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on X, (b If F s a Hllr on X, show F s

Q-
an  artrahilter on X ff V ACX aither Acd or A'c P
(onhﬂl"c;{

of f‘( ulébra bilbers

(<) ustny Zorn's Lemno, show every [lter ¥
n an  wlErafilter ]

\ §. CHaney) L€ X be a set.

\
.(“) (¥ (R!.‘NGI) is a fLamly
on X show that NRx too.

pertisl orders




\_//f
5 CHarrell) (@) et

(b) show that [Rc X*X i R 16 a fﬁn‘m/. erder] s 4
a po set RES RCS whieh has all vonemply
mhs, but 5 ot a  complele lattice,

cc) wt,,‘t pre  the mm/m/ a9 waximal  pliments n (5)f

—

X‘f;y —9)2 be )’Mﬂct‘lons‘ Prove

19 onfe 9 Fg onte W 3 Nl
o) D FI 1l P S |

£
b) Lt X~fa)' be @ gunckron , | STE L ﬁﬂ"‘“'/'/’,,‘*e% |
:fg,g we have

9
1k whenever )""’__',2 such ¢hat 13

)Y
9, %3, F s o ponomorPh st o+ g, f: g,f @9 T
Prove { 5 A moromorthism ;ﬁf f 15 Lo .//v ,rob'c f

Is an c,o/morfhum H“ t s entoe,

sel with at Jeast Cwo

§. (Maleolm) Let X be @
elements , and Rt N20 be a pestBive imfesel ,;
4y *dt {al( cons fant  fuacbrons from n to X; c Xn, It Xaf)(i
e Rex" wieh Ax SR pre e |

;M[,;ct, A, of X incluston ~ vag ¢ Il weth  the fr°/’e:‘fleg; |

G) At
¢l X,E"A
() A" CR.
Does your froof worlt If: n an Idfmrfe cﬁ,-/m,/,'v
(,,Zﬁ \4/“
R T T
Y ¢

9 (Rev) |§ ACE, ne 2 defime Arn gt Fatn: a€Ag.

Prove  that 1 & Seguent€ CA; * az1,2,.) of disyjomt
cubsets of Z Cue ¥ 9 A 0A TF) wieh The



pProperty :
VFF,..JQ c 2 ;/leN) ne £ sech that A +nE F.

[HinE: enume rife the femdle cubsets ord nse imdunction ]

/\mk’) SA"W t‘H\’L evef, fdrfM//y orJered

(X, <)y be embedded n (e admifs
order preservnd functron sake) g complete

wiy s o presere; 4l
[ Hing: consder

set
a [-te-/
latkice I cach &
ints  and  Fup’ that ewst v K.

Funcéron Xy 2 ]

the
2 M facX:1a =X

T —

T —
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= ® = s {0
'4; 50 T"'eorem s L, Q,é' R < ,X ;(X s ?’\ "’C&{‘ Ea Q ¢ an A a,e.mw‘ écg..

,Qng R. Lt X"*“"?Y such Hm-é- (x,y)éi‘ﬂ?‘:} -x‘?:(]'é?,

Then w0 @ MVII%MQ X-:/‘§ “i‘"—” \[’ such hak Bﬁ‘é'&- ‘“(‘
X I, - AT .KfR‘

\Jr\s. ’/’:i/“i)

\‘ Yﬁ/\_/
Proof. .

(d) Claim (x,y)eﬁ ~=p x¥t= y'P.

I S=d¢ [(%7) L xf= ?'le .

;S is an E.R, (i, %) € S since 'x‘p‘—xp.
res (X,y)éS', +hen ,x.(‘;;’_.(‘.) henee
y-(’t ’x'p) which \;“P).'g (v, x) €8S, |
If ), (42)eS, Hhen ./x.-(’—-«‘,@ and

‘j“o’- 2f,  Twe «f- E'(\-)V_Cw\o( so (x,2)€3S, |
{ ResS ‘94(7 \Maeo%nsfs.

L.. RcS, —ml} /3—, (x,wef{—;> x't=7-{’,

)
!
!

|
i
\

(b) Defire X /R -—f——>\( ond Br e T/R

0(\-—?-(\———-,\»;}9() whare %6 =«

(@ is 071"'4'7; ae ‘QUW‘j elemen! o is of Fhe Horm '7(9)
Tan § b el dafoad .
:A%W»_'x(?:d:‘jgl‘ W= Wsh.@ﬁ&
“‘ /x‘?=«a'p. Suck '19:79 L WCR
‘\,___:‘é x€= tj'(: ’

©) oF=¢ o e
If yeX’ Fhemn Qgp' DC‘P (4,7 a’é'-/;n!ﬁm).

I S %
‘4,5,1, ' LQW\W\Q. 1_{: P‘——q-)——-b %7_‘, C W—‘D\U\g W Ao ca_’L)LO

and wi = wu , Thn 7t=/6< _
f’roo{. L\»Q‘( '176 8. = AS 1§ M.A)) aqe. A
Such Hel aw=b  Therefore |
bu= awy = awl = 6. Thus 16_7—&(,
-2 -
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A ¢
() -(r \s u.ma\:& L

e L

(n) \ Q,"\ us assume ‘H\c\} \ ‘F// ¢ d ¢
Vaere exists OW\OW £ \{ ’/1/
Lanctuon £ :j")\'(b\ 5 - ‘
behuves bike £ 0 fo. 8F=L and ef=F. U
muct show £=47 Stnee B8 s -O'm‘v nd

er’é"p/) thom -"3 :.@' bg Lvesna 4.5.1.
This  proves Yam. 4.4,

Group '7'460;7
Th our st«d of Twyne# we W
a coflectin of subsefs alled ~fmes ) and 7,W/a G
Symmeﬁvé: of ?ewehj* ZJ s -'%ﬂ’ﬁ‘fc necess of
busw somz result of Fu'd ﬁ{awy

"// m,,;/w qS’_Q'/ wi%
(D"[
Z

44. Ozft}tl‘ﬁm, A Sen'l/‘ roup. s a ’m,uz (X,VT\) w*Qw\u.
X s a §e4 X -—-@-%X Is a —;Q«/nc%wn (bma.,ry

opwaﬁ(}n, ,,:m[lfpltc}rrv‘wy}) Sq‘#/yfl?l;q? the .Q,-,/@ZIL7
oA X oS |
Associq ie hbaw V:\-,y,% e X
(<x,7)m,z)m. = (x, (gr2)m )
N‘”la’éz’ﬂ: O wn =dn Xy . s e Associatrve Law
aan be writlen as y(yz):(xy)%.

47. Example . hed X be a set,  Detfune .')(?-:;cf-(' X
S.//)‘ce, Xfy%)‘-:ﬁ’ and (X?)Z :(y)g-_—_y) X s

a Sem}7fmlo.

._3...»




4, 8. Detinimion .,

A,&’J[ (X)m) g& o S-QVVH‘ \?b"aﬂﬁ and e/ Q'étg-.
@, Is a ./e '/‘q‘iL );/eﬂ‘/l\} ;.-F V*e X joeX s x,
g’ is a ‘”_7}51’ '\Jé'l‘ztzy F VYxeX o Ke'=x

: (In Eanz,ﬂ/e 4.7 e elemend is a vf;l} IJ?K"'!\7)_
4.9, Theorem, I£ e 15 a /efa[ (c;/en-h‘ and o’ «
r(?h} l‘o(»emél‘»?, Mo e ael

/

froo(. ax ece'= ¢,
Tl sl an LB el s Dotk i et Sidlos r;;/b'/ /‘G/%’l‘é, vt
(s um‘egua P, |
/lt ‘O ' DQ‘C{V\‘\{"‘GY\ . A WLO’Y\OC& '\5 o SQM.[ aer u\_)\’\l(‘\. )/\Q.S
IOQH\ A le-(‘l %0( Qa -N(ju (.cﬁkp/m(—‘o‘-j '
CHence it (X,m) is a wenetd : thamn wa eeX
wth, xe = ¥ T ex V'xe"K)

4.1l. Exemples ‘ .
s 5{;,|12,"'§ aAl e e TR TS sen v ol

(heft and skt ,JMM7 .
P IR R w‘d—({ U S T Y Ser_nlymup7 beod nel o menvid,
3, 51‘2,“'§ w';-’H\"““ w o varmwtd  with P S
i 423 gt 2 W s et Gl it
5. (X, m) with  (x9)m=X i§- A 59”“;71’0“70, beok et @
 mowetd  F X has nwre Hen one elemanct ((Becange
Qv&rj elewenk (s a v\glfd' 1@ Kk there doea
WUB*;‘QJXESA' & \Q‘H ‘&%Lj)
412, Definthen, Led (X, m) b & wmed with wik @,
et %GX-' A /efﬁt Inverse 747‘ :X 5 2 e/fmemZ
_ZL_.ZéX suct\‘#qf ’X;;_"Xi'—’-e.
e = dpa :_{_3_»_\_} muesse b X i xag=e,

S




40!3. T»\QOY"Q)W\, 5 1{ XLx - e M 'X'Xg = '\'lﬂﬂ—v\ XL-:" ‘Xp\ .
?hlr(. 'XL'-'— XL€ = %._(Xxg\-—-(xl_x)x,{:exﬂ;xﬂ‘

IF  x, and xx exist, x.= kg Is called “x-inverse"
and is written “x7'7

4. 14, D‘:‘C';'N”'h- # 31;9:_&9 \s a vgoid (X,m) 5 VxeX x"emfa
418, E xawmples. -
v (Z,4) &« ?nruf with wnt O and " =-p
2. (Z-jo}, x) s ngt a group ) but is a wmeneid
( Thare does ned exid o R 3 kRn=1 &f n>t)
8 (Q)*) ; whre Q s N‘l‘l&\r\q‘r, \s qarm?.
[

1 (Q~%of, %) is a group with wnit | and 2'= 3 .
3 Obhain < grop é; re//fr/'? 47.!; y SR
(. Oblain a 7rmfl7 f‘if/“'fy (& 67 R i 4.
7 .i’ugli~cleqy\ h-spece (RY4) s ﬂa““‘fﬂ'nﬁr "o
(Xey o0e) Xn) « Gy gn) =df sy, ooe Xt Yu) .
8. Complex qlone (C,4) 15 a roupmbr"-#'f
9. (C~350%,%) is a S
net®, oF LA = N el (614 9,)
16. 8! Csubse of <= io¥, civele of vadivg | abwst (09)
(S'zar) s q7f¢up, it o6 . 23(9.49,'\ :

Xl e X obeaod,  Oufi e odd o audmatplin
Aut (X)q( . X—X: €4 1l ad o). |

X X3

ia’en-/ily \x . X—%x
T X p—s X

Notakon: Aut (X) is also dencted 67 é?'(y) (bij'ec#&n),
-—5_..
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Grroup FHAN o;fj

o

S0

OQ¥|"\(\LIOV\ "

o Lot TiA

«;\Qq]

let G be & group, A subg roup of & 15 @

Subset (£8) H C G  swch that:
Q @ Vhh'eH T

(b) ¥ he H TEL

e ok Su_loj»;wp , assuak this bj Sqffmj
VHE G
52  Remark,
e HE G, H /c:oajrou,o w M Same m, e, s (inverses)
as &

Since  h )A" e H ((ﬂf"ﬂe»"{‘y L) oad +Aern Cam,OaS/\)(/On

hh=t ¢« H

$05 Examf)/es.‘
) z & Q £MR

& 5! <« C

e(‘5) e TN Sl set with stracture

= e =hh’ ecH.

