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\0@ Take=Home #3 : o
' Due January 8, 1968 : 2.0

* ~

Hou msy vse Ore, McCoy, your notes, and the computer, Wut no other 4 '*7‘/

sources and no discussion of the exam outside class will fbe allow'edf —;S—/

ts) Iet r(n) denote the total number of solutions
(proper and improper) of the equation x2+ y2= n and let
R(N) = ZNr(n) . Show that R(N) is related to the number of

integral lattice points on and within a cerbtain circle and
use this fact to prove that
rava N +2 )

r(N-2JZ W +2)< RWV)< (N =
v (T
ints) Let x =<1,1,15.+.> « Show that the sequence f qk%

of denominators of the convergents of x may be defined recursively
by @y = 9y = 1, qn_f_l‘:-" 9,7 4q,  « Verily that
L '[(wﬁ-)"" | - J5 ""J,
T 2 4 ( z )
3, 46 points) Use the theory of continued fractions (and the
computer) to find a solution of the simultaneous congruences

\ghOQx = 661 (mod 988027)
\@}Qtésx =870 (mod L10531)

) /10J

15 points) Find &1l (if any) integral latbice points on the
ellipse :LOx2 - Oxy + Syz-:-: 100.

5 points) Given that 2,7182 < e <2,7183 , show that the
first 8 partial quotients of e are 2,1,2,1,1,4,1,1. Uhat reduced
rational number with denominator no greater than 50 best
approximates e ? 2500
. 749929
points) Farmer Jones has 14299853 orange trees which he
\ !plans to plant in two square orvchards of unegual size. If he
|/ desires to minimize the total number of rows in his orchards,
how many trees ghould he plant in each orchard 7
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(25 points) If p =lK+1 is a prime, show that

ALV/pk] = "

Hint: count the ﬁtt:!.ce points above f.he parabola y2 px in a

9o

suitable rectangle.

g po:m‘bs) Show that 341%is a prine; show that its smallest
primitive root is 23 and find the quadratic residues of 3141?

(50 points) Theovem If n[K 243, where n is odd and (3,n) -
then there exilst. integers s and ¥ suchﬂlatn-:t +3s .
Prove the above theorem by completing the following steps.

/0 &) Show that there exist integers r,s such that

10,

10,

S

ﬂ;/mt}{ /
o 0 Y %n@fm
VW/‘M f/ﬂ Il

1\J

~ if and only if

)““' ‘ (N-r—l)s 0<s<N

A1) Shovthatifb—-.@-m, themt—r-3s'£0 (mod n)

and 2

2
t+35< 2+"‘\I °
N

V-Jﬁi Use differential caleulus to findathe real mmber x_ > 0

which minimizes the function F(x) = .--- +3x s and shou
that when N=[x ] we have 2

t2+352< 2-;/-37 n

iv) Conclude from 1ii) that t2+ 352=: n, 2n, or 3n, and
eliminate the undesirable cases to complete the proof of
the theorem.

) Use the theovem %o show that there are an infinite number

of primes of ‘the foxm 3n+ 1. ‘ =

YZ =

oints) Define the sequence ¥, recursively as follows:
=2 Poa= - 2 , Then the followingtheovem provides a

we..ﬁﬂ. test for the primolity of the sowcalled Mersenne

nurbers ¢ o 443
Theovem: If p=ln+ 3 i a prime and Mp=-‘ P 1, then MP is a érinye
Assuming the truth of the above theorem, or otherwise, debermine

31

whether or not 27« 1 ig a prime.

3
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Closed book @ Name é;/\ e (S / e

" K) LO minutes

1. (10 points) Decide whether X = 150 (mod 1009) is solvable

c? » not., You may use the fact that 1009 ig a prime. EEEUEN
. ” » O-(’\(’/ \
2 - l

@ (5000) = (Btaug) (o) (6

{4)=4 T

Z 4

2, (15 points) Find all solutions of the congruence %= 5 (mod 26l). pp
— Y O (/ ’ / \ \/? :J ')'/'("(‘J 22 a- \/‘2.—‘("\/”(’! '\/{/ ’/Z:i
/> = s >?j
k ]
) = X =13 / :
7 X=] |4H)¢ . mod A/
HEEL X=-13 28
fﬂy = 4 Mz. & ,-/) M, = / o7, / A
T; = . T, 2 =10 .. Ty a(\\ /
S A Y T
X = -4 —4(/0)/“)7*/77-’ /57
XY 2 4]+ (g/o>(-/3> = )71 = ]
— o B ,
Y2 -4y (cgl- = 81
)(‘:—" MW"K
;(; ’Mc(q ]é”{' a0 @Q/Q /@EWL‘A
. X = M/@'I“”“
( )
-
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3, (20 points) Show that x2§ 11 (mod p) has 2 solution if and

