0%

(i) FOLLoWwS  From the definthon of @n extreme point”

Definihon m m 8 Vedorspiice X' (S SAid +o be an
mk?@:m\\uwwmww of X if geA and m% co(A\3e2)
where €0 (B) =02 xb; i+ bieB; %20, Tx=1 & INEis
%mﬁx.m‘//rw non - Zexro m Lco= econvex frr//u

\mmksmﬂﬁ,@w».?vmfi_.nw,_\r%. %oﬁoﬁuAAmws&&s
Sequonce SHE <ls then forall F€bp w ﬁm/‘,NF\uu\
FWD =2 FGY. Hewa Any  Condition (2 - like result
Couwld m§1u me&&Nwm se.*r.,flw fov the \mus%& o<pL|

Z. :?0005%.1??19? above Sm.m,c»,wmm 436 §mmmF<m.+c be

Trﬁm.,u won— tomic, . IF Mo 1S ﬂE\&u atomic Pw m\Fu
has " lots of hon —tenstant covdinvous linear Funchionals
even when O <p< |,

3, The construction Jor I<p<e mwﬂ.ni.w no mxunc.\»:&.\\ma(r

About the extreme points (there %w\§wsw other convex
combinations o checle ) However we oo have

Lemme TIF I<p<e0, each elemenT of norm ome in bux\c«v
i5 an_extreme point of fhe wut bl dn LpQu).

The véaﬁ s @ (ollechon of Side fracks.

Definition A ‘~v._| Wr.nu A C ®( <8+0me9 with .va So ,&.m.\v Vechor
Adkd % scalar mutt ave Ql\v is sgid o be dn mkﬁdnvm@\
Point of A f there is @ Co. lin Funchonal F on X
50 That ReF () & sup[ReFlay: A€AE and aeh and ReF(S)-

ReF@y=> a=¢£.
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Remarks. 4 I X s Complex Vector 3pdca m\ Hﬁ is

R | .

Hhe” Space over the redls (just fopet how to multiply Y

non-redl scalars) Tthea F is th mX & Ref lin onXp

(§ Fis cont onX S—fis cont mZp ) Henee we an just

worke. Wit veal veclor spams Fow expoded peinty ¢ the
sequel.

2. Multiphing F by @ suiable scalar, we may assume

F(o)=1 € aeA\igd = Ray<i.

B, mx\,uo,wmu poivts ave extreme . If = SIXa, ui.ms
1= __Hﬁmu = ﬂﬁywmmu = Mv&. ﬂnﬁ.& < M_J:.. =1
i- e a4 A\igl.

4. Hilder's ?mm@?ﬁw implies i [<p<a msn:_%_:v.uA
then wummws%v 1£]%  exposes & Fromthe rest
of the Unit lall of Lp(w) | where Ypt+iq=1].

§. Extreme points heed ot b2 exposed . The wnit kAl
of L, < Li, . The Points on Yhe wnit sphere dve
Shll extreme \»vo.c?*m by there ave st continuous
knear Fumctionals to Qﬁ_vomm. fhem in _.L\m.

6. the noktom & extveme. mw mxwoom mwﬁmm, mn es.

3. Note A is net assuwmed o be Convex.

Pn\g:w Here are Strovaer Conditions that
mw@m with exhreme points in (VR

Tefinition. TF Pﬂ.N.V F eovit lin Functional on X A
Slice is any sef S(F,Ax) where «< wﬁw.mmv.
and S(F,Aa)= {qeh; F@2«f.
Thnormed \ SF, i)
@Wbsmf.of A .Vo,.ﬁ.f £e QM% aid o ke
w*uw&\,v\mg T 3 tondinvous linear A F=a
Sunchional F onw X sSo ~that ._“nQnT. |
diaweter (S(FAK)) 20 ds « A Flg)

Where didimeter B = dup § Ix-yll 1 xye BE
s mmmu T See. +hat F must expase g oF H wg@w

exposes L.
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Wiy Hhis Sidervacke 7 Consider the %ozos.“su

.Wd_.vom..IoB\ Suppoae X is normed , 5§ a m+35m_u
@xﬁomm& _uomin of the unit ball of T Awu F w%vJ
then X > € in norm i and only ok = g
ond  Fix )= F(g)

ﬂl«.cm%.. =) (s cond va cont of F

(&) Sine llgh=1 we may and do assume lx, =4,
Let €50 be given, let+ «< F(R) be so thal dia (S(F;ua)) <e
(U = it ball D%Nv. Since  FlxN) = m.AW/ dn stne N ~§‘u=.mm
FO 2o S if n2 W, X, -gllsdia(S(F,u,x))< €

hewee Xn—>£ in norm.

Remark  This is & vemackable vesult ( even o it is easy)
ot SAYS with 2 "4-dimensignal~ eshimates  we can
deermine an ” infintie Qc\smsu_.oﬁoia eshmate.

QoﬁoC,w,&, Buc qoal is Yo show that each norm
one element of kp(y 1<p<eo s d %38:&@ Qw&&
Point of the walk ball. We will do this ,ou wet &

mios@wﬁ Propecty.

Definiion A normed Space X ULl is said to be
cSnmv«s;,m convex  F ¥Yevo I8ve so that Wxi=nyi=1
and  Wx=yl = 2e imply Nx+yll=2(4-9)

.HvsoWou...IoS If £ is @ horm one element of @ §Q®X§\

convex spae then § 5 d s ly exposed point of
.\}m §~+\u®m\\ : gu

ﬂu«\w\@ﬁﬂ let F: L[€1 R be define wu FONEY =X . F
has horm ome ow L1, Use Hahn—Banach +o extend F 1o