L LV;ZI ,O.O'S‘)

erq,os) ~I~o,<)d/03 jc&/ sches S
+f‘<4<, f‘/\a'} Fha.

vir fual‘j q\waf/ S

W admissble auto mufﬁ‘\:‘s,«y\s)

S

ﬂ’ IS

1 (such as

order ,o/*esszru}/\
ard such *H'\o.* ‘H\Qj
Aot (X)

becouse !

@ TIF X—k, XK

auto morp Alsms | oo 7

FOV"M o SQQSfou/:n oF

and
OSr.‘l/'rJﬂ o}\
O\é\miS’S/'ﬂ/C 4 So 1S Pﬁ . i\ou’ro,:nor,o}\lc Funetions
(b) X __1_.__? 4 " adm;gg;b/e, ( 1dent "y)
5oy Th eoremn . ' :
het & he a gqroup. Lot (H«:mef) beo‘PaM((j
oF Subﬁroups ot &, Then - B QH“ Ay
P(‘OO.?: I, I ¢¢ H =6—
e i ek l’\)}\/ c K D /710\ Ha
Rt el Py e GO
Let helH. h'le Ho ¥,

b el




98] ,'Def:im*\'oi'\. e til b group H & &
?
L =Jdp {_U;j) LAy el and fz"j eH}

Ru = df %Cmg): X,q €6 and ’tg"e/*/j

5. e : =
A Theorem: )\H ) Ry are E.R.son &,

Proot Show LH g A
ERQHQY{U&j]ﬁ Lok o . T Wwern- &y

x ¥ =e e

[\Sc[rm)‘z’rrﬂj — k& (gl edy I 2’—’\7 e H
Sinae B s « Suloﬁrouﬂ

(Y"j)-lf 9=

-1

=g x ey (g x)eln

E“‘rahﬂ"‘\'ud(b] = SL'(P/OOS-Q CY)‘J)) (ﬂ) — ) L~ L H

f‘k% wer/\au{ X“(] . ff-}z‘ e H

and Py od =
fireduy 7‘33‘12 = Vg ol

& CX)Z Je L
SAOW ’QH iS5 an E[\)

proved Sim (.(ou‘(/o

5%  Theorem |
Given H4 G . bt 266G

Thon  xbn —-.’XH 5 xRy = Hx

Preot ! ’XLH :%[gééi CX,&)C—LHj
x H = Jf ['xf\ } /\C—.HJ
g e xhy => (x.y) e by
& xTy e & Fped oy xy=hk

O & F heH. y=xh & gexh

ks Hx s proved s:'m.lan
— 8~




: '(;)Qf:ir\\i‘ior’\f let G be g roup wth A C 6.
| The. SubﬁrOulo gf i jenefcu(zJ fl /_Q—
=dn LAY
O =dfF N[H:H&6 ad AcH]

A RermarKs (i) ZA7 s H\Q Sma//es?t group Confaini'n /4
as it is Ha intersechion ot al Su47fau/05‘ confzu'm'/y A.

(&) g7 = 263 which (s i smallest Subaroq/a poss ble

i) /}2?,-0’11‘{‘!0'\. Let G) A be i;)roq/)S‘, The Cartesian IOroo(udL
Os\\ G~ C\V\Js K

=dn G xK [said - G cross ]
= (GxK,m)

(6 xk) x (6 xk) —— & xk

(4,R) ¥ CHK) | 7 Lsg')/eh')

LW Theorem: (GXK.)M> s a(jrocqo

Drly observe . chat cee) o the  pdeatily
«;md;» Lhet: ., '(9:!{\);.‘ 03, K7) ;. the as:o_:wf"e
w45 no problem gy, | h
~evordinate Ce 1€ 15 prag om eut
5% Reuson for notalion i,

By 5.5, subdrewps ordered by "€ form o complete
laftice.  INF (Ha) = DHy j Sob (Hy) = < UMD,

5: (O QQma/‘kt Ld G é_e o jfouf) ) fx_)(j & G—- 5
T hann, (xs)”’ = gttt
. . ol
Proots  (@9)(9"%") = x(9y”) 2
xx!
A
': ”.oz-lz (zgj-'l

non -

-
"

- 4 —




o 21 Remavis, e e 5 Fn be padbdions of o i

J

each conscisting of non e/,mfa)‘y saulo s 0*'/ X

with A C R, Han £ =Ca .
Provf: Shoer aacilt)
heb P e @, 8y hypothsi P AP, ke xe P
IR € P oae & Cgais 3 /oa,%,l‘(cy.,xy)
K@ e Fa by hypoihesis
PR B e e e B

6‘"5’ 7-}\€orefrn;
La.?g' H < &, T ha Fo/(ow.%j Sfa/mmefr\fo an
PALr - LUHER Q(Out'u¢/tnRL,’
@ Y 4eG . gH =H
(») Hjeé. Ba &0 g 5H-H5’\
kg © =6 S8 g ek 1o Tl

- () Lo R

3]

(e) (7’3 e G 9”3"' c H.
(£) bolie e KG
@) RH = G X &

PEQO{& ’
Ve !
0@&@(4544‘ By 513, @) snys 3LH 8 SRH . (b) Says
"9l € E¥RY €63, (o saps "9k € Frly ! £EGS,
In view of S¥ and lecturg 3,4, (8),(b), (<), (d] are
all eguivalent ge Eoyl XeGf o FrRy ! XC6F,

L& , aDe s C/?dr) mu(f,f/yma oh t'lie I'fglﬂ‘ é}’ 3"'
Conversely , 1t 9M3 ¢ M VaecG then for esch Fixed 95 €6,
%Ml cH and then 1= 99708 © 9, H 9"

,..1/—'-



Lec. 6
MAL corM

6.l Tdo { &5 CM)

_d)_.”’"__.ﬁ (Xha) (v, () & Lu il =Ry =

9 xyH = xHy =xHt= att=albH - (xy,ab)e Ly
/t) (x a)c/.,., =) (xa)ZRH_,) xa gl-/ = (X ({ )SLH

< GG
f‘be (x, ) & bn . = (X }9")5 Vi
->X43€H = (’(,13)5RH o bm € Ry

= ?H < /'I% = e

¢-.>52: /_? WMW%W%% wlomeer

62 Dy
H< G . H o WWJ [M)WC}' a/

w7 condTirvn of tho
M&Méls’) e ?W

MW‘G“ = NH; 7«4%0\//(,«»

s .v’.wfﬂu MM M & M”W\«/MW
é'% 'D TR S
: H, % W A -——> w e .' |
'~A7f‘7‘5aaWW V/M»r{%lo/v%“““f
b VX,tasH (xy)f= (xff«aff)
i) ) e Wewkl 'x f o= (xf) wd efze




L& pg %

b (ol.)
i) = £) e

et et e (ef) (ef)=ef

)= .
xF ' (xx' = else! m (ef) &% VA

A xeH.

o ,() N

é\5')D'A, ) H:;K s r -

%fuw—ma—nfv( .

: H
b)  Aowmr H-f—>H w an W% pg*
c) WMH-—‘E-»H b oem ~
J)AUT}—I=Z';:H—>H9'FZAMMWM]

e) Bz Fl=[ + H=>H 9-F.‘/=0W%47
R ‘
7)) H—f-::’K A _
I AV E ST SR et
H

I }-}ag/w—u?é = Avr H ¢ B

- 6.7 D | ’ ; 5
x,s.G-‘aWwp, tho MM W#W" = WM/?
9 %(, G—>G: g > x?x .

( ??/.%’ .=.  x‘g X-'X?'x":_ g 7 Z’sﬂ\,
(9% )°‘= (xc(-jx").’z X ?"x": <j" ?ﬂx )
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Rees T (Q,D/&D)

G« gpnp = @ i G — Bir G : x = Ry
vherne Ryt G=G:ym X

L/ O wan  AeIOS Ao ;44/&7 )
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oy b & 8{" = a,f, ﬁf}aévf e B = aé—_E‘ B{-u
| | L e BF = J:'f}z(&f)"'e R = (& BTP" ) 18l
610 T ‘
H Maﬂtm = 6%—_];.«}-/‘ G/L,.,:G//QH N
Cwitd GH G s g 1 xH yH Xy H
XHVI.:X'H J "JH 'QH = X‘?H- XH'BH:X'H»\a’H:X‘"\JI
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Geomelfry ! Seminarl,

WEDNESDAY , ©OCToBER 1§ , #:15 f i

|. (Bellenot)  Preve 1 only one three- element  Jroup

(Q.e\ chow every ¢wo cuch afre /sowar/hc,)

3. (Georse) let G be & 9reuf, 4cG. De ting

H=pp §966. ag:9af,  Show tha¢e H 15 &
@;C&,GCQ g? o,c&bfa,% 9>

Sabyroup of G. 3
qeG 97 ¢ %@?
3. (Gretaer) Prove that the grouf of ers  Is
ckaracl'erleed by che following  fwo proferties?
(a) ot s rofinle
¢b) W& 1s asomorphic

2 safubes (a), (b)) and
[ Hnt: Use rhe
sub9roup of &£

to leﬂc/z of 1fs Non-=0 sub9rovfs,

ghat  whenever @

That 15, Show
fact , which

safrsties (o), (b} Chen G2,
we will prve an class, that evyery
has  fotm  pZ = fo, &n, LN, L3R, .. 3 fabgromg G

$. (Gultk]—A—metric_spate =i ~ o foir (x,d} with
X a set‘, d 2\ "d:;z‘ante Funcfron XX _".(.,/A" such
that

() Vu,yex . A9 20
W Vzyex. 27y 9 A9 >0

() Ve geX. A9 < A%
) Vg zeX doewtdnz 2 dxa)

| f CX,&U) (0 €] . dire meltric spales . an
jsometry frem O, d) € (Y ¢€) ,0” a




) byecton X vl ¥y such  that Vr,oeX . d (%9
. e(xfuf).  Prve  thet g F cx,d) s a '
mebric space then the  subfet  [F: 4 s s
Somedey  fFrom (x,d) ¢ (X/J)] c by (x) 15
&  cubyroup.

b. (Hamiton) Lot G be a 9roup, rhe commuta¥or
. subgyreup _f’{ (GEEEHT. the  subjroap of G gererali]
by  £9h3hT i 9h €Gi.  Dencte Chi subgroip by "4’
(8) show € 1§ 4 normal Suab§jreup,
chb)  Show GlC s abelan,
) [Mint: @G Ssame the resulé ot 6 ]

¢, (malcoim) Let G be 4 9roup, ACG , A Tdn
subgreuf generated by A Chow A 5 a normal
subgroup it VaxeG . xAx" © A . W@A/
7. (Ray)  Construct an example of a group G and
A cabyreup H  sech chat  H s abelian butt S
po b a normal cebiredp of G,
C= §Q,>Ci_§ ¢