only if p=1, 5, 75 9, 19, 25, 35, 37, 39, 43 (mod Ll .
M@‘D v o) e obd
P e ()-8 @5jﬁqyzAw&AUx

g 1°> ( w(4+>+*~> = (7 Mr> l> = () ?— {4”‘;}

(5)=(%) =1 wd

P
-k ll/) <2 > = -1 Mo A&)D M o P Lye/ha
[°= ,?r) (”/2‘03 = T W’()S+ A e 7?/) ‘;1 I o W
T e e xs wdc) 0 S¥ellrdy
E_:;/D_,,/—H R

~ P=s (’/5) (V) = 4 ool
poPp=7 (V) = (4’/) (%)= g sod
o P (UG) =(2) = 4 e

— = Ji (’/,> (/ =1 ol

oe (Y- @@~(??—*4 ol |
S S N N [ s S
p=7 (V) = ('//> (%11 (4/)(/> (/> e i

W A (%)
o mr
(- 07) - BB )= ¢
-£°=2) _,> </ >¢('/> (’/)-—-A Yot Go’()
P=22 ( 13>v < 3"<// N Mp
pe2s 1/9)\ £ | / e | n-0-¢
s ( ,/)> = (/) vy B

D27>
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Tal ISiNISBEx #h /A

nuz (j;n:::y sz 1968 Gore 10
2 (=2

%' 57/ /?:)fé
_ Z0
.//.(.,zl/ae"pﬁnts) Prove that at least one of the integers in a »ZO
0 Pythagorean triple must be divisible by 5. . :;,:CO)
; | j ©

bé./(_lg@oi?ﬂig Prove that the product of two consecutive integers 7 7 G

o~ cannot ‘be a power of an integer.

o

2T

3, dints) Prove that if X = <a0, IS, 1.0, 2ao> .

/0 =
- then &X' is not an integer.

A 15 points) - Show that if a > 1 and a is odd, then

e . ,
Vaz -l = <a. "‘1: 1, %(a - 3), 2, 3(a = 3), 1, 2a = 2>

5 points) Prove that there are infinitely many primes whose

last (decimal) digits are 3.

% o té) Find all positive integers x such that XX ends in 3.
(e.g. 7' = 1509543)

points) Iet n = hﬁ(Sk +7), where k and .£ are non-negative
integers. Prove that n cannot be represented as the sum of
three squares. |
Sto
Sints) Civen that (366)2+ (393)% = (519)2+ (138)2= 266405,
express 288405 as a product of prime powers and find all positive

integral solutions of x2+ y2 = 2B88L0S.

v/:ow/ér
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D ( 20 points) A certain control room contains n meters nusbered

152540050 , cach of which may be engaged of disengaged at the
discretion of the operator., Each meter is orlginally engaged

and set at zero. The meters meagsuve the effect of a sequence

N

of n operations Tl ? Tz, . ,3Tn whexeby with Tk oL &k
the condition of being engaged or disengaged is reversed and
the reading is increased by k wnits for those meters and only |,
those meters whose number is divisible by k.

Thug, if the mth meter has & reading of A units and is
engaged after Ty..q 2nd if k| m, then after operation T, , it
is disengaged and has 2 reading of A + k units, while if k‘f\m

is engaged and still has a reading of A units.

Show that a meter is both engaged and has an ¢dd nimerical

- reading after all n operations have been completed if and only

if its number is double a perfect square.

10. (25 points) Prove that the equation - _“x = 1 has precisely

two uolublons in positive integers and find them,

m(‘i x@%%@AA

ly":’ (X~ ) Uwﬁ
i

.%%J(ou (\%1‘@"&/ /

%JL

(%@7

w)

=

Sice y is @ (¢ %Jra)jz'/
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Take-lHome Exom #1

Due October 30, 1967

Unlimlted time., You may use MeCoy and Ove and your rnobes, bub no other
sources, Naturally no discussion of the exam oubside class shall be
allowed,