d Norm one i@xw%?m%%& on all of X. If Ixi=1 and

Il X|m= >2¢  then M_uccm+u. = Fx+y) < UF Iyl < 2-25
henee FOO<1-28 and x ¢ S(FU,2-28) Hus
indicates Hhat e di@wmeien is 3mall.
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To Ooia@m\*n\ “he Av_,oom. we. Smﬁm an m)&c..od@hf. amuﬁ..sm.e.ox
of uniform  convex %,w 3m§m\fw
() Vero3gvo sothar Nxlwgis  Mx-glleze = lix+ylls 2014)
Qamiw ) = tniform hcscm.%?u o see the conerse
note. that F () s False Then Jor some €>0 theve dre
Rp,4n of horm €4 % -y, =26 & X+ ] =2(-3)
Thes x4 Iyl = 2-% 30 that
13 W, gl 2 1-3 = %55
Let  wo= XSkl Ea= Yl
W=y, = (a0, = ¥n/0gall b Tl - ..xs\__ws_Q
hwp=z, 0 2 | 0w, = igat U = zn =X fiyai ]
R W = XnZ 0Ya = (Miixd = Viga ) Ml S |
N 2p- xs\és:u Uigil ) Wya=xall = 2€
Hence Ww, -2, 2 2¢s-51)
Wat2, = Wy = Y/ Qe = (= Zn— Yafiigal)
12,4 Xaliyalll=  Yuyall U gat iz 200-10)
Hente Rwntz, 02 2(1=% =)
Therefore foc edch ¢'<e He detinition o%. uniform LR IS
Slse .
The Comdition I¥U=L cgn be reduced 4p (xI<i &

the prock of propostion vow works T

|

Reware 4. m94moam\ FXn§ 5 34nt < Ss_.u@wsw Convex 3pdce X
dnd  lwm WXl =& Lim ligall = B and  Lim (x4 y,l\= A+ B
then  lim __x;)us: =0. MM\D&. Let A=B =1 Assume [[x,ll=
lyali=d  then Ve n lavge e so Hat ldn+yal >20-8)
=) I, -y <28, New—Suppsde

2 X -1 is said b ke mgtu Convex oF il = g =1

XFR = Mx+wd/2lii< A . Uniform ooieaf .,Zﬂ:.m\m
Stricty convex  but not Copversely L unifoem converty

I v__.mm 7@?@21@ but~ each m&vm«mgm\ Spate Cdn ke renevimes
fo be siricHy comvex. ExertisesIshow that each element
oF horm one is An exposed point of the unil ball of Q
m_?.z&u Comvex SpA, Z. Show Thit i X is oteickly convex
Y<X n xeX\Y -then o thereis mwcw.*. x=yl = ouffl 4= el well

i3 unique & X s undprmly cones such a1 Y exists.
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Tom: 35 1<p <0 5 Then Lp(p) is unijoomly Convex.

lemmd  Let € v be 2ealdrs
RE; é« +1g-ql > Ncw,f ,é_vu i 2< p< oo
gt ia - _w/iw < Ncw,_o iéwv it 1< psez
it p#2 then eguality ocuws iFE gp=0.

m.. Let .ﬂHN.
1€enl™+ 18-n1® = (E+q)(E+R) + (82-n)(E-7)
= 88 +nE+pT+nn + §E - nT - 87 —n7 = 208 l°)
Now let o, p be =0.
2€p< 1€ P/ & P/p-2<0dare congugale Qﬂugxgw
So Axﬁwm%v?w& < _EN%J_N W Cv&f\?w w IR
2, o2 < PL aPNP 7 o R
MM K TS (TR () /@
() «F+ 6 = 2 2<p< o0
I<Kp<2 +wo A‘\VVN. ¢ 2-%/% M\m =P
L0+ g a 2T («%4+6%)
lace by «¥? ¢ welds
e Mfu Mp > Mvmw\ %Qfm,omvw\ r

BPle (2 Ll

S0
@=pt P
(2) vav < 2 QNQJ\@J\

(€plz
Note, wms\m_zu occurs in (Norl2) Jf x=8.

Sing,. 0% 1817/ (1s®+1p°) =1

P & NS 2 > Y
(3) ,m,\:w:é m»ﬂ\:%ﬂﬂ% < pe

) g/ g :N.Jw.w 2 19/ g4y <P <2
ﬂojimsu Similar # with n awud w&?@ mmm\&m
(5) 15T+ it < (g4 Y2 2<p<e0

6y g™+ (lF 2 (1515 17 I<p<2
Note equality occoies wm (5D or(Q) Hf I(glig) =0
Now J P»2 replaw «=I(§+ql g=lg-n} in (1)
1g+n "+ 181" =2 2P (1943 P+ 1g-n)7> by(1)
24P (lig i 1) 7* by (0)
2P Qi =2(18% 11D by(5)

Nofe £=p D= € by () = 2 |gupffaite-st I511y1=0
Using (2) § (L) yields Hainequality Jor I<p<2.

v vV



no¥

2le

B (P

Sublemma: Do (D E(5) ((D8E))in oppesite order

Gields Pel v
2&p< ,wtiv + Tw..imv < Nw;_ A 15\ iimv
<ps2  1g+plfrig-ng)’ =2 27 (15\7+ nlF)

P/
P I<ps2  1§en( 5T (Igem4ig-nl®) (6
- Nv\v\m _W—N.T:N_.rv (k3 > N.m.\zr N‘ﬂlw\Nﬁ _W~mu+ _—Nﬁvv ANM
Simtar for 2 p< e

\.W,o._uomm.._.noﬁ Guoﬁoiﬁﬂom&? Esmu 1f unvw € lpu)
g -1\ 14 P P P P '
25p<eo 2 (NFlp+ Uglp D2 US-gle+ US+qh, = R (WSl+ gl

|<p22 2™ __“r_w..r s_w;w > __uo.mz.v+ _Uf.w:v < 2( __rﬂ + _.wzw \

i p#2 Hhe right hand inequdlities Are equalkes df £ ard

3 have %&.&ﬂ. supports
B Integaate the lemmd or Sublemma .