2

4, = G -




S o

ipf- G‘ s“«(.g' Kon{ = et

! . 7
:":\()‘: 1 ..J",z. ) ’,.
) - 1/ ‘ ; ) ‘
"Jf AQ{’"‘,!’!.I}@";{/’A;{' il N / /If"‘{ 'I;V-.’\f B ’A.',"\ 8 j ) / l‘(i - '!v a/

‘7:/ %p /“)T‘ 6“'{;!’?’ be & «"y‘t"f’
3 ~J

:c? fa Q%GGA 3£= e_’{ K

let 6 be @ «jwoup) Hea. Then —/.Iiﬁe,"
J) // 15 /form.:—‘l S.u!uﬁroup Gé G.
/J) jgrau‘) Aw«omwfﬁ»sm 6-£VK = Y .f
Tuaok: amb sgpese A 52 dermal subgrep ol G Theif 636 13
clobied by 1 = Yretoy 94‘” g /.MW,HVMM 7 K@ Soal- W =K
o T ek ] 5 e o (il
= ’X'(\e @'()—'-'-e, i %L‘X"é K“‘(:',l/’ and H 7 Aoy mdl, 8 G
72}_‘_"’: /-4—'{'(9 be & §rovp, aned ledt d-= faf\,:“aa;géz ie., tig Ak Sl
é’lcwad'ﬁ o-( C) u‘\cl\ (’mm.}g w/ff e"""j ‘Mmj, 4, I (.,Q//%/ *Xe {ng_ﬁ a_{, G

1 Thus,

'7547}_1/:\_' a4 s Jnovma/ 5¢47rouy of 6.
T’Na‘(\‘. Lt_+ 9& Ae %e S-t"’ o'(i 1nwuey @u'{‘wopph\sms o.{ 6, .'g”| -f’in— 7;(, cx"e‘("b\r.
7559&\‘ 6206 by 4:75:9' 'wj Ve (o, %4 3 easily sheon to be @ Grovp) el
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0.4 D, A geomelry howo o phism
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G I Al o L o,

<X161 :'7/ i)

the  9eometry x,6,md) L rhe geometry

e
(X',é”ﬂ", i/) 15 4 £r)f et (f, ¥ x) such
th"t (X/G/ T) ({"P} (X 6/ e, Is  an ac(‘/oﬂ

howo morph s 1 and & LT M O Lunction

such Chat Vied . L-F C L

omomorf/ldh

A "“Lﬂe"“"e{_'z* s A 9eomelry A

cach t hat 'F, ‘1’,"( are |-l cinte) ,

(t,¥f,%)
(,X/ G {1) ,
(0.5 T. CX 61 t) — (X, 6,1 &) s
A 7eowef"7 homomorflusm, 1f
*‘f «) ey i g PR (f’f’
(x,0, ﬂ,i)——-—-—-—-—r()(,é,ﬂ',i/) (X,G,Ir:i}"'"—"(xlc/”/ij

arg  geormetry homomorfhus vis, so 15
o i (1 @) Tap CFE A, <,

(f, €, has a1 mierse Y S

bijective 1" Qither  case . (h %) s called 4
Jeometry 1Somrorphise, [ :
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et (X,6,1 &) be 0 Seoretey. /

s

Vied, 6 Hp LH0: L3=L]

10.¢ D,

10.7 prof 7’/1( following arg V"m‘,
a. VYVieid . G'Lfé’. )
L, VYied VieG. Grg =9 G, 9

Droo;. y : " |
4. Let 9,3€6 . L9g3" = (19)8"= L3 L

e T
L4943 =L 7

IO. Let ,é G . ’
g Yy S0 far Gyg © 96, 9.

3319-' R 54 ¢ 3"-’.‘515..
b et 96 G . (L9)(373) = (139 LD
honee j-'@,_j & GLj. W] |

0.4 Prir_' Let Led. TAQ"I/AAQ'FMMD Ty =a¢ F/LXG )
. , L

(L) 6',_ ) ,ro/ f‘)’) 15 a f“‘jeohef", of (X,0, f/i).

f.’:‘.’ﬂf.‘_ o s GL””V""“P by the 0{6/!”:340'1 of GL,

o by the thearen on V¥, (L, 6 %) o

Group  acton. G, (2,63, ¢+ are obytous , Jo freve GS,
O et xyel. By GS ter (X6,md) 3 YEC. I ]

AnA TR L Bak o hen C9E Gy v ML AR elean DHEEE

(Iney s 175G 5 tncy ) 15 G Sabseometry. L "
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l (Bellenot) X =it R, G- by X Vabek
Lo,b] =g I gespent 3211 a and b pmcluding

o{‘AF fEMJ ' atb, ane

grdponts,
Chow thet therp RAUSES  NoO cabset M of e
Such  that (X,G,ev, M) v ° gpometry,

2. (Georde) Consfruct @ 9ggomefry o” 2
which oll lings are Fracte .

B (Creifeer) . dgls R be iafeserS, 1<TEN,
AR oA 0 S B L
[Acx: A hes T elements ], |

ok ()

{T( b. How wmaay [ings pos’ throash Lo Adutiact
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4. (Gullls Xz B 5 G Tip ltomiry JPup

‘3}/3’>;
() Pl ! fan how  Chate G g
(pseb ot all cpiants, Show 4 A 1
O W | o
(X) 6) Q'\f} i) 15 a ?eohe{r/. 2" 4 : |
5. (Homlfon) Find  all  nonsigomorphic  3~efenent
geomet rles with eHe cbivg  grout actpn.
| 3 \(\ AN ‘\/\5 A
(. (Maleolm) . Let (X, S) Le an  Inkmife |
pactully oMmJ Gt G <t Set «n’ orJtrﬁ\ (,{/I/% el

“W\\_\

preserving bectons, 4 ‘A“ﬁ” 'U)
e

M(‘MI/M\ "‘M[N‘ra( haearly oufprp'f ru‘ffﬂ

0. Py G Z X, -
(\U[)D é WIqlcl'; o)t G’, Viry 05 0‘”‘ CX; 6’; tvll-)

V4 ‘l)\( a’wty,( ,caf*uf/?
‘D flpo&v f‘u?‘ té(’

\/bc Gie  cnomsh @ ramp/es
ray no & be

'\‘},/} rewmaining  grdoms mhiy oF

sutistied,

7. (R*U) USMJ 19,2 45 4 hm?", Ae/m(

Euchdian  lmp  3eomefry — o” R, and  prove, It

15 & 9pometry. How  does  this  compare with
the |~hne Subsponctrie s (as In 10.6’) oF
flve Eaclidian fl"'f Spometry ?

@Al
\ \




~ Lecbure 1l

! 74D Let 9€6. The MAp ¢ h "fl‘w)
3 ‘;a-’j
Aekined by F-p X AP , Y C R 6 )

¥ %) L ,____)3“;,3

=( | ,
ol :d;- i -—ﬁi B3 a.n Anfohor‘féu"m (M(anlﬂﬁ
L L9 - ' :

geahgfry.' 'S;)mor‘)hUM)A 0# (X,G\/]r, i) w,fA /ffel)o‘

/f 14 C“/IQOK fLR iﬂ"?r de’Morrhllh 'M&l“(fd g_‘:}

(X;C‘)’r/i) E_Z é'

&ﬁ_‘ 7T9. s bijeckive  (its pavense s '0‘5-') . By
6.7) Y 15 o g roup a'wiomr/‘mm, | 4 u'_. wo ll~dofined
by 63 and 15 b ective  because (1 VI._'G’oL
wg  have Lid = ot anh fnflcv_{/ar_ LY e L,
To  complefe  the  proek ,  We oérérke* iy e) s
an action  homomorphism i

J

| _ | | W
XX G LY, Xx( _(m’) - (#9,933)

£ ]

X > X %9’ — %379 O




2t Let L), L €.  Comgrer L, L, as
CEos 6‘-;’”"’ ft'f)/ (12;6211”2'{("-})

10.5. Then  there e2isks an  paner aubsmoiphiss

‘subgpontbries

Aas N
on (X,C', F, i} Wlnﬁ’?, l-")’. rexl‘ru:f/on., m./;g_

Ly, G, Ty £L,3)  ssomerphecly onto (Ly, Gy Ty, §4.3),
In ;lwrf, Il havs ‘M A j?.”*‘i?.f:*) are Uorwor/’luc

as OJQomeérlle;,

Proof, By G+ 3 9€C. L3l et (f, f)
be the janer gatororthym 'ml"v"(c'd on . x,6, 1, L) by

s T R L o i A 7 Al
As (y,ﬂ* 3"(;,_,9 (by '/o’.7. 1,))  mrs G
01460 | GL T U | | |

d

X Saps  gaat all  lpaes o4 gpemetry e, in
somg  sensg, plegny  the  came  cole.  Observe farther
chat ot Loéf’(' thea L, .f'jenelnf‘c; /" PR L
conse  tht, by G3amd GF, LT LLIIElL
This  Sussests that & gesmelry coutd b 'J(,émec/
by Specifyms a greup ackron (X, 6, M) aad a sabst
L, € X te Sevve a5 a Eypical”  ine This 15
In ﬁac‘w(axe; we besin hy dptemi ¥1dtng L, af Aollows
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®, i p. Lkt (X,6,T7) be & §ronp a(’l‘m

L, & e bkase e for

and rt L, € X.
(X,(I,”} o iz satisfles  the foffowing Chrep A xloms !

V&fc”- l-og CLO ?7> Logzlo .

Vv, geX 13€¢0. x93 c b3 .
£y 2 L,9¢L,.

BLI.

BL2.
gLz, Vryel, 13¢6. %3

The  Following thestemr — sugs  Ehal, f0 all  intaks

and  purpees, & 9pamefry A Gy acbom  wirth  pen ling,

”.4' | LQT‘ (X;G‘,’r} LQ & Jroap ¢ ¢ Fron an;(} I

¢ 4 A C zX. The ,eo//om'nf? j;fmmnf; are eiuu/a/mt‘
a. (X,G,Tr,i) 15 @ 9eoméff)'.
L WLed . L owe be e b Kt and
L+ [L9: )€6] . R
& Giled ol e G
L= [L3: %¢66],

for (X/ 6,/7/ an;/

prdd.  apb, Let Led, By 63, 6%, FENEE

BL! {allows ‘lhn‘ G3 and 6/ . BLl /s C/Qar Jossr
G2 ond G, BL3 s tmmediate  trom o G5,

Lboc., Obvius, smee ¥ F.
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cD, wWe wmut provk Gl .., G5,
Gl # Licbth, L Ihc L,. By B,
Lah e ds  se L) Lh,

G2. Lmnedinte from BL2.

65, LYh = L.

ce. I LI, bhed, (LI(i"h) =Lh.