0
@ 150 total points

V.((ZLO points) Show thet there are infinitely maxy primes of the 4
10 form 6n+5 . ‘

| g
l 10 points) <If a,m, and n ave positive integers and m#n , show that

oM 1 if a is even
g.c,d,(a+l,a+1)* 2 4f a is odd |

;A./(lo points) Leb §=5L,2,.een3 o If oK 35 the integer in S

which is the highest power of 2 , prove that 2k is not a divisor

10

| |O
of any other member of S.
A.;q/(lo points) Prove there are infinitely many primes by considering
\0O the sequence X
k 0

2 h 2

2%L 5 2L saney 274+ 1 ja00

() £, (15 points) Let P dencte the Fuler function and leb n be a fixed
10 pogitive integer. Show that the equation (P(x) = n kas only a finite /
g mmber of solutions. Find all solutions of P{x)= 2 , and find t@ q
smallest n such that P(x)=n has no solution. A
- QI
\ /

® _/6/ (15 points) Find all solutions of the congruence D, <
3;-54. =0 (mod. 91.8) % =
10 7. {20 points) If n is a positive inbeger, prove that (n-1) ,+ 1l is
a power of n if and only if n=2,3, or 5. ' Y/ Z()‘

o a5

5 8, (20 points) If n>1, prove that ¢ A 48 not an integer. []/ P
&~ J

, v
0 9. (20 points) Prove that there ard infinltely many primes of the foxm lm+ 1.

!
2.0 LATT (20 points) If n is a positive integer, prove that ((_2-’13) , 18
nlt,

an even inbteger.

T ARESh e @:20 75 -4 |

U @“* 8 5 <05 @HZ (716 1916
- ' 23-21 27-26.uty i |
| | A
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S=155
Quiz #1
Closged book
20 minutes
20 points

October 6, 1967

Name OTEVE

BELLEUO’T“

The Whig Party wishes to collect $1000 at a fund raising banquet and

to minimize the cost of the meal, If each man who atbends is charged 28
$19 and each woman, $13, what is the smallest mumber of meals that must ;
/
be prepared? If at least 20 women must be invited to the banquet, then %
{
what is the smallest number of meals that the Whigs must whip up? 7}
-\S‘HMHT HERw > i 7’7?{,
i 19x +/33 = /060 (19,13) = o
- —— ,‘.;/ /
) 54 54 Is4 | 9= 13+ €
ol 2¢ 71 /3 di = 2@)F!
o ( / 3) - 6 /3 2(éf
T ';" 462 1386 N
& 0 = R “
R e D TR | = /3-2(F 1%
AVETHER T G Qo \: ‘al 3 () = 207)
= 2+ I3t = —191 |
§= * | /ovo = 3000 (13) -2000(19)
Al r_‘?oa \'\\'\'eaf\/% %‘3\ aie, f’ A ol = -20060
N\\:K) } Wonist) Torac MuNS‘I \d‘o = 3000
7
2 74 C ‘ ée‘m &9 &
)5 ) 55 70 I q
— | X=X t g 't
28 &6 (4 I )
= RS
4 ] B
(\ X = -R00O p I3t

/

2 Phe smalest 0O oF wealy (

58

WML 7 G Bs

64

BN e @zvdivkin
o™/ .Q./\ e N

2 Bia wralegt wo o weals

V""‘Q .

/

4220

AN A e Lt

I———————

‘3_ = 3900 - 19t
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Part II
Open book, notes Name STEVE B&LLEMOT'
Three hours,
IT Intermediate problems.
1. (15 points) Prove that n”= n (mod 30) for every integer n.
ES W n wed 2 WEN wmed D RPen modS”
@ ey b el bue fo ol v
Aed n= o e
' n= &LML /
S Sy bege for o\ Yhene ~e\de \, "'bud Jee & Clives s
(-RQ.M&%%D\ ‘&M\&ﬂu dj\\\ Q(A}»e_, ?' 315-’:' '30 30'0'(“\0“3\3 . j \(5 ‘Lr()&
Coe A\ W wed 20
2. (15 points) Prove that 19 does not divide any number of the 9 69
forn ln? + L, where n is an integer, 57
)b ~ Bl 100
T 9 | Auts 4 = 4(v\2*\x =0 mod \9 2 95
~ ; ~ / / LV "
Quscsie veidons @& ww EIAALLATIR o
s, ) 3y ¢
(Qeés&')os ned | G |
E )235)6)7)/(), '?’))7)’8)8 72

rj ‘g L 4(0\1\ :
’\@&U‘?S ’\} M§4)8),){;q>2>/0)////§)/3§

&m&fwwfe

-‘4(n’~f—!> ?Omé D @ /?*4(?\’40

b ()=

3: (15 POin'bS) Iet L = <§.o’ 3130009 an> o I8 it trus that

/

vy &9 8

n n+1>=I’+

n +!