Cor T T hplo) = Lp(») is isomelny & [(<p<eo
then 3PS m..mr_.o?t u m....jgl.& Junetions to dis g.o?tm
Support Funchons. ( use Qc&_mw. en PRroposrtion)
Remark Thuo isometries Ppreserve Sme of the drder properfies
(but F > ~F shows isametries need not preserve oxder )

| O

Uniform @oscwxlu of “(Voc.\v
Z<p<eo. lerixll=ngu=4 lX-yi=zge
let F=(xtufe g= (x-gd/z  f+q =X %..wnw
F-g\ + WS+gl® = 2 CufiF+ g™
1 + 1 > 2( 1 x+u=_v\Nv + :x..wzv\mv/v
27 = ix=q" = txeyl®
NClmwv.\v = :x+u: v~
| Sp<2,  Wphgtarhpdunss Lot Xy,5g 3 dbwe
N CugtP+0gIP = 1F-gl T+ gl
Dow N_vgﬁf%w, sl 1+1 =2
27 ey e ixyl < hgh 2
2° __xtvﬂm 4~ 7€ Dpps
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P-)

[=venAc _”#AI.O&V = m | n.ﬁv %.06 C20 S _A_quo

7
e Lt ey Saye 27 St = gt lath)t (eddel)
e Q)P

bk 4 (e — AI..«JD*.GT.H Tum.r e 1(.:13?
is  positive Jor > somm}cm Jor t<|
henm  LeeP STUIEEF  62v <o uih equaly | S =4

‘ ¥icp<® S
_ L . 5ca
_LuvPv)P;IllpﬁllK, dxc Cv_vwc U.._-.!c:

———————— >

Lewmn: B X s uniformly  Conver , 1<p<eo then Veads =520
s+ lixi _J;Ah (X=yll 228 then

I »\Cc&é (=3, ( B+ _,u;vu

5 Suppose not Hhew itxal,igal =L Nx, =yl =2e
s.t. ._?.rwzv L

2% (i _Essw,v

mo_:__;smo?AxAuwafs;mp
i xs”ﬂvs;m b “uv_ (L+ :wéuvv (a#) .
< 2™ (14 uyalf) = 27 (L +ah) :%m ™ (wnFtg )
& Covtragiction. Simee it Suffiws 4o assume I, L= L 2 iy,
we have  Ng,\ =>4 = .
Thud X p+Y F— 2" '2=2
bul His  conbadics Hhe unform §<®wlu o% X

- )
In wgm&_ | Q;__ (1 -§ mfﬁz_.ﬁ:&?:iu uv

Now o prove Fsan%s( QCovivexu let 1:p<eo
IFl =1 Ngplis 4| lu___u > Ze

Let I

w={t: Fo-gol'z & (e g 2 £ s&%&@
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Using the last lemma on M (using e Sad RL @%v

| Fe+ wﬁ\zm < A | — wmA L= Jv m ,.m@,w iw@ﬂu N«L

77
. o T o
on N=n©  (16-gf e gl €
hena Jo18-ql" 2 €7 Siwe WS-glz2e

Sowmax (L5l lgll = &/2
Now %\@if _w@l“.:ufm_wwb Same
3 =) P E gt
2 [ 805 )2 (") 2 FERE0

N\V
= S(¥a") EYz =«
. | P 5
i m_%__ +=w=&.\v( __ufw: > o 20
2(1-8) = (27 =)'z (F+gl, TDone.

Remarksd. F =g,y 4=y 4y 5 Wl=lglli=1
LE =gl = LF+gll, = 2.  Thus Ly is not uniformly convex
2 = N?& g= \N?vb tNT\s& IFllo=UGlep = I
I$ =gl = 1§4gll = 2. Thus L g is not wniformly Comiex,
3. Actually sinc Ly has no extveme points o its wnit ball, ithas
ho uiosuw expoded points so ot BJ;&‘@O::NE Canvex,
4 leo's unit ball has lot's of extreme poirs ce”alf mezs.
Funetions £ so Yar =1 m.?w.V But not olery
such funchond] g .o*é:w expoved (exertise ave there msuu
(Fnee- Ty doing i For 0 ).
5 One Can show Hat
se) = (P-OEY/8  + oe¥) '<p<2
@) = €ffpt + ole" 2< P <0
(foke - He)= ol&®) F lim %mmv\ww =6 v

£—->ot
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3.5

m. ket 1< p< %0 and DUPPOSL Mﬂmswwuﬁ Sve fum Yy and

dssume Hhat L300 — WS

Then ms& of the %0;089@ mply that 15F-5H U —o0
&y W, +51— 2450

) %w%s — (F% Jor 9= sgnd ZIN

Wy Vgelg(w  (Up¥iq=a) Jasa — Jq¢

@) VA< wth aw<eo [ > HE

procd  Note Hhat edga of the tondikions Are necessary. Also note
Hat Wi 2 W) £ vy  smwe Ky < N w aws% Nuﬁw & Lqwy

To start the proof , note +at f iFll=o, we are done. Sna Ef??w%
oy @ scalae sequenc 17T which Cconveraes o A, o the
Sequance 55,3 ¥ 5 respechively does et Change any of ¥ eondions
we wmdy and do dssume UG N=1=MF «

(y: Now %&\oﬁ.@ Sinwe kpGu) is rs,.umofiw Con Vex % by He vewmace
on p 3.0

Wy Follows since o 5ongly exposes F £ oy the Ropositions on ¥ 3.9
a) v Folipws  sSpace (&Y = Ul

That leaves us with (v, To wwmplete Hhe proaf we well give d
«muéo% gt () S L) g wmove mmewswr cases . Fiest we wote
far F ¢ = I uXn, s @ sepleFun with {AR pun £ AR <
then %%uﬁs = M,:zh. %N%s —> Mﬁsoﬁ%bmum H%w&w. Thus (W) implies
ther  existenta of A dense subset S < rmn\c& s, wmlm ﬁgmvﬁmw %wumslu%w%.
(Tme simple Jwacklons ore dense Gn LoGu)  Dor p<p<co. ) Thus Yo
Complere. the proof o suifraes to Procd:
Lemea, Tf X s B-space with dual X' ans suppoe Y<X'is
norw dense tn X nk,x €Y wik Ixy= fui=1 Hhen

Ve ¥ Xty = Xy = VeeX X — % o0

proct: Suppose not Hhen IxeX’| £30 and 4 subsequnce & oF Yu§

so Hat IWH=4 . ¢ ¥/ o) ¥l 28 Sine ve n dssume

¥ s a m&om.mm@v Mu\m{ :@\:uw £ MJFX\:AM\ Now

)
w\hxs& — w\mx,v = u\mxs_v - X)) + RGN — X + X\OO — w\c& henea
oo = 9o | 2 IV - X0 = LB Xl - Xyl 2 £-2€ 20

A oA alet g
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Remackl, Comdiion (WY (s often the easiest +o checke.