65. Let x4y € L3, i ‘xg"', 4i'el, . By
B3 TheG. xfhzoy 4 Lhel . By
gei, Lh=1L,, x(j’klg) z 93"3' : Y and
LR =g =L3. O |

¢ s used G congtracl Jeomelries af fo//ﬂ'“"
Let  (X,6,T) be & Grenpy MHM/ and 10 |
Locx be a bot e peliae Ly [Le319¢6]. |
gy NF oa) (K6 md) 5 4 Seomebry,  This
replaces  The  fire axrons Gl, -y 05 about E 4 bunch ok
cubsefs of X wrrh  the _th‘m axioms B¢y L,
BL3  abur 4 suimsle gabsef o )() A E

Congeferable  Srmphitication,
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M LelL X LC ' f°f°/°5lCa/ space ‘ye zL
X ._§_)X : be a ‘hamPomgffhl[m 0{ X ob’fo ,{felf
and et Lo, C X be A (ul»r-'/’a(e with Mg
Followns groperties:

a. L, U closed 1n X,

L L bomgomorphiC & IR .

c. L3 ¢ L.

Then Lod = L, |

“L,9, e wdl bnd

P-—--—N(){' Let 2 elod ) Y€ L,
of y. Thr xR

A (oqfﬂAleﬂm to the existence

Iowmgawmorphis I__0 —f—)IR with xf‘o an/ , gf =p" §o W

assumg  that L, s Wesordimbersed ” with %3y i =
Sme [felot t<1], [tel,i€21] arn fisjamt ofen.

subsets of L, whose union  contains L;3 ) and  since L

Coymemd = L) connec ke ; [tél t)l_) nr_oa s P/,
Naw sdppose '(‘6[9 and M‘f’ .C’aln uf[ B9

Suppase  nof, Thea, arsuiag sz‘ a; we ol aéoye) [vel,9: veul

(
:' . L9 cC C“) 5 S .~5°ﬂ"-’1,ed- and " closed

L (sintg Lo 1 chsed) anl hwe (.owfact‘, But Ly st homeormerfhic

SIS A UL PR TR S R TR
t J{ [NF thl le 3) : f’ﬂ(( : (.,m/?) C[ ,’) fO

1 wellwlefmeol, imfeed &, 6[@:_;]. C/ear/)' J oa Seguence
Un) 1 L9 comversing. fo £, . As L) 15 cose], ¢ i 8

1t folfows  that L‘.’j 2 (=, 6]

|
§
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T uely uj=fo. L, 7Eu = [VNiN<u]

U [,v_‘v )M) (AJ i : t("(’ Kateh o’ fwa dlfJ‘Pf"lf— (’)ﬂ”?‘f@l
oftn subsets, Sinte § o4 a homeormephism | T
o 'be the  case  flat -Loj TfUf = L § Aoy
= (-vo, fo) 15 the uaton of  ta sy apen Su‘J(’U)

-

Jhich 15 clecly a coutrediction, O

H.é T4D. Lol X 2t .l?z, 6:}{ rhe ~§rw, o honporrphisi
)t ‘(“p(“ abaissa~axis 4{:# {lcj"j(&f‘

of X oatr X Lo
15 6 geomebry, It 15 allef

qugq (/</ 6'/ Y, i}
the zfof0/°3'Ct‘ .Fu'c/:d!'o‘l“ plane

’M‘» (X,G’,Qv} ' 'c"’@uly 9 9rouaf acFpn, We
show Ly Setofrs  BY, BY, BL

BL', i Tl“; s . NMheAMf() | frnu, H.S ‘,.

6_/:}_;. By usim) Lruns /a("mé;f | ai;,( .rofa f,mr f,,‘r 9 ';/
16 18 Clear chal all W»{Ma'.ry' ¢ f"él;‘n'f lines  are
in a?_. So  use them

B " Thy ballevs fow BB as o sl
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17 T, let (X,6,Ty d) be a geomefry.

Let X}’fﬁ))? be any bijection  of X onts another
set X . Let 6 »LpG be arr  Asomerfhun of
G5 with another  greup 6.

Defin ,-x 4 AF = refiLed],

- Then ()?,G,ff) Is 4 9roup acron | and
I(wt,‘f’) i an .:acf/én /Iom'/"'f"'/ iy T, d)
IS & 9eometry and (4, ¥, %) 15 4 Jeemeley
IS > korphism where Vzeoi il jf Lh

fri’-f- 76 = [EPINE < [ edfs 21
b L )ar))fgh = ([('f VG (R /]f ,
. [ 1[4 f;w)))f [(xf/((ah)?)]f -z(%)‘

Prow s (X G,m) s " §roup achm | 'W( hove

xx6 a0 29 7 zf, 97

o e - I
lrr. F l" ] ((sz '/(9?4/ )}{
e il

%y I (’v’j)'f




and ¢ oo buectie g0 (1, %) 15 an
o ¢ Eron 1Somerph S, The fiest Clatepent s /rom{.
Now let Lofj.p Claim Zof (s g base lmp  for (i,&‘,;?/,
5“. obsers  that we have dlrf?ly proved thek o Vreex VS(&,
wb)ot) = (Z9F. i
e tiE e GE Rl R
e ' - il
[ (Lff/(ﬁ”) I mo) AL S
jt dollous guickly (LH:) ~u°

gL, Lot 2,5 €Xi T §€6 s fxf,:sz G
“‘ {allolvi 7(4!(!(’/ ttmf fx/g} C (Z -F/ (?f}

TR

‘3_{3,' Let 5,7 ‘ [f 33"0 zfj yf N
L g <o, A f”“vf 5wck(y Um(‘ @f}(ﬁo) le |

BiE (07 s s .
NLE s o bese e, But o{ = [L\c /'”U_
SLEE ¢ SE6) = [ ) seq] £ [t giee]s

Buaallef ) ()?/ G, T, [} s a }-e_om(r)’,:

/4 S Lty O g ool 9eomefry

UOh rr(mh U | |




Goowmetry 1#) Semmor
wednesdoy, Nove &) ¢15 Ph

. (Rﬁj) Prepart 4 Short @ ppestbin i " Continyong
maps  betmen  wefric spaces T curt  the needs

of t"\g other ’r'z“?M ‘ae/ov- rh Clul(

A. & Aiscussion o when Ewo Mfrl(; on a stF indute e

SaMp l\fz’bo/ojg ) 'ani
b‘ the (“‘ParQM . of (X;A} _f9 (X—;J.) ‘“(4' f‘\ll‘

A()‘;D)Z d.‘(x‘f/ 9*) '(4% f 1 (D‘ﬂ‘lquoqu'

V’, v x 8
ho menmr/éa}. ,

1" ,nhc‘hr, 1 { ,'5-,.4‘ '.Ué‘h?(ry/' F i o4

a

2, (Gulik)  Shev rhet Euchidnn ./‘/M(A.jpoi‘v({ry %5

Su‘)}pm?f")' of thy  topofos sl Gac(/d/aq /I/ﬂﬂfv,

s (Belkmt) Let (Xod) bt o metec sPace,
il et KXot X be . a bijeckions o X Toate

—

another  Set X,

a. Define X x X -fl-a R _5/‘ (??/WZ?M (i‘f.,:‘af.'/d.

Show thet  (X,d) s a mefra 5/4((" and (ot
'F IS an ,Soh((’_‘)'. L

-

b. Let G, 0 be by  1Somefry 9f°w/; ol (del//

(X,d). show gheg 6‘ 7 G

xHx = xHx> L;’(’




T e
T ——

T 9""” ISOMOrfah/IPL A’h;‘ ftvaf (X, 6‘/ ey) (7!' Jf} 5 )'{-’-/ 6“/ (“7’/ 1

1§ an action Isomorplcs i,

4. (leorse) Let (X, d) be a mefric SACE,

pebing XxX & R by €(x9) - Ay
| LT

a. Shoo (X,e) 15 a mefric sface,
b, Show thit (Xm‘}, (X,e) hort the  cant

tofo/oig,
Ci ;l,ow rhef t‘te Isomefry groap of CXId)

15§ A& ruéyro«,r* of the Uo#vfl")’. Jroup of (X/G}

be mefric  spaces,

5, (6"9(f??l‘) let (X/A/) (IIJ}

O S S o L B

e (2, u9)] b Aoy b J (7).

6 show (XxX,€) 15 4 '-)sc/m space,
b, Show fluf l‘l!() .fo’o/o’:) o)‘ . (XX f, €) '
1s the  product topolosy of (xd) , (X, 1

&, (Mamlgon)  Let (X d) = (A, d) = /A’ with  usa
mefric . Metrize RS ar . %5, Let o{':ﬂ
Se f ’of all  usudf SEralsbt  Jines | 'Ze(‘ g G l(: the
ISometry  9romp, Is (X 6,ev, L) 4 30'0,,,1,{,-}/ P
B s, 15 1€ isomorphic” €o Caclidian  plane }PM??;"?
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(Md’(ofh) y qu (iRQ, dl) be I‘l‘(’ (A,(Ma/ me brec
plane Consrder  the  mefrec  Space (RY €) wher
. :
e e 0( 1YL {t ?. : S“.‘,? flldé fhr()e . Folnff are

At
plluerF €A (9 2) =€ (K2) for Some orderin)
e RL o] these chreg  polnfs, 'If‘ Ac/l?f, Sey
thet A B ollar - # A s af feus 3 prinfs
and F query Clm’(" poiats 19 A - arp coflinear,

DQ{'.”( f /‘\”( 2 .éf’. 0 hn’/m/. ro‘///«'our subset,
Let @ LQ the "fbh?(ry Jroup of (/pz, e )
let 4 be f  SF SiE a(/_ fides,

Is (‘X, (r',”‘/ 4{) a 7gohe.fry ) .Am{) ,f ;o/

Is 16 I$omorfleg to ch/u(um plone )'eohefff.?
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Llecbure {2

We  begin our Study of affine  plane  georetry.

12.1_Dek. A preatfine plane s & par (X, L)

such ¢hat X 15 4 se  (of ponmts) and A s
. collection of sabsets of X (alied the set of  laes)

subject o the following  three  axtoms

;ucA

AFL. I} %geX with X #Y 7 untgue Le L

chat 2, 9€l.

’ / '
oL, ed , Lo perallel € Lo S LWt

st Leb v ynt’ <4,
' / ¢
AF2.  VYxex Vied 3 umgue L cd , xel ¢ LL,

2 e X such thet X ¥Yryx ¢ Vlfd_)

AF.;' 3x)gl
51/912; ¢ L.

Nofamn: it x¥g €& the anigue line threush % and Y

“jn Y .
petals defermmne 4 /ij AR Seys that

AFl  1ays phat Ewe
there 15 4 e poralie] o o siven

»ﬂH‘OM}h A 9reen f@l"f

Jiag AFS Says that  there extst 3 nons colfpaeer /DMH,




5 f2.2
L2 EnmR. The  Fuchdun plng  with  the ususl g frught
ey s 6 preabfme plasR. Buchdun  3-space with the
sl Imes i mot CaR2 fails) . (R, ERE) s et
because AF3  fotls,

1.3 Example,  There  exists a  unigue preatfine  plane with

AFS,  sfort with  three
idioin & fourth pomd A the

{our ,ooMfS By pon ~olltatar
jolnts a,bc. T followiny

o chorces are exhauslirey m view of AF |

) J
b
O
” 6 d
<
choice I 3 foMfs e foMfI
ju on & fine e oyt
i
Chotee L 8 tmposs bl a5 no fiag ¢hroush € 15 por el
i easily

o alb . That chotcg L 5 4 preafhine plane

verified by In$pec tont,

5214‘ Prep.  "II" s an eﬁumlence relation  on

) proof.  Retlextve  and Symmetric  are clear.  Now Sapfose
Lliby, LG - qF L0 ¢ tha L1014, othermise 3
b 4 ((L,ﬁl} . Bat then L;,lg are fraes  phroush A each
fﬂi‘al’t‘ éo L‘!‘ fl) t‘[w{- éy AFz L[ :.43 ; g




| ., _ _ /2.3
2.5 Propesi¥ion,  The  following  séatements are vahd .