<€Lo, &i,oo
nst  mecessac\y

’ x
a 44—
T

a,

N S
a.,

S

a, 4L

? az{ i l

0

P Epl.
/e

=

A
oty <
el

+ Q, +

T o A

@\_\ ) ,,‘

7 SR

P =y
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Lo (15 points) Prove that no four consecutive intégers can be
powers of positive integers (em with different exponents).
v Qasvrne Gppobdie A= @ | T YT zf €3
at|- .=y -u)“_l —-3 8 = a+3—(@+?

«/X-\-t&. «.o“,\,-s Ml-”w

5. (15 pcints) Find all positive integers n such that ‘P(Qn) gp(Bn) A

@ &(’?m) Zn(l"-> TT ("’) D=En) = 3n<t-35;; "'

- 2h I--——) 3»\(' "'f>-2h r\b ls%es

“""“j aln M%X*h N = Zné A0 apais W
o Bln bk 24w £ -2, wo cedsd % s
N an - a M'Q-MQJJ;")"
4 2In & 3n T X
6. (15 points) Prove that every positive integer greater than 11

is the sum of two conposite numbers., (Hink: choose your
5/ representation so that one of the camposite mmbers is alweys 6 or 9.)

bt W o @il gt She \

. \ " - ""Q AA«»&WQ‘A&'M
y BBl s tnd > 5 it w gk

3/{ n o dod n = ?+<n*?) daner =9 «a e Od

&
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page i3 /
7. (15 points) If x°4 yo= 22, show that xyz= 0 (mod 60). o
Frown lost todee home We know 5 didddes” X, you &
\g TF z < odd 2z .aad  ee ket 7&#-%"" eont b 0dd so X,m;i%
tHhun B\ LY G Bosdeane W-e,&\‘&aam'%@*‘**‘@re-{%;lf
H—2 =T ot g‘wjﬁ"o . Quodralie (oudusy v™od Y
ke %0\\3 &0 ‘-{ zl:?" = Oma 0{35‘10@&\;0 “""A %’ x’&’hav
9 =l bwof Vo B X fer = 9/xy nz

X\&%‘-.:.C)'modéo NW\.U;_ 5:;.4_)% s ng

8. (15 points) If p > 3, show that the sum of the quadratic residues

' of p is divisible by po
T . e 0(2("’-;-'@@ hin
)

M Wﬂﬁ&&»u-ﬁ f\,;x_.‘gc,\ t:’ re/zb?- M\,Iﬁ.% P’b )
o P> | Sum M

.-
L=

MAA—&” ta
A o /¥ 28 /
o 3 4 /0
/ = 7 i
o 35 i
R A
— \ i / ¢

F‘,‘i. N Ru+ | e V) -




er W W»-d‘ Mo i 3 %/ ned 2"+ 1(0 € & h=|

e NN
3:9323+!

D weod 24

10, (15 points) Find a general form for the continued fraction expansion
of a muber of the form - Lta2+ L, where a is a positive integer,

2a. < Vaiq < 2a+)

b ![ | 2
e | e 2
S'e / \ 4 1

a, W[“‘@I:‘“ﬂfm*@ [ﬁwq

ap )2&} Q ? 4. ; &

/

e o e B

)
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; \@) : Take«home Exam #f2
A . ' Due November 1967

You mey vse any source you wish, but naturally no discussion of the
exam outside class shall be allowed.

1D VI (10 points) What day of the week was August 20, 1921 ?
v 10 27 (18 pon.nts) Prove that the congruence xB = 16 (mod p) is solvable,
wherepis a prime, 7 -

- —bp G

RN =4 ¢ - =

W) 3. (10 points) Solve the congruence x". 9% 23% = =0 R 1h3)

I
|
X T= 7 A |

-

B ’/ . ) 7/.;"'
,_(/ w1, (15 points) Solve the congruence 3::"‘4— 259 Gt hx = 0 (mod 3§52) (&

)< ;/S/ (15 points) If (a,b)=1 , prove that any segment of length a2+ ?

on the line ax+by=c¢ contains at least one integral lattice point, -

" ,5/ 6, (15 points) I.lelt P e an cdd prime. If a,b,c ave integers and if
' ) (a,p) = 1, show that the parabola ax2+ bx+ae=py passes through
an infinite nuwber of integral latiice points if and only if

/ { bza}uac is either zero or a quadratic residue modulo p.