2. A second Em% Yo prooy Fhat (WY =) W) For Lp(p) Lplao
is o noti Hat the wnt kall o L) s mo§dgol¢ T uncler
both  Huo olvaMJ m\ oum.w.w ¢ - 4opol 094 (notaion of lemna) mer@ﬂm
He Qmwvﬂu(.ﬁvo»o&w P<X | s the Emmwmw,w\_ﬁcmorww on X §m~_ﬁ?w
cdch of the Junchiondls iw [ gﬁis,co&w dnd  tHhen using o
result  Jvom &ﬂoﬂowrv Which SAys  Since (LX) 2 (X, Y) the

Topologies e the same.
3. The lewmima2 S vnove @wsmwﬁm&v Since the dbove T\G&m does el worle
\vmv)s N.M 5 vw Since The Mm§\v\m, Fons are dense in e J\m‘mzm\ leamd does,

Amwu The (lgse P= oo, there is not such & Tam. For example  n Lo -
Let-  J, \Kmo k\Ni\su Pen  F, o F= \chub\wu pr-wise, v meds,
dnd 15,0 = 1= U1, and & wm Ly we have
J5u5. = b f;w — ["q= Jaf s fo5 satisfy all Hhe dle
conditons dwd um\.T‘ | £, Sl =4
[Hhis is not 5o bad , Lonvergemer im Ly ~Hovvm 13 N6+ hard fo check |

Ammu The Wﬁl@ﬁ ‘m“m.d wgﬁ\w%mruvwsw ,m\Soc«@ﬁ,\/ Lﬂwr?&w eon even bR beter
Some by (1) - 3pas Thea Un the cdse (<p<eo, For example

Propositton = F .5 are in f; Fea M —Fl—o #F Ygely
CJes o Jaf

;@,Iom.um.. (=) Is qwen pefove (ce q s confinuous o U )
(& Fiest we show that Mums,w is “small at ms%.smﬁw: Hat

Jor Bl €20 AN Sk W@%s?i <&  Juy each n. M?ﬂv&w
et tew Bevo st the shrtewedt (s Jalse HSLFOJXE choase

OHZAOV.A ZQJ < iy NG < SmM\u < il S0 :(N.\mls .
1 NOY o
| Sy (O] 2 &2 7O £ L < 8zt
ch yerd » Lyl

. ,
rommujwcsw@*. + Soiéﬁwm o sﬁu&oSw F, with $,.-F wean wmmgm@%&io
(n.m.u ngu
N(G-D X
Al T E ] < SR

nlyy

L=

To see ﬁ,,,bem %STJ So .L)Q». :WSDJ = £ m?o@mﬁo\ N M.+.

N _%53 s m\N < W\N\ nence Nzﬁ:\uﬁxnrumr_v\ = m\m\

= MONT] ez



(B3)

We lstrate the lnduckion Step wou ,vﬂ,&mmﬁu n(@) y N@) “ 3.1%
Sinca 9L = m& e Reo we wdy  Asswme Cow PaAsSinoy +o @,@w,w%m»cpsg\ it

newoowsay ) that m>nay s NOY = 1 f 0l < m& (May)

Hus T @y w0 M.M,F:Qyﬁ?.i <8/2%,  Now use the Smmoia.bs
of smal at e W opie n@y st Z 0 1£,0002 mz.s“eas
choose M=y sk Wzm\u o Fay > 727 % g@m; Mzﬁal@is@\w

S much Jor the  induckon, (Thes is cdlied e mES/w \EEWV

Now let gl = 5gn um:b () Jor Mk C=RG)  we have

- ; — NG=DY ayr ) NG
Ugllo=4. And \?5 = TN mauw@.ir Nétzwpmai M%? nG)
> = ligle S+ B - :wgﬁm\w 2 B~ 420 g
@Ei&@&oﬁ.
3udl do

Now o Pprveve %S —=F i newn. m Rqaim  we an, dsSume. f=0)
et €vo  be given Find N st g Mﬁx%sai < &,
Find M sk ozt (ev D 15 < v then
nzm = A= 2 W) = 2 Yoyl + 20 ol S5 )+E =€
Done .

Reracks: 4 This s Sale i fp 1<p<w & e, (0= B, sShows(ct

e

w§<ms@®w 8@@@@ f Zero butr Mot in Soﬁs\/v Furthermere Since
bw (S ﬁmos\/o%w«?h ‘o 2 wr&mwmg of fv [<£p<e T s umw\wm
for hese Lo's

2. The proof cdn be modified 4o Show that wedle Pretompact Sets
[ @ dre novm ﬂﬁ@\@o?ﬂgmﬁ Henew Jov tonvex sets in A
wedl Amd vorm compaciness dee ﬂﬁ»/\&@d\

. e pud dso works forthe Spacao f (M) when small aF o
s replamd with Yevo I Fcol F fiate st ¥a W%WEIT

Now dor the st resukt o% +his seckion.

Theorem;  If umsvum dre in Tpm\:y dnd UL U2 URL Hen 14 -F 1=
i edhdy of +hese condikims hold
Wy V9ebeo %wum\f — %w%

)

@y ¥ s fade ¢ FRED pyca Jof o LT

!

F:\M Jm i ,ﬂ\}mM %}Uﬂs )luuwoﬂ%




> Well TTis T is No Thm,
—>  Cowrter exdmples Ty
et = Lpoag @nd kb Rl e the vademdcher JunCTions

ang  let oms =vr, +5. =4 ¢ U= s The vademacners
dve L Nz Hhe time and -4 e ofhee lalF. Now & —FlIl=lg =4
so Hhat F, S5 i vorm. T provide. e copter example i sufices
o show that gela implies w@ﬁ —> 0. To see Hus leb qelx
and Koy e defined by RO = J5q Mow reshich B

a
+ . We have Ahat this is @ howaded [wegr %?S%QSQV on
R \@N; konee. T suffies b check hat he wadt Vectors, in i,
Are ueglly wull, I el =L, (AU = T bt since (313,09

Comerges =20 and We ae done.
£ s e

| . W
(B3) lhanse o e %o:o&?@ dve QE/\&WST Sor 5,35 el The ﬂéew

s e  lewwnd on v 35 Yowever the %o,_pocu?u result s o
‘ umswiﬂs Ly (e i edS
@mu@ E., AE: N <wm Lo @c& %w%s — MW% dincl %slwum> on edch sei™ B
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= imoh A [ Aade = [ Ts S b ety

 we  have:

S () T - 2 a?i,ﬁ S
ik is w_mo,-.mmmu #H\rmoﬁ Ahat (1) remdins e Gm m s m\\oa& |
o a;@m oler e swmallest o--algebr @%&& @ Sy BRE