(0 b X 24,
(b 14 L€ d.
"F Lt)Lz ‘i ?L(‘i, L;HLNJ.;.

L

ce)

) #Led ILL e L, RL WLy

@) I+ Lyl b ¢ L then crd l.' s crd L, = :
crh fLed t LIGS, 2 4

crd L2,

() vLed.
Lo ofE ek tolt =t

() # LLed,

h) VepeX . cd [Led: xel] = ook [Led: gel],

() It « 5 the nawber ot ,’PI'H‘S' on A4
(alwags  the Same by ce)) and F BV
ol hims ghroush a  peraf  (always the Same by Chy) 4
then A Ep and, d x5 dite, x < B

ling
phe  number

Prost,
") By AF3, crd X23. H crd X 23, by AF3 and

L s d

AFI  the onaly f°“l‘/t‘ chorce IS

A

wlhc,lt Vl'o/a\(e; AF 2 . ' crd X 37, (t“a'f crd
Xsd i possible  was  Chowt 1o 12:3),




g_éz, clegr  from AFL 12, ¢

« 8y AF3 I AuE nonstollioealr . Clearly no twe

I, Gen 4 ¢4
B il ny e em POIEL GRS

it folions  Frowm 2.9  pthet  al  fesst  om of X/9, 9/2,

x,& 11 ,l“”f' "o h!lf‘"r 9" l./ ) L »

), et %Y ¢ be as mn (<) Crvea Lfi./ 13

0% tht L s fan//el o
ong of  —hentt nonsperelle( with af  feasE Ew of -

_{‘ Lox L
L |
x(9, 92 vl &, ﬁ\i

|
(Q). Let Ll) L&; L; ¢ i g First  we  wll l‘t""e 4 e 1‘

l,i-aLl ard  prow that f o bojective, Vzel, 3

at #ost
{p {jotes ’N'\-

antgur L, el with 16[; /L where Lée L sach
that L KLKL, (snch L epists by (d)), o for %
€L, Aetme 2l st Lnlg  (noting thet crd (Lnly) =]

s”"e‘. Ll th ) ¢

foas p=to-], ) . :
Usupie w,yely , haaf. pedwe T by wfellllL, s
leGLx"L) l-z=i:, Stonlorly L,‘-‘L‘v because f,tﬂc. s x»
P E Lty 2Ll sl

F s onko

v leg 9el, ;
:z’-ﬁzﬁi) [ :afx co 2t = Lx/h{‘, s LN, = Y,

Deting f by qe["L, X T4 LAL ., s

[ =



i
this  chows eddy @mﬁ L, = exdhk, b

/3
d)l of ,éo
dil e v il R e'%
h [fo_:L"L;]

LO

12,5

L
7 7 unigse Led such thaf xelllly

h 1§ j~&o-{,
it b Qh then %, 9 ¢ xl’l Nlo. As L 4 zl’)

[
¢
L.. "' x:go

(} onfo, i
! .‘; Lintg then Lilo . ) dedine 234t Lnt,
.l,q; cellilsy , L= zh .
L |

The fmf of (¢) S complefe .

(f) By AFI ad AF3 3 Led. cerd L 22, 1€

Jollons from (e)  that crd L 22 yeed,

et LL'ed . clerly L&KL » o cLat’) e i

- ' /
conversely,  Supfse  crh Lat’ =1 capl’ #d.
sappse =L, 0 crd L3) which  contraficts

). COLELY amd gar? ye, 1e, LY O

€9)

thy, ) are relesefed Eo the  cemmer,




4l Semmr
Wd”“hg 5 Nov. 15, 448 pmy TG 20

[. (Bellenat) Peeve 2.5 (h)

3. (Geerse) Pprwe Chat RO (K A) o 4 qreathine
plant with X nhinife then  the Aumber of /omt‘r
on a Do a5 pafimte,

5. (Grettser) .Prove a 9emeralizafion of 12.5 (i),
namely o+ =P

4, (Guhk) Let (X1d) be a /ruffme plane with K
it st ol cmns, Pt Chf T

Ml(?}('r P with fz s R,

B, (Hamlbon)  Let p be & FPT7E Conslract &

preatfing  plane  with  p2 fements

6. (Maoln) Let X d) be @ preakfine plane with
X a fiake sof o  n ehrments,  Decrde conclusiwely
Jether or  pot AW 15 prime,

7. (Rey) ConStratt & countably pnbimcke  preaffing




13.4
Lecbure |3

et X, i) be a fi’ea”me flang.

13,1 Dedibyon,

G oy [aebicn: vied, Licd]
D=4 [deG! vied , td L]

Ty [teD! Veex, xt#x] v £lii,

Elencats oF G are called  collimeafions,
Eleneats oF D afe colled  glilatations
Elements of T art called  ¢rangfations,

13.2  Propesiton. The fo//owmg sfafements aft veld .

a, Collineabions wmp  moncollinesr poats  €o  poncollinrar punts,

b, Llet § € byj(X) be cuch ¢that whemwtr % ¥9
then  (xI9)F CZ“#. rhen € € G.

c. G s a sabyreap of b (X), |

Proof, et ¢} be as 1n (8). we besn by showny

thet I wmaps  nowcolligar pornts anfe  mon colliatar  potnts,

f
p Lt x, 9,2 be  three  nongofliapsr poinks, We must  chow

i J
L thet xt, 91, &t are noollinear. S0 cuppose  xf, 9f, ef are |



f~

p { iy \ g ;’g,
collingor, Then 3 Led with  xi, 47 &r € L, |

By R.5() 1aeX wieh ag L . Defme Med by aemMllt.
as b 15 onbe 3 A €EX with af = a, Let N be any

ling through o, . Sme x[9 , 9] are ponparalltl , N
mtersecls one of these lms at a4 pomt b,  Since af:a gL
and bfel , NE C afof KM and NFOM = Fa}, By 125 (D)
JceM, c#a. 3 . 6X, ctrc. As F s ite-r, G
t4, . If N=it bG(Co , N 15 a hag throush do, and ¢

Prosf of & This follows  from whet we sus€ preved  ciace  sarely
andy  collimeatron  Satistres  the preperty of £ an (b)),

Proof of b, tet £ be as m (). Suppese  xx¥9 X, we have

(2199} ¢ xf19F and bhave only o show (xpipf = of [9F, Lok

acxflob. I aex., at 28, swce xf,af, & are colliagob

We have 2,9, 4 arc collincar (br wht w ’rom[ abeve) so
thet a6 %9 and & ¢ (2iyf




_Eroof 0"' C. If 3,‘] € 6’ 4”“ Lfi t‘)e" L (34) " (1’)4 /?3.;5

ed uhch  pres 9h €6
Now we flet ,"c G, lel -x;’gfx.

only to  ghow (x[g)ﬂ" C xj"/ljj", let 2¢ %y, As
£x, 285 ¢ f(%J")jl (9379, c29")3 2 1s & collmear set and

9 pups  pontelliatd™ porafs o peagallinesr

By ¢b) we heve

0 ports  we

- ! -
must  have 23 ', 997, 287 collinear , and hente FY

¢ »9'199. O

13.3 Llemma. et x-—t)x be any funtfion  such
(e'j'l -P (0!4’0,

xH:n' o zfy N =,

Then 'F 15 (om,IefQIy AC‘Q"HMM Ly wha t

(mere  precisely, ¥
which £ ad 9

ttmt VXlQGX .
be  Constanl),
13 AOU to any e Ac;{m(l‘ ’)o,,,f,’.

mot"er such ﬁﬂ"(\(’“’ d'M 0‘0 3 £be® Aumn‘ fotars on

then ++3).

STy
ff_‘_’:f; let @b be any twn disinct pornég o X and et
veX, we wll cmpte xf  From of and bF.
case L. % £ dlb, ;
2
a , a{:
r’ ¢,
b o :

De dine L:,Lz by a{ GL, ” aflx ) ‘fGLg /I blx. ((M(enauyl

afzbF, but vhis wen't affect  the  proot ),




13, %
'} ofz ¥F  thea % R e otherwise  af ¥ xF 5o phet

o € abfrb || alv  ad afxt =L and <Ol #f el .

Siwqlacly xF=bbel, or el fZst 2t [oF =&, and
vfel, «+  Bub as 4l K obiv, L K& and  hence
¥t = (L0 L,  ha been  compufed,

case I, x€alb. By AF3 7 ccX . < g alb. Therefore
ct ray be ““'f“’d as m  Cafe i Sinte & b were
X maY

case LT and  si1n0e zrd‘ )

U

arbifrery 1"

be  compated as 1o case L.

13.% Propesttion,  rhe pollowing  ctatemints  are va lid,

Two dilatations ajreemy on  Ewe dis et porrfy art ef‘“l.
Lunction cnch that

Thee £ € D,

Q.
b. Let X-£9X be a nonconffant

Ve,pe X, xf79t o #lY | =fl9f,

c, D 5 a subyroup o)t G.

I,

armmEEEECTERE

"Poo
6., clear from 3.3,
b, et £ be as m (b,
§ g I-toe,
3 xegex. ¥hegf.  Lef XX be ehe
(Mtfﬂ"'f Runctnn & 1~ x¥, Since 9 vacuousfy safiites

the  hypothesis a9 763 D aofb I 43/by asd gince F Aasrtes

: Suppese@

{

{

Lw:t‘r { on ¥ and 9, r follony from 13,4  that fe3, Jf'




5.5

{ is onte .

Let ZeEN. 3 atbeX by 12:5 (4). As s 1~¢o~/
at # bf,

Ly
¢ 2 af

L, "
A

-
bt

onl. Z g of]bF, Dot 4,4 by acl, ll A,
bel ) btIE, as ofl& R bh15, o Kbto, S defie

2 :A; L' an * T"ehj J'ﬂ,‘t as  In ’3.; case t‘ ¥ e ‘-e( f

2f = % .

co I, £ ¢ a\t/”. IR g af|bf. By case T 37 xeX, «f= £,
As Z'ﬁ’ af [xf- we have Trom cae L (s1¢e a,b were
arbitesry)  tha 1 2e X, 2f=®.

e i

only to show That

To complete  the  proof of (b) we heve
12.2 (h), Tt

P 5 a4 cllmeafion, and ¥ do this wy nreke
Febi(x) # already provhs  Mow et mFy €KX, B¢ %y ,
B zex, 2¢ xF[9F. otherwie 2yx and  E € <tz || #2,
Bat xe xf[2F I #2 =%y and x¢ A9t Il 3

t2f = xF/9F, . 2fe %‘ﬁ/”f.