VK (20 points) The positive integer N is called a perfect aunber if it
~0." % is the sum of all its positive divisors other than i'bself-me.g@ 6 and
81‘28 1% has long been known that all even perfect numbers ave of
the form 2P “(Zpe-l) » where both p and 2P~ 1 ave primes (see Ore,

pg. 91)
\y %odd pexfect nunber has ever been found, but if such a mmfmw

" does exisb, prove that if must be of the form D= qhm'”' Ka, whére

g f/ q is a prime of the form bk+1 and (K,q)=1. Use this fact JC'O preas
) | - that 4f D=3 (mod L), then D c.a.nnow be perfect, + -

8. (20 points) If (g) ) 1 p"cve tha-t 'c.here am :mi‘_xmbely
BERY - priwes  of the fowm 8?'1-1-5‘ S e N

9 QG\%/

(=]

e




3hk+7s

to represent N as the product of prime powers.

M (25 points) Each classvoom at Hardly Nommal College has the same
_ number of raws of desks as there ave desks in each row and is always
$113ed with students. During the ammual May Frolic, the English
class combined with the caleulus class to play several gemes, and
it was found that one, two, and three students, respectively, were
left over when the group broke wp into teams to play byddge, baseball,
and basketball, Finally, to cap off the day's festivities, the
cream of the calculus class athletes defeated an English class team
in a game of football, even though the Inglish class rooting section
was slipghtly move than four times ss lavge as that of the calculus
How nany ebudents weve there in each class ?

Cewoﬂ.&

class,

(===
& ,‘ ] \g‘ \3'[;
(1]

| /‘Of\\w

£=w &

AN Ve Y ST

o
2 B g )
[ & {

%AC\

9, (28 points) Tet N=17"% 1. Show that any odd prime which divides N
{-\"/ mst be of one of the forms 3hki 33
/W\/ Using Fermab's technique (Ore, pg. 60) or any other method, atbempb

3hk+113 or 3Lkt Se

1k

TET———
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fﬁfw"‘fv/&& 7(::(/471)/?¢(,_,4i) P ey
o i g

oot B Bt 7, 2 oot = 27EE

ok et g 25 Y 7 Hgm o

WWMW /2:<I+I/) °%"V"/M

7 (rrﬁ)ac /3
o ¥ x T X MW c R M.J—::M
/

(145 )« 2 %WW Z i

ol N P ooy
=(+R)z. Monee, SN T et

xﬁ(wi) ”a:('*f)

e (mym) = [ ek ZZ G
MM

)@WM/L
ks (£,0) =1, Sene x= (;+-’)

<MM)% B g, ETRL LT

7’1« T
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M) Nte hak (7~ tr, )= o (m, n) = | Mg,
C@\m)”)mw):l ok g (7 27V) = | atee,
0 L R SRR P
() n)= | | thins ot powTive pmliqron o ool £
ik TR (/;m.-#n):/cm/'zz/c%) ned
L il Horsfon, mtd = A skt
popln Bt fo 2Lt K D] s el
Aat /é/m>(£+/)mg ,Zm},m/gm';/ >/“+Wv"’/éj¢
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ar A
) Mﬁ_%f”’:&'&””?w@ﬁ ﬂow
o) =l o T Tty B
ph > e paiaenns Z;Wmf@,éﬂ,?ﬂ,w
Ge1)mx et i i g
70/"""%" W (7(-{-1)3*7(}:,22, Moo, youtlo

M:,g(ﬁﬂ)M@—:?,ﬁjMMM,vz?
5 S
= (=),

3
Ao zaj—v’3:/23[(1+/)3-7( ] = 4
Correnndy, i Sy aFofy P g
@‘/V’)S-:MJ’VJM,"{_ /u—<,a),t’&~ M»«Z
/?:(ujv))’X':y;a/)I:’“/?)M/Auﬁe
(7/z):/MMM7v)JWW b ol >
5
Popra, 7 £4) =g (27-n) o '
¥ - 9
,?2/I~7() = (2~ ,(3%__1 = G- H+3T=x, .
M%WW @,1)1/3;{% 71/@‘*“)%

(f)z»);/)/u&m /t——;(:/)ww%j

p 2 = 3
L= 7(-1'/} M"/'?()(—{-I)}M/»Z :(7(+/) - A

O




ok Zht e nti) (et 2) = A, erer
(%1"( -%(w+2)) = | ;/t W hott e
, o e ,(,MM %+’74/4,

Al %(W-(*Q_)—/& W%/ /’(w-fl)‘-)t(nw‘-?,)
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