O&@% M:S\wrw %@G+¢ m_oocul q.mifgm\m?&wh S
S ﬂ is a ﬁcm}cm Oww_&idﬂ That 8 F §20 wmwws J% S ¥
L (3) T maps Ly () iwko hGu) Bmd UTU =1
. Swa i i_, <1 1fl = [1g1de = I, i -
e un \FE \?I &? u. %L\r I%:E _henca

% 7 : TR ED MBIV 15 I T 1= v,
\::o mfocv.w :ﬁ :A A ) .m@m\‘,zﬂ:‘.‘\nh ng@ it un r\mbz oV
nse:



g2
(4) T is & projection.
T suffices o show T= iden on ﬁmswﬂ% = MM,:RWKP»W
(" fny , b\ = %P. 3alhda = om.\%f%( = o el

hemce M (Tt Xy = 2 (ot B i) U, = 2% X
(5 T waps Lo (n) into hplp) and IITI=4

Note -that :N» llo ‘\Uﬁ&r [ Ay o F pCRD=1
in Fack 14 Xlo 2 [ Fgu /MBI 1. To see Hhis, 1%, o> (£l

o [ ¥l 2], ﬁi or 1 Xp ll LA = 155 $duc),
bsg wo

N Tl = \\ P&x\\:@\\a < Sup MF Xl = 1Fl .

\Mh hkﬁhs

(@) T maps holwy into kpGn) and [T =1 Jov Kpgo
Later we will Show Hhat (3) and (5) gww (. For now
)

hote that |l Ma Xa- __w«meﬁ\s%C\m and that™ (sinc A; pwd. sadidy
£y, = (3 ENP_:Q > so it suffiws fo show 1F Yy I 2ialutk)
For o H,hp.uﬂl\». Le. we Em:*.hﬁ.\%\ \bp% \Rmbw wa Holder's
msmmg_mw

gl = WGl 1 Xgly whee B=suppq g tp=1

s | f 0] = Ll ey < (5 D 1517 (0

L
Stnce _Iﬁn _\mv S fbﬁf\ﬁr\ \Fm?“vxv < A.\\‘}em,\wv \vb 4@@&% ﬂ,\i pouers
@,.mmm the vesult.

B e rawge of Tin Lp(u) is order isometric +o A" (ded )
This Comes From He wtreduction SO .

(B) There is no such reswlt Jor o<p<1. Suppooe wlA)=u(BY=1
MB=F AUB=X ad Llet >m =X. Consider m..NNb Hen 5
w = X =w_._w lp = \FANV 2ErP. Bk liqlp ..C,Nwﬂrv et =2

@) Note +nat mlAc) <o is important For iF \%&F 5 hop-2ero
Finde number fhere s o gxmﬁirxmo that \ Ju is mﬁ&\ 4o it

(18) Note that w(A D20 s not Smuolmsﬁ H ulh)=0 any
constavt il worck and '+ Wil not @mmﬁm Fhe horm Q%m@i %
aAvoungd.-



5.8,

Let ws abstract this Constwchon -
Let AM;VM,V\FM be @ ﬂvo.ga,,\m wmeds  and M\\AM\
8 sub-o--algebra and let F be T -med. we
define E(F =" =4 iF
! : 7
¢y g is Flmeas

@) Vaed <o fy ade = fifde

We will dlso comsider J&m..‘ m?o@m., Conddetiom
fee? ¥a W \Embmw.ﬁuo LM wm\t “,bumnvr

The second sevse has dn mmsmsﬁmm over Hhe Arst in
tHat it is wnigue §F it exists, (Sina %wm\:\nc Vaes’
= @db a.e. v To see Hat +he Fivst sense is nov! — unigue
Suppode. 3’ has an (nfute mmgsv L-e. >mM\\\FQ§ =0 and
YBeA B=3' 2 ul@)=0 or uBi=2. Then g could be
m,sw eomstant e A And amjm%@,. (&Y . Note Hhat s cand
happen even if CﬂMw\L s o~-Finde .M.o_.n.M\ﬂm.Nw&ww. We
have Howewer

Lemmal. Let (53 ) be @ poo megs. and (ef <5 be
a sub o-- niw , then The ,*,u\\o&\.@ are equidlent

¢ \LM\\M o~ Finte

(2) 3 parkhion JA,fee, <37 wilk a(AD<®  X=UR,

35 (3] has no afinite dtomsand (X3, u) s e—-Finfte

woof: We hnow (NE2(@)=(3) . Seppone (3 aud 45X,
st. plLy<o X=UX, and Xy are Pairwise disjoint Tefine
=S LalE el ises Fi I —o—Finte §. There

is F, €Y [ F, &l m o-Faite so that u(L,NF) =y 4 Tndeed

f 6ie3 6l 37 moo-Finite o Hhat w (X, NCL)>2a~C

~hen N,UQN\.QW works. Thus F=( A is 2 o—Frnrte
and (X, NE)=A, Jor cach n. Let G=X\F and lt
He G be oo that w(d) <. Mow wl#NX) =0, otherwie
FUH is ' p-o~finte  and 2,2 LI, N(FUHs) =T, NEIA T, 04>
a tontration. Since |3 has ne achnite Eoms wEH>=0¢

R~ FUG is 3 p—o-dnite



B4
Remade (X, ,0) o~ Jindte is neeegaary doe (3, Otfermise
X wneonydable 3 = > =lE) s Qgis,w meds s &

SB m\ m@n M\ ) is unigque [a. mu _% \3\ M\ C@m no
U o:aﬁ:i‘m @.movwm.. S R S S S R S

| gﬂ wsﬂwovb b e M&N%@i@ mp&aﬁ-m_@ a@,&m_%ﬁ%nmlr
_ we have ¥AeS mi\»@v;mﬂkﬂw.%un&?;JQ _Sine T is S
I | €7 ﬁmmrf,;mmvmw Fero st >&. X ummw/‘vzmm has \Fmpmu bl &
g il% bm e i+ £+#0 ae el ?oLF o & m5$/ If \&; )< we

 bae 8 Godadietin. Fan> = L&,,@mr.-m. Re Shqu(B)<e
____ _lBeA m;m,r‘mmm.ﬁ.P,Emrl:%msm%&ﬁ&,gg‘.,Jil11

_ lemma3. Under He conditons o lemmal avd f Fe Local-d (s
o thew EM, 3D ey Jm&a fhe Serond mgl_u,s%%im,%&% b it

. Rewinber that f € local L ()<= f ($ldu<co Joreach

‘ ,',le,.‘ﬂwmaMlsu»P.-xm@ <20
L Suppoe Fiest Feli(n)  define v on X by YO=[Fdu
 7is A eountable addik ve (Lomplex or Bigne)) meas on N\..w 1

Witk e property that u(Ey=0 DWE) =0 dor all E€Z!
o Thus v < \F\ M\\ &l\@ don. (?N&@E ﬁ&xﬁﬁ@&&s, p-238]

‘ ~ (Hen re. 15 where }m:w of feramal is uded ) Q % € Liu) k8 3 - meds
s - =l gdu. Thatis g =E($5").