€. Lot d,d'eD. Thet Jdd'€D s cler from (4 and 12T,

1¢G by 13.%¢c, Suppre 3 Led . LATHL, Thea :
uiotif o watd #g. As cned, o Latdo L=l

X . a ‘




3.6
13.5  Propsiliot . phe  followmy < éafempnts are Sl |

6 VieeT 28kd VageX. szt | ylyt,

Notefon: 1F EeT allyd we wrile g TR )

read  “the dweckon o € a5 L", fo mean  xfxt [I L

VzeX. ~
L, Twe f.—,g;l@hm i
c. |8 te T ~ili, A €& <~ dir (€7,
l. T s ¢ vorwal  subyroup of P,
e, W Lel, T oz [teT: iy or dirceyet]

s & subgrap  of T,
£ VieT il Vded. Ao s dir (ded™);

"- Qac‘! TL " A ﬂON"l, Iol‘}/‘?“f of D.

agreeiny . en any porat  are etml.

rl'oo{-
a. Lt teT={h}, x,9¢X. Sappose  z¢ L|¥E
v * ‘
N pl.t- . & :
gt
p|

As  wfrt o= x/2 || wE[PE . ani 2t e #/t) »xz‘/ez‘)‘

nitessamly  x2j2 = XE[2E and 2t e xfxrt, As
f2,2¢3 ¢ Kjet ond 272¢ , zlvts B/EL,
Slhll"'ly 9’96 - 2/2f. =3 x/r{ . glvf'




E;’ Lef tf r ) xo/ x"x . e Mu;t CO“;l‘f‘“Ct
xf fr‘on knwlt‘ 9 oﬁ ¥, B
C_?.’E.Q—-'L x¢ = Xo. Then by th defm(wn of T, £ = /x

anf  xl 3%,
case B %t ¥ %o v @ %, [%E,

%, %¢ B

gt o
By &), zfxt |l %lxt ., AS ted, z,t1% [ %%
4s x[ zolzoé, z/z[‘ ’A z,,l‘/“‘.
4143 N zof/)'l‘.

cosell. »¢ty =, ¥€ z, [% €,
w’
v, ¢

'f° -f R ——

oxt =

- ‘1

v e 1

3 9/‘,1"“‘*- 39 case I e maY consfrack 9!”, 1
1

As % [nt If 9let by @), X €& gl9t.  Usiy
case [T weth §  veplcty 2 we can consfract 28,

C. oY te T ~§lyp, Then | wirng (&)  we ha;(
VeeX ¢that  xfx€ = ﬂ‘/xt‘n'l‘ | 2%t
['V"('"J that ¢ 4 2 sinte xt"rc)( 9 x= ¥t



13,8

A, W teT i} then €60 and Veex . xe” v

Cos was Jusk observed) ¢o €T, f t,a e T8k

then €2 €hy il 1 xeX . xlazx e xé‘tz,a'j'c
since 2T €T A fxd ot bllvy frm (b)) phet g™
and then Taz e X, 1 ta e T g, So
Far ¢ have T =0,

Suppese  t ¢ T-'{I,,,?,AGD. VreX wve hore

rdt ¥ 2d  and 5o yAtd' ¥k, 0 JtdT €T

e. let Led, taer . tler, by dd)

and (c), Lot KeX. As xfx¢ || L I| Xfxa" |
we have us1mg (a) ond phe fact phet X xé, x 0 are collinear },

tht 2[%€a Il ZNE #lza” N L, 4od ta e T

F.o Wt ¢t eT 2¢ély, ded, xex Ustns (a),
#fet || wlxde )] xjeded”. D




Lecturg IF 15,0

19,0 Proposifion.  he followmy stafements art Egmmlmf-

& . ch Ll}Ll;L} 6{ Jl!ﬂn(f [Mg; /vle.‘11 A (0 ¥rtroil

piat A € (Nl and
%, Y €4 m such 4 wag thet x,[2 || 1% and

AL . Then  %.[%3 N9 1%,

le¢ % FAFY (4:1,2,3) wih

%

b, " %92 an dictinct collinealr  pemés then 3 deD
with  xd =% and yd = 2

(o//lncu- ,oomfs then 4 uﬂlfim

c. ’{ %) 9, z el JCf{Ihcl‘
Led wth zdix  and yd =2.

ﬁ"ooi :

a9k Lt 9T b distinet  llingar  pomds,  Fix a pint & g
%(4 and  define X-—-?LX by |

L N %a where zel llafy (a€ *1Y)
{M n zly where ddeM|)ala (4 € %9

M e

ad =

cae x/y)




clesely d s welbdefmed  and  bes the  following fe‘Of?fF'ér,' gL |

G) xd =%
o) yd=®

Vo provp (b)) we must chow d €D and o ThY pad we  empld
3.4 (b) . let d;l:fx with ad }'6&{ we most shos a/é l/

cae I. 2[9, gfe, Xk are dutiact,

bd
o b
s, the cotrutin of A, opa [f 2144 ob I 2144, = B

(n) wp have alb Ml ad |44,

case IT. ¥/y: xla ¥ %[b s xfu to the

Seminsl
ax I, aa = xfb

cose . xlysxfaxip ¥4 § relesatfed

LC.,  Immedute  from 3.+ Co),

cPa,  we wfer %o rhe fisure of (1) on rhe frovhas pase,
By (0 34€D. ad=a ad tod =9 As oy, € 9 []%d
s wd|ad | w5, glnd =0y, o oxd = WA N
w |ad = al% N0l =Y,

ole, = wd|ud N %1%,

Sreglorly z’,( =Y. Y

)




14,3

19,2 Propags€ion, ?&&JQ/

a. ‘{ L:;Lz, /'3 are dis gt flPa//e/ fines and ,f x‘ ,{g‘.@zj
C{en3) i osach a wag thet x s f| 009, and

wlxg |l 909 thea oz xs N 9,09

E==

, VYwyeX 3 teT . xt=),
c., VryeX I wnjpue telm, x&:9.

Preof,

a9b, Let yeX., H xsy , €ty u vhe desitd trunshiton,

Oﬂi?rw'ff assu by x %Y. Defing )(-—f-,»,\' by
LOM uhere acel [|21y, yeM [l afx (a g )

at < 2 NNy where ad ¢N |l ufa (46 5
(vher( u[%/Q 24 {'XCJ before JemeJ )
- ‘\?‘ X a 9
& @£y " tae 2
. il
| . S
M

N
clarly ¢ well~ defingd and  has the  propecties
@ € hes wo dixpants) i) wEey, Go) VaeX, alet ff =ly.




7o prove (b} we awse 13 (6} po  show ¢t ¢D. clearl y .”'?’

t 5 met  cnstnls Lot 6,b€X with ab ¥bE  we mast
show alb ] ot 16€.

Cdf( L. Z //4" A\I‘f are Jln‘/,g([‘

e

)39 l‘l'( (onlfMCflan. o{ t) a/af [l z/g ” [,[“‘)
b Il /bl By (a) wm conclade alb N at | 6F.

casg L. #/% s afat §4[bE ¥ ulat ; relesafed

s alot 4 bjbt = afut {o the
Ca> ? 'Z,Q d/ﬂl‘ #
.Q._Lg g et 4 b/ Seminalp,

ax Ml «t19,

bDc. Use 135 (B,

<8 Refer to The Fpare of (4) on The previus pese,

By ) 3 t€T , x7%9, 1€ ¥ easy o check

that zeyy, Fliy A s gy o x€ne ) a
0




i#5
143 Bebmition, dny of  phe

hree  Qgurnfent  condifpong of j# 4

on o preafhae plme 00, R) s calfed b Desarsue  Arom

A
h a“'"* £IL2§ I$ & f"eaﬁm( f/ane w"l(fw :al‘uf/er [46

Pesarque ap7omM.

4 propouten,  Let (X, d) be an aldine  plame, rhe

foI{oumg (tafements are  valid.

4, Givn o ¥ Aispinct ',mtf By ¥uy Ky, Y0 90493 such that
£ ¥ey¥s} o £9090, 1] are  noncofliacar &0 ruch phat
nlzg |l 99 (Todd = 804, fast, 1190)  then b Three
| a

naes A9, (een,3) are eilher  covCutreaf~ o /in//el.

b, All ol the etum/cn(' condibrons of 182 are wvalid.

a, Suppsse  E |9 Cenes) are ot all parellel. Then (£29)

%19, K %1% . Qs 209 N %fe, . To SHon; ae z/4;.

i %% 7 a[¥s  phen a3, %;,9, 45 60 clltnear asd a€ %/,
otherwise 0] || %afx; Y af¥s, so defme b=it alky /) % 1Ys
-39 9.1 (8, 9.19 |l %1¥3 ] 9116/ and  so 9:/33 ol gl/b’




106 |
W b7, 9,06z bl =00yl fy,0,97 are

[o”f'"-’r/ &9 0" ’ ‘ ﬁ"‘ a & dlb s x],L: x},"j '

s

0 W wefy 1.2 (). we consider

" - i N %o I =%
{',\ | %1%, If 4 I
]
: \K'_ ; ” RN L
]
: / |
I 1 /v
£3

PoHwL By L 009 o clearly  fr,vum} offter
it E90% %) tollmear  and , ja ¢ rher case, %5 Nl 1Y,
otherwise assume %, ¥, % 2, £9.%,%7 arn naolliaegr,
edime L by w9 o€l |l %I, As L |l %/ K*I%3

N %l Wagg LN %2y ”?//‘lcfme/, and
£9:/9, 97 15 monwllaear, By (4), %)Yy, %lY s
19 e penllel, v oxfy 2wl A yo€
Ul N %1%, yrp, ad wge ozl Nt 4f5. B

Rewurk,  that 141 a =) 172 a4 15 a  relafinly  receslt
d«mnry. ofder  Eexes Jis® | (51 a ) 24  gospther
aS  The  Pesarsae  q yprom,
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45 ﬁocm{«r 03(‘ (¢, ¢ 19,2, 1#.4
L.—--: . / / ) Le(‘ Cx’ d}

be an  affme plane,  Th follow13 ar  yebd.

q. GW{” SiX Aubiact ’ol‘!f)' Y 190 T /7, 93;’5 wilh
%09 , %l %1% dus Eract Ioes , % (% I 9%,
¥al#p 1] %1% >

then %1% I 91

concurrent o pere (el

)H ¥%:09,  (4343) arg

b V %4, 2 drfinct  tollrnea? ,vlﬂf}' g u gt AGD

with rd ="X aril 9"‘-'3'

e Vry Juwge €T wirh £E77.

,116 E”’”f,e, Th( F"C"l"‘ "“’f o an df{"'f //dﬂe.




[# Sevumgr
Wednesday  Pec. €, 415 1% T6 202

), (3&"6'\0'0 frove castes F,m,[@ in 11,

o> (Georse -Harléon; present jorntly) —Let x,d) be an
atbine plane . A pomt-reflection 15 a diatafion peb such
thet 7 w2 eX, yi¥e with zpzx , yYp:2, 2p 9.

if p s a5 above , show %€ vf2,

it p ¥ as above show thal P

rdlectron Frx10§ % .
i d s any dilafation jaterchanging  Ewe dusCract
pornt  retlec Lo,

Q.
b.

is the only port

polnis,  show that 4 s o
what are  necessary aml subbiclent  (deomebric) condibrons
for oither of the propectes () Yz 3 pom¥ reflection ‘
p owith xps¥ 5 (i) Vity Ided . wd*y Pod:% .
How are 1) gnd () related !
3. (Gretar), Show thit for the Eucldun plase , [deD!
co,0d =(49] 15 a subjredp of D, omoerphic o the
Group  of  malbiplicative nom-0 reésls,

4. (GahK) let ) be ao allme plane , xex, deb.
Show 4 150) Eel with Yi:x and Jf:d.