C

L Newlet ¥ m\%&\ b\\& and (et hes’ \%&A& Q?m
he above o obfain g, that- g s FY. Note by
 uniquonesd m» Jsd.c_ouw AOBIn A, mmmg (R (B <.
 Thus we ¢in qlue @l The wx )s &w&«ﬁs af%_im,&oo S
SR mm%x-ir\omm  Show . s S -meas.  hena mHMOwMO i

e wedker sent. @Enw SR

Lomma 4. E(,30) is A posihe opecithry i He eonchitons
o lemna 3 mo&\
of: If f =0 w _EGE) is it ten $x: gosel e

has posthve medswam $15 in S A eontrddection
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Oo,«.@,;wé 5 .,@n\%p covdthons of levwvrg 3 ro~of¢§ Yaes’
Py <eo e have  [1EIS]dn = f, 01 £ 1EGEN), <)

@lumn NMA%VM\\VAM mm_%AvM\\v Jw,.smb\ & s .AVQDIA.,_R‘

Lemwod & T m.Nw\chwhﬂ/ ? Lo () = Local— LG

for 1€p< 0, mﬁﬂ mmm% — LiGn) &€ L) + Lan G - @.UM\&
is o~ - Finite Bnd sepdrarble amd purely non—atomic

«NW ﬁnoo iS obvious @s s ﬂWnl._ S wﬁvﬂo% (< p<e m Fl;»

be st Frg=(. then [Fdd s [1fAxldn < 1510, 171 <e0.
Now let (X,5,4) be s=Ffraite ¢ separable. Jf u is afomic
Local-LyuY = 43P Set of all real-vlue measuiable
Functions. which is wot codained in PR\L .Iuom\:rw. Howevex~
uncler TRe given Conditims we may assame (X, 2 )= (RBm).

o

w_c_‘vﬂooﬁ %NO % unmhnvomﬁ.irm\& Let PSH MX.. JV%.OOMBI,W

o0
for n=1,2,...  Jf c0> uwop%%r O n w(Ay)  we dre dene,
o N n=p
o)
So Suppode 2 5\,(%:&“8 Jor edeh m, AME Show
h=m

o 018 - 1 M»rovf/\ & 2b,<c0  but Mo,o@\v,os UoOu
let B,cA, MBDO=b, then w(UB)<e but %c mwo > 314, ==
which Lombvadicts § € Lacdl - Ligw).

Covollavu ¥. T Feloln) ,then EGD € Lo(u) andlEBLs)
ﬁsoior& HRe ponditions of lemmad  hol.

o Assume Fzo (replc f by f)) € lef g=EG, 3"
dssume A= {x: woovz,mmm\ has poodive u-meds. By
Passing % A Subsel” we may dssume U(Ad<eo . Henco
pOM 2 [ Fou = [ = 1%l KSlao = ) I, So
Hat Wle =M. Hente [Flle = liglloo.

ﬂvoﬂomwfo\f 8. If lspsoo , amd 4.9@ QO\SQ?,\osw Q% lemma rb&
E($,3) 13 & nom one Oﬂm%%roﬁ From rv () into f‘u@\&

ﬂ%“ et %mufuo@v‘*\w&? @d mﬁuwM\v exists and we §m/cw
Doswme Fhat =, Q 2O, wﬁvﬂ%@ all, M. Then leFting
b=t dnelgpifhzo w4 g =1 ad



S6
%rw die =M. Singg +he simple Jun's Qre dense in IA\FVM\V
there 1 A wy.ssvnm\ S whichis S'-meds >0 IS u_l
dnd  Ssqdu >M. Sine NSel mer?i = [Ise IAM!&

I IsPdp= oAl = on ,R,%&»vuungm@&w,cmﬁ.vﬁ>
T 0P, 2> M. Henco _U:_Vv nalle.

,. l OU&LTE 2. Iﬁﬁ is A @ewy horm oﬁm|@§w,a+@§+moa stosfBe

S .,i..&,ulm&@rt& nite  not puvely plomic Lp(ad. \mwl_ S d normone
S Compewented subspdce of edch infin te dimensiral Lp(w)

y pt: Take & sephydble on-atomic 3'<5 aund mh M vama{,%ﬁ
First. For the Second  let A, be s ty ALY <0 . @5& A ,Mvci
ﬂ:,m.v restricted o MQ}_) ‘%f@k &0 lmldz N\u Emﬁ@wmsM Q\\m/@

wgé& by {ALT.

 lemwa®t E( ) isd projechin om L (u) £ e
 oowndikions of lemma 4 holds

J o E(EEFEZ) M\,M. = E,5') by uniguness

/ = ) " - O t o

‘aii@&a§,r1 an@n@n be ) i ax

. Babate  Sepspies P E&A@%ME&&Q of S Anel let
Q\,M:E, be & Prokilbiliy space

| 4 MQEQan%&gGNst %uo_m Gim@m\.@iwm m .
‘,\t§m~vﬁxmmﬂm m. with \wMNmm.WIm@!M&#mL

e EU6 ) = £

RIA\SD\SAM m A |31+ Fvvﬁ&»)v LnT k=0 lsLoess \
l,wwééﬁﬂw.wWIMme e

ﬁoa Q%W H% M%m 1.9 Emzur\,@m € S\Hmmﬁw.@bm :R&B
. Es §m}sm@,~ wfresp IB,.F .

e ﬁma restct §&®\ cur affentzon N@&N%«&b@%

preoks gre™denersl,



8T
Let us qo back o seckion 3. And  Comsider F. 7 €lp 1<p<eo
we had F i —F wky & IS, Ahew &7
in o —vorm.  What is the trouble with His 7 Well it
ASsumes  We m_%\m& have & (andidate F forthe Lmit
and that this F €Ly . Normally 5 we would just have The
Sequente o Sl m we would be »mwﬂ © just know
tat it has @ lmt, wostly vot earing What it is (e limt)

Well e+ us hanslate Hhe Conditions about iro stadermerds
just about the &, 's .
Muﬁm = qu\\& (£ p <co s sarol to be. 8&@ mmﬁu\_/w
i «\u € f () .w +m\~, = we rwcm\:m\,m%; Q\\s exists

hoe

&;w IS g?.,‘,\m\&:,\\ +o _\me \e%& £ o0 .,\N_.R»V &%%7 L\r exisTs

%Q«. ImA& and uwo.w wvnh %\FDOAK. m%m ‘wumwm 3.5 r@%s&
ﬂéﬁm& m;cﬁv N5, :_v < co.

Se let's Bssume ﬁs N_%zzw exists € {»oM_\.E&A&
mﬁ.&b%:&? exists. Need 3Felo(n) 24 £ —=Ffin h\o;soés.v

-2 ,
Mo. Llet & = 2 NMN..:VNts...G then I, — 0 c&& g :um,awnm

Well what e ve do? Lt = [0,4] amd let- &, be |
He o--algebrad genedied by {[0,2"), ... [ilz-e (/2™ - (o 1]
o beta 2 - 8o Suppode + s Ye [imit.  Then

%FH mm%v@av 1s d s\.mwisu&@. wf«xmvoom mw_w(w%. A hovwa.

s Suppode Fmﬁ:& [im If, . Then F —=F in norm. The
g%oimi‘ Pt is tat sua can be m@m.s& witheut goa..s@ F

=m§®~u

mw_\«v @F?v UMU Jim .w‘ %..5 A Gﬁ t€ MF\NFU ﬂmiv\ww%

n2e0 | | .
[u/z2 @+)7°)
Ton: ¥ HE<ly <p<o U= lm [ eusts
omd w%:w s cmmu S:@r& . Ten e Is 4 §mm'&wuom\m m&@@i&&@w
and i {9,8 comverges in Lp=notm € Jimllg il = lm N1,
~then un, eonverges In ru).soss 45 e Bme lint. il



.Wx\w%. .wcrﬁuoo@ @F 5 3 ENﬁTS&NHm\ w WF\lv% i Iv ~ NOr M
% [{m s@@; :3 s% N\ Thew U= rs?;% U} N if

Bove| = @8 = QU&@@?M mgméi& by B, If A€ @wi.w@%s‘
e M g = B0 = G LR

.%{M?pﬁﬁmw.r!gﬁ umo:wli&“\:ovr wﬁm« C %.,E%Em w«,ﬁ\
o denm gy, f—oF E\mu wnﬁ@;i&?@%\& Lp=norm.

- To see that 6. is 3@ warkincale note Hat
1?. Y2k L = %t@v&i_% N %ﬁt\ X g
- e O Syt c@io\wf B o
_ hener g on Lift e/24Y s o _averdge of 4. ontho same

intenrenal, I

o Remarke.  Sinee.  E( @Fﬁl%@.wv = w e WE rw[w«! = mwﬁ 5{
S ..iiQohPlersP mrfw = mfv ;gmﬁcw \

o Thus Qgﬁmﬁ, is Yedueed to fhat af &ﬁ@rmﬁ
o \_.,Jx&!glpf%wm\m D@»L%.ﬁlglrﬁ'|501§ This :mnrccaw Sowe. o2,

 TopmkmA et 5,55 be 3 Flle marhngale wisp 3%
B zthoMxWV!cxww.\mﬁuLi Hhen Jo- £ >0 we  have .

PRI —

,.&re& o, = $xeX © wmax 1Sl v.n\m. o

- [Snek

E&;%mz T:X—> {n2,..... 0k by

A 13..%33 Fplfool>t€  if %eqg
e+ | i xé e 0 .

m.:s,w z,m, _dn m\wmgwﬂm\ &m m!‘m\xm._d s,w|+.n§®\\;[!i!. .
et g ‘w and X = Mxmw e =3 % =
§xeX: Fool>t m _ﬁwx |3 QﬁA&m ®
1< <
Siwea oond exp is pos £ < EQRLB) i<k
Hus we have.



R
Q,_OOMW\‘W =t 2 E&ﬁu
J=!

Eulop) =t wdx:
mw?@. mm 21 om M.u

k.
Mu Tg:%t

g L : e

Jo Lot

X viwm.P }Mﬁ! l<p<eo then
N | R R R A
let = max _%ILIEQL 07 = M,me” M@N\mw

| Aooo@ Fmspsﬁ Wﬁ-ﬁ 85 Lw:l?wkr @mﬁP E\Rw‘ ls B W e % s \r/ iR
s =0

£ Wil

. nw.,boum .......

o ii.ﬁwmmtfaw.ls.m&
sp<eo ge LS uY \»5 ( ton

. ,.;‘..,15 % V
LT an = [ p el fxeXi 1t VWHD €
_ (see_below)
Now Lo =
hev%-gomv% < % ﬁu 17, 3 d

LFl, = J,

- ﬁ (£ .L %81[ lV'@Jh (T da

\1 S - t&mﬁl@rl - =
I TATY N Ea AN TENG W ) H q uo__i:g

B TR T T
_,m
1 + K4 MJ_ -

oo Corollars & T P
| _ﬁ,vw\rv-%ﬁ =20 Haw I<pex i

N\ oup %L‘;w <gq sup |
o supll = b max IS1  # M secndseqis

1shfk
?s\, ﬁ :% : \&,A/ﬁv :Unsg/vw

s a Emﬁrammm a\ vesp. mww

ﬁ«_o%ﬁ _Singe Mm&v =
B (1o 8 [ o [t 51
z%:m. l»%x_MHrW _?_ o n RMA_AAF B




b 3.0
Now <o prove () Let - _MRP.,NZ w/ A pow.d
wlh)) <0 Er m Assuwwme  (as uwe may ) all ;>0 and
G VA, > ... Y,

R
[ig7 = 2wl athd o
‘ﬁv&w&wa_\?ﬂmx._ _mgﬁv&w &\W u%o&.ﬁll N Mw;cf:: .&M».Wl

o
And e 5
%R pt ol (x (gtef>t) Mt = o
Sy TPt el G g0 8t = (o= 0 (e D)
&M«Twﬁ?\\rm X S?iv&&&n QRLWIEI_W «%»&T..\R@

L

henee s Jﬁ@rmgﬁ?ﬁ sSum i8S \M\sﬁv\a?v - %@ﬂ.