5. (Mdetm) 8 (X, d) 5 an athae plang prove T 15 abelun,

€ (Re9) pPowe cases x,@ @ oF (22 and ecpeund on
,fnl C?d.



1S
leclure I8

we inferraplts our  stady of athine Planes o make «a
l,rcef gtudy of Ve for spales  over a dwmon ring,

15,1 _Betibon, A dwisen v s 4 feple CF, + )

such that  (Fy#) 15 an abelun group  Cunth dontity oloment

writfen "o ') > C(F, ) s a monerd  cuch (FAtg, )
Is & Jrof  and such  that  the  diséridufive Iws

Vu, ) 2¢F X(Yrz) = XY#xe
(Y+2)x = Y¥F2x

& te valid .
A Fllid 8 & dwasion ring  CF) ¥ () such that
(Ffe3,°) 15 an abelian  9roup,

" ”
rhe ideatity of the wenotd (F) 05 wntfen ) %
means xz.l:) s L’"x whereas +-1averses are wrtftn "o x n.

16,2 Remarfs, Lt (FF ) be a divisron ~ny,

a4 oxz=0:=%0 Wy [as 0X3(o49€ = oxtor Pox:o],
la_, :t;g:o ) X0 or yzo [lf 9¥e, xx x+d :;(9,": 007-': 0]‘




1.2

15.3 Example; the field Zp, let p he a prme, let

(Z’,) +) be f‘(’ crelic g roup of OV‘JQI‘ & For rbe sake o’(

a spechic wlel  set 2, = g0, p17 and # = addibion
modulo p,  let Zf x2Zp . Zl’ be  multsplicabron podulo /i

It 15 easy o cheeK  phatt (2p,) 8 monotd  aal
that the Jutebate  hws  hod,  we shee tal F ¥
' Qrists, Supfose %Yy, Eh 02%Y ~¥9 <x(4,°%)
2 2% =20 (dp) D pl ey 9 plx or plcosn)
(af p 1s grioR) D) xS0 (wed ) or (0,4%) 3 o Cmed )

w) TP or g,ﬂoz 1 @) 3 ‘9,1‘%.- (a8 o a;}uhu{ r¥0).

i WFR Y XU, 4 w9, g0 Z,t FO, %, K . (pyrf
anf 3 U xa:g;::j.

1S+ Theoew,  Every fine o A1vision rMOY s asomerphuc

ts ZP {or Saotp amiq( [NM( 'O .

froof. » his = bise(fron Y e
Somery SECTon  preserving ¢ and " ad qu,

The  preof a5 feo  lony  and  Specwlized  Por  tacflusron |
here 5 bat  wmuy by found  gn pmes€  Fexts  phet
frga'(‘ Q/?"?Mhry {lé/d T{?Por}’,




’50; Fﬁhﬂex,

d. The  ratronal  numbers i Q ; form & {retf A

b, The red R, form a tield,

e, The  comler nambers, @, form 4 tield,
(rey) +(2 +4%) (Z+E $&(y+5) )

(ctey) « (F*F) = (X -y5) + ¢ (9% t255))

numbe rs )

1

1.6 Erample.

15.3

detne (@

with  bosig

Notice  that ¢ af above |
p-vechespace ¢! £L4}
maltipticafion b Lx zxvd Yeept o
bortes  the dedfon (2, 9i)(%,54) =
=KX= , (WE+x9) 7)), dedine

A

AQ f!"‘"’)

boke 4

S'MH/H'/Y/

takc1 062_ =/I?$

lxsxzvd Veep*
(gt =L
4y R z=ys
OR=( = =Ry
R, =

the

and

52k
The  Aefmiton  of
{'"04) and iy

Q,;

Stoclarfy
RKercist),

,ro"‘/y
Leeld

not* 4 (e

<
paltplecatron /R,..I( /R’- — R

Ewo ~dimenspasl

ank  Jefme 4

-/, Thy

AL+ YT 1edayget

r_c_,_[ fqa )‘crhll” J

wrf basy £, 45,08

S

a /lﬂj/o‘l rMJ (f‘”{/”f

J'k P’kj 5




15.¢
157 Debwton. et (F,*,0) be a dwon rng,

AcX. A woa gsubdewpn pmy  of CFMY Wf folicy,

Vabehd . atbe A, —ach, ab ¢A, ado9a ¢4,
cleorlY, 4 subdiision rn9

5 a  diwvisten ring and any
ntersection 0*_ S‘uUM!/M riass 15 & dwisron  rin) . Hende
every  subet B CF 9emm‘cx a  subdwtion  ring

<B> = NLA28: A u a subdwisrn """JJ.

189 E“h”f, I1s.7

2inS e Lo foffs  of

eXamples,
Ror pustence  consder  the  cubbield  of IR 3enerafef
by QU £4E; .
1559 Pefmbion,  Let  CF %) be a dwisen  rimy,

A vectorspace over

15 a ¢rple (V,+,T)
such that  (V,#) 15 an  abelun greap  and

VXF —» v
%) A = xA

8 4 tancteen  gotubying  phe  qrrons
(XY A = XA F YA
Z(Atp) = ¥AFEH

2CAP) = (YA
a.’l : X
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1510 Detmifions . 108 (o, W) be a  Vechorspate
(F/ + ') »

A<V 5 o subsppce f Voged VaeF | xry €A,

over

...xg.A) 2A A . A u oatself a ?ecrorfflte, By the
osun{ aryubeal  every  BcV  gesenies o subspate B,

Let B c V. B s thenl(nf 1t wheneve

bf~dbp €B and A, Ay cF  tha Az 0 9
)' 3 ...:An: o,

otbvrwise , B u  dependeat,

if V, W ere vectospaces over £ (we drop
the  trplet motatron f  there 1 pe (oufu.f;".n) , &

Lunc tton V J—9!!’ USRI (TYTY, of ‘(xfg,f:'.'xﬁ 97‘& 5
pnd  CNE = GBA V wger VACF,  clerly 1,
A!S liagar and I‘, 3 fingar- fj [1rea ™, 19 wirh

g heear  and \tﬁ"v, 3)(:’-\,, WF biective
a4l hagar,

l;.l{‘ T'lpeor?h, L,.v(' V bf a VGC*"W“(P ortr F, BCV.

The  followiny  stafemeats art equevalen

A, B s adepadiat and <B = ¥,

b, VO?’A_-’GL’ d amgue b, . by €E , A, Ay € F such
that X ébA; )




o Fo'\ e V?F"/

Lunction

ve Chars pate

W owngs F/
B _1)‘:/. ¢ X Feals u»'/fa.e/y e a

hear wep  y —dy W,

~

p /‘0’# ’

ISR

{ ghik

ADb, Let ofreV, |t

hene 5 egml b LB,

ever)y

15 easY o cheek  phatf

A b by €8y M, Ay cF ]

Stace

RS ’g’&*d,‘ i Suppose PY/S rs Zn‘b: /T* .

represeatation
A ;
Wi te )i b,* A.‘ b4 2 b /‘6 (N‘Qrg
| ; b¢p
Stmiledly  £86.4, - £ WX,
g J o bcis b
g b(N-A), A

beB

Vb aed M,{Xt Vb,
of the  represeatafion,

boC, i xeV, et = £bA be th usigue reymigntation,
-~ ' beB

5 a rylspace and

<8 :=V, oo

9
/“* beb.

A‘ i {o otheryise

Oz S < g LA,
kg ~ beB g

K " I"IP/"/M'{' ) (Ag*}],} go

whech

prover b balphentss

kb x5 7 658@3))6 . Clewly § uc liveer aod a3eees
6 |

beeth 9 on R,
of § , $o § s

ot TN TETSS

C 94, Sehingrr

Morpover

wargag,

problem,

ltngart Ly

Lorted  Fhes J({:«zﬁf/m
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onls Wlition. A subsep of V satestyrmy any  of
rhe qumlen# condefions  of ISH g calltd a

basis i_o_" "4 .

15,13 Theertm, Lt V ¢ g4 VecForSpate  over F. Then
3 BeV such the B oq bssts  for V.

prooke Lot Llp fBcV! B¥f e B o independent §

cwe L, TEEV, k0. Then M 15 batis,  (spnmer froblem),

e 3 xel, 7{"1"% clam ¢x1 ¢ 4, sonely fej £4., |
Sappose w\:o._’ It Afeo then %= .1 =x(in”) ?
<t = 04 budAT oA wkd kA <o

. Thy paevts  deed  thr  fzse A, 1€ s
roatme to  checkk Tt ayy wested  anren of ehrars
of s el m L, By  2erns lemma
A hes & woviel elenent B, AS £ u
jadependest , v have  suly ko Show <P X.

Tlu/ /7] /efl‘ Ko 1‘46 Seataar, | U




15, &
IS: i Theoren, let B, € be bases for 4 VeC fesspafe

V oover £, Then ord B = card C.

Proof, Dfbwcwb;  can by found 4 weny Fexfs 5 edskr

to prove 1 at lesst omp  haf facte  Cordmaliby | []

1S, 15 D?‘j':""f“"' le ¢ V. be ¢« vecforspacey over F,

T’og ,I,{Mnuon 3_{ V/ A!M (V}, )5 2‘4( [ar//ultf}'

o gy ot fs bases,

505 Theorth,  1of Y, W bp vecherspares  ovtr F,
Then VEW At die (v] = Jiny (W),

Proof,  Left o The  semmer,

’gl 17 DQ)QI%!'((M., Le f CVC. .’4'6[) Le & fﬂh,,} of
Ve(j"”‘;fﬁ(ej oV? F’. rd,f(’ ﬂ( a‘t/(‘q j’“’/’ 'ﬂ'V‘\ /

wilh acfon TV x £ i .

(%), A+~ (x4)
T‘M i V, TR ] velte ripale (‘a/f(;( rbe Corkefian
,lf.iﬁf—‘f of  the  amdty i), Fhe cubtpace

° - / i
@ l/‘ %3 {(.x'.).s ”Kv Y for afll eecepr 1acttfy g9 5 lffj'
oalted vk direl gan o8 Ty, |




whe tht @OV TV 0 T u ey, 159

15,08 Theorttr, Lot L be o cordinl  nunbir,  Pen

3 a wctersgate V evir £ with  Ccord Vo,

‘,"00;- V :d* 69 F vlttff (‘ar'( I %4 ﬁ“‘ﬂ' F

ot fel

5 @ veck Tophce  over RGN F xR —F
), A = XA

~ | 44 .
oy foy sy Eowi DT e subed

of can((n«/(fy' of, JE s Friviaf  fo wr//)’ B 1y A

bases (uwse sl (b)),

'En ’3 RQV?P’/“o ‘f F, C F 15 a I“!’;,Ivlf/ﬂ" I’/"jl
F xF’ —LF pakes K a  wpcforifare ever /"',

%, A = xA
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wedmosdey, Doc. 13, FIS LYYy V6 202

| (Bellent)  prove 1.1l <94,

9. (feorse)  frove 15 13 case L,

3, (Grateer) Proof 1.6

4, (bubx), 2e¢ F be & Adwison  ¥in3 V a v terifele o7
£

F. prove that f Afo ¢F that V =V
K ey X1

1§ a lmear q;omor/lﬂh".

s Chmitn)  let R-DR bt o Fuken sech it
f=1, f(*4y)= f3 +4$(Y) V).;oclk) f{z")=’;‘(‘j’)

V afesert n)O and R (%°) = 0 F¥ Vaxsa,

- ey = Sy fe) ¢
o Fzdge PR D Po)- F0)H0)
Pizy= 240 o - 0,4

( (mlcln) Proe ght R and R" o ibomerphe as

abe ltan groups  for any  pog fve 1aheser R,
: /L\;O

7. (Re9)  Fesh 1.8 Csg B, f(ep =)
ftn-0 4 ?s”;%w(w




!
Lecture 16

for this section, et F be a divisen  ring,
Zef b 4§ be a Vecfor;face over £ with dim X =2,

(Bg 15,18 , ote wmede[ for X s FOF , but we

AO"'{" "QM & be Co ({r//tc(f}_
b %9 eX weh 79, x[Y 3yt EREFIALAEFS

i:”_ {x/g; ZJEX r?’%’ff,

16.1 Profojrf{oﬂ., C,Y, cf_) 5 a /’f(’a“me p/Me, [‘More 33
frae , see /6:5 ]

Prost.
AFl.  Let #,4 €X, 79, As %=z %r(9-¥)o, Y=
every pair of

v+ (9-%) 1 we have X, Y € Z/y S0 €hat
disttact  potnfs  befonsy o af  feas€ onp  line,  Now Sapfole

X% € a/é, We wmast  clhoy, 4/(, z z/Y,
Sinte Z,Q(a/é 3/‘:\{) /{g (F A/(l‘é ¥ = a*(ésa//'%/

g a +(é“‘ug . VAck We W‘Vf

H

atChalh, + Cha)(Ay~Ay) A
A + (h-a) (Ax +dyd =~ A) € afb

X *+(Y-x) A

A

which  ppoyes x4 c alb,




Now observe  that g = (bd)(Ay=Ay) - y-xto 9 P /45
VAEF we have |
arCo-wA = [x~CbwA,] + (o)A
= x4 (b-4) (A-4,)
= X * (9Y-%) (A;Av)"(,{%x) e xly

-

proviny b < %Y,

AFZ. Lot afb e L, xeX. we wil show that

xleé*a 15 the unighe [17¢

alb .

¢ L. x e alb, Then
= a + Cb~a)C/U(} ¢ afb, AC a¥b
heace  E[F*68 = alb,  of course alh 6 th ouly fae
Ehroush X fm//e/ €0 afb [becm;e perllel (atersectms  Jraes

gl by defmibon of pander”]

throash — x /Mra//e/ £o

rtb~4 = (a( ,L(é-a)/I} £ Cbna)  [for some Aer)|

x# xib-a and

Case I, x#afb,
Fiest  clatm Z/Z’fé-w? /) afb =/,
(f ot FAHCF wirh  xtbyA = atb-yp and

!

f

o then X = Gt (bo)F ~ (b
f = 4 + (h-4)(H-A)

: c alb ¥
e




;’6!3
Clam x/9 Nafb=¢ 9 xfy = x|xtba
Suppose {3-:(/ AU ST infefendent . Since  every  padopendint
Subset M‘? bt exfeaded to 4 basis [ prot of 15,3
whereas  esfry basts hag g elements 15 4] . FY9-x, b3

T (a"ff‘fe/ A,/l ¢ F y X4 = (gﬂ»/,( g.(é,m)/d/
and then x4 (9-x) < A) = arCbWH 5 g

'»'olnf of 76/9 and “/é/ X
This  proves fy ey baj 15 de/eni/enl‘ , S0 that

!

|

§

{

§

{

. 15 a fasts,
f

(

| (oathe it
{

{

there  gpo b AR hot both 2ero  with  (y~wr A F(b-a)M
T 0, She y-x 7o and b-a yo 1€ [ollows ghat

gy, o, — — -

herther A nor £ xo0 [ Here we are asiay  the
)['ac’( tha t V&(X Ve | 8¢ 0 9 220 or X0
this  was proved :'n 1513 casg JZ'_],

LYo XAy (=HNY) e x| xrba

— e

L

AF3. Lot 97 be a basis for X Then %9, 0

arg At  poncollmear gornts , [ proof 15 a Sewmaac

problem, | 7

/6.3 f’rOf’of/z‘(@nJ x/l’ﬁévx (s the aaigap liap  Ehrouss
x  paralle( o afb,

Proof,  already  fone 11 162 AF2, 27

Semcrmmpmee.




16.F
/6,4‘ , Profoltffon, Ror each A ¢F, AFo  anf f""

O edC"L ae)( Aefm( d/\)a to be the fancflovt
)
X ] 5 X
Y F—> YA FA
of

et D, T be the diletatron Eransfabron  §rodfs

¢l /’Fu”me plane (X, &),
b = ({J))a ¢ OAEF, Ao, a €K §
Azl acxj

Then

ros fda

froof. Lot xeF, A¥o, aeX, we show d, , €D, Todo
2 we ase 54 b, VX

X 0y, a "‘x',-ax' = (eht)A —ad” = %
! o4 .
x ”',r‘, gt Ay g T (¥ATad A +a = ¥

froves  that d/\,a ir bejective  and non~consfant a  porficalar,
Lot x[y €X, We mast chow zfy || 2Ata / ZEY
But  zAta[vata s {w‘m F YA L P EFS

= fRARA H (L e ) [heasse as AMeraes  the
Rt FApiper] <F ]

rf

x A+ 4 /M*a +Y~x

7"

uargag Im( f‘rrmM ,L’/{‘HI /4/4//{( £o L’/g Cé)’ /[,3’_7

as i 91146( fo . j‘éot\/'




16,5
Conversely, et dep, a=gp od, éy‘/g,gj
(o]e)d = alavx  Yxio. firxto. A5 d
s -0, ¥A¥a w1470 , xd:  atxA.  Swmie

0( Agrees bvlt‘{l d/\/a ol ‘o and V4 ¢ K fo//otvf ){‘rol‘t

/

3.4 & that A :A,\,a. This [ heves the  Sfakement aboat

D. The  chfement  jhout T 0 a4 Somman problem,

6.5 f’fota;/fton. X d ) 5 aa affiap  pleng,

Proof, bre have  only  fo verify 14,1 (h), Loy B & K/yj

T s——

2 dutmct Afeon %, 9. 7 ) H0 Re xt (Y-¥JA,
d:a(f ”‘,:,)-'w(/-u ' rhen xd = x4+ X(14) =¥

ard 9d = 9) 4t xoay = ey +x 2, O

(6.6 Propostron, I X-f-g)( s laear and bjective then T s

6 Collingetion,

§ #1094 1 perft

{ Cetegmapt A €r7
- (f:ch (t?f~rf},| CAERp
xf [9f /7

bk, (afu)!

i1 -

H




16:64
[ Prepescfion. Lot Frro] be a bases  for X,

D gmd Rkt B X Then
9 an g ftaedr )(..f_)x

q w i A’fif, 9l:7,

b, T a5 uhove o bioctive M OEF,57 o a basis,

Preof. Sohiaar Problyw,

—TT——

[€.8 . Proposction, et G be Ehe  collingaton  9roup

0{ (-X(th T‘N‘ﬂ (X] G/ ev, d} 'S B Seonme {"y'

Proote G/ and G2 are chuons from AF[  and (3

. A

s clest from the ool ition  of  collimeation,

G4 Lt 4,10 el

case I. L=l Use 9= )y
Let xel, ziel’ and 106 € be
€t wEsr'  Then LEsL),

Case I, LWL,

Che  wnrgac translafion  cach

case . (Nl z 0, let xel, x¥o , v/l , Yo,

By .xfendins X ool 2" €0 bases  aad  agflveny /67, 3
ltwear  bijectron X—LX vieh  xF = x’ As ot <o
ol fe6 by 166, LF=1’,

YU e Im UL FXR. petime fteT by x€:o0,

SOLENLE Fo3. By cwe M 7 FE6 . L¥F LS
GOLEET LY oo fofer g = EHET




GS let  x,96¢l6d. 0 Lsxy

LeT by x€39. The LE=4,

43

clestly , ear aff plane (X L)

f{ecm( nice /ro/erfle; ' /4 flle

Wi N(/( /ro(/e f&&‘(‘/ 4 Ibacf-/
planes  art
T(W will - prove for ustaure, that

f(“ff for avy affm( /{aqe‘

g

Defiae

haf

6.7

ne v sec fromt

all  attime

/nlu(ed f 4 2~/meh;/om/

16,4

ve(forlfale

tS
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i (Bellenst)  Prove 16:7,

2. (Georse)  Preve Che
Chrec€zer)  Frad off ollioeaions of the #-elennt

riafeneal g‘m?‘ T yn /[.7"

attia ¢ lane.
4., (Galik), prove  AF3 1Y

. (Mawdlbon), Leb p P frime
an aﬁfl'?( ,’/ﬂ"’( with /’2 \‘/(’M"l(f,

Gronp ~ Eheorefic  Com qats aboa¥ G, D, T,

(. Cpalcole),  Whet s G for Th atfie

of  thy  secion,

/e

P21 (onf)‘m(f

Ml/(( Ssofag

plane

of rhu  gectrn (S

aAs870e1/78 oA

(Rey),  For the attime (laxe

7
T"Vo ((: /,.""l"{/o‘ff

the  lolfowns  frac ?

z hna {r[((ngar arf ef,,'(f

/OMH

I"‘Q”"/ Cér![fhu‘




17.1
- )
| - Lecture |5

For  this sectron fet (XiX) be an arbifrary
Hhing  plane with G, D, T as m 310

17,1 Proposifion, I s abeluan

M We mi e f(‘(’e use of 3.5,

Let t ueT , x€X, We show v€u = xut,

Case I,

(.:/X or o(‘-/x‘ " Th case 15 obubag, |

Case Lo FHlfu dirct) #Fdirca),  Then 7;1‘/2{6« //
xlxuw || xtfxat D zélrfu = xtf %4t

Cxulxta = xafrat. o xfa < vl [) xufxfq

- yf/Jlm‘ / %a/ya{*' = xut,

Sowmilor(y,

Ce W, tAlxdu , A Ysdirta), 3 acT =fie) weh
dir C2) # die (6) . sine Jir cav)= dirtuy) < dir(t), f dir cuq)
=i (¢ then  Jdir () < Jir (ar) < dir (u'cun)) < dir (2 &,
$o tadeed  dir can) f dirct)

By case L,

tun = E(da) o (Ua)é= u(at) = u(fa) = ut a

-~ ~
tu = tuad™ = ataa gt 7




7.2

7.2
(1.2 Defmtion, A scafar 15 4 boncton T A,

Satistying
.S'C/.‘ A s & 9roup Aomomor/hlrm,
Sc2. WteT. ¢