Now let @m hw assume wNO ﬁmv we. s&uvmsm
let mesvw pt-wise  henco %_m_vnﬁg Satu

Consider ﬁ‘_wwl\;. h S msoo >t w )i ?ﬂ _\.V.wvvrA mx..woo v.wwv
Claim lefthand —> pluwise to ot hand. S 1x:guti=lges

SYW J &2 Movotene Qony . Thm Rills .
Lemmg P Lef M%swﬁ Eg}sumr w/resp 1Bk om vav\& u®=l

Tt S=(41%+ 3515 -5 "

Co \f 0. = 0SI, <Cp (3,1,

wa. = Uw |uﬁi SO MHAM”PE.FMMA\

J

ﬁ@%" Let uno =0 v

M:wwoom P=t then owt\w dne. Duw. A, j<n Bre
Qlw,omq?m,. Svnce
J o of, du € % Ef, o8B = [ 25(EAR )

k 2z
2

'y 3 By R
IsI < &mﬁ_g& = ?& A AW AF) = M_w_ a0, = 2 &

(
= Uh I



3.1

Fov @.wsm&_ e , He prost is done v@ tmoluction .
Suppooe. it is  drue Sor P cY.%/DW S G,EN,W fnite Eﬁrs%\m
we  have & by s
517 = [20a5) = D)+ 25 &, 18,

il . W

_ S%423 Af. M& = S*+2 7 £ aF
n=2 m=1 n=z "
TrwSPP

e = B :
LS*, = 2] WME af Il < f = (S +2 :me.,,_uﬂb

C. -—
Now let 420 mw q; = M%ib%s 222 k

e
+enm M@uw (s §m\n:©m_m E\Tmﬁwv M&w.ww
Sov mﬁww v@u %WA% b%wvawd ._: Sinca mem m@u G
e . y &= mAmNs-_ b%.:@g.u W mm 4y cu
Je
= WHN %Su D% 3 Mm% a.I u@ ,v W&F
Pﬂ%@s& Ko ﬁﬁmcﬁfoﬂ Y&ﬁo&aﬁvﬂw ~
— N/\ m
_AWN\%:A w <C NWW_%?;_%%Z '
0 . * N.. 2. ;
Ta £= max £ 1 = (Lufl VEF V\M 5 5] vw\M
j1sEns J=I =2
= AC i ~ i +~ =
I .,Mumml D%Lru C, ISfll, = ¢ USllyy 1Fll5p a2 *55 =5

mms I.b mm.ﬁu

(A

- C?v NSV, 15, 1os  (Dodis) m”m&

R @ z 2
%\o‘s\_ﬂog:ﬂw m»%;wm ﬁﬁu = 1S 51
we have
2 2 2
IS, = 2Cp 25 U1, 080, = W0 < WS, . 20 22, ISl Uf I
Let o = 2C; mm%»\ A = BN/ M lep %&F by U5, \zp we qet

A N —aN 21 < ..>m+oﬁ/\ Which wm&mm

L I S O T P
e . &=
%

.
S0 ﬁNﬁm Ik Nﬁ%mﬁvl_v O/GJ;Q.

[




T oo basis Thdis
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dre Junchons om Lo - 8s Sollows:
rw B \vﬁﬂovxﬁ
fN = \VAWO\L\NQ = ‘Nﬁ_\w‘vhv
rw =

K fosay =K PV

34D _—

__efc o - o
o =284 ek BE =0,  --. (so nz2)
- (4 i te [ (@-2)™, @-n/z"")
h (E) = 4 1 pe [ -y . BE)

- m O othexwise
o T
- KBE@IJ?S}U N

is He opllection af Funedioms §mmw,ﬁ,§,m_o~m
i ?&L? o~-debi) B, = Ll (iri2): if,...2° €
Jovr k=044,2

.v% Qomls edch r G ETISY Z"

is medsurable w/resp 1t O, «ymsﬁ
B K-_Ilu,%v%{;&oonow Unedr Span = Lngar span __Is E&gmlwfe\@mv b
1l m&wmwlums\m&mgm o shuw XL ilze (ie1)/z®) € Thl%, | ite

1 Il.fm%lqﬁfw _done WTEEB\, For = =1, we
R TWF@ Q(Mfa\.v ¥ = vf u+r \Nﬂ Iy _/ = r = T H;ﬂ,ﬁ = \ Fvnl@.v\NFi&@@WNL
i-i.||&&sLm~ﬂ,Nr|§ﬂiNJ F 4 r-v._+ %ﬁ&ﬁ%ﬁ&i@&[% s
il!!l-lﬁoh%ww MHY_% uhm.vl i ﬁl«v % INU.ASO m; Here \L?@Fﬁﬁl\?ﬁrﬂvhﬁohg,J
N S\.Wr@lplll.
ofi The' Su

sﬁro«a Sr_orfmhm\.k@wm?om.gm E\,Rm > U

Amwﬁ dve. OV,QPQ}D w fu
:_\:m IS m%gn{sg“m@m?&nlih@szo?R& course )

P ummésnb\?m : W.E th ml‘m%mgorl,uﬁwg I & 22 fo be 3
Sehdudey kasis i YxeX there

“Mo!:x\.rw*. X = ﬁ-s\‘,;M.

R(f%f

5 A uwiow . Scalar Sequonce 4,8
_noywl,

. Nete Thats 9.?0&3&,, b3s

i Ml Spaee

e dre ddduder kdsis
bt there dre Scduder basis in Hlloevtspac which dre not” ovid, cqe
A Shdlnder basis i

L,
lineariy )
1S ngc, mdependent ., Youd & 5 A towel s
m\x\:.\iu £ X s Sude cimensimal, TF T is  mbinde dimensiond\
basis s nelen a Schiduder asis,

%\?Sm/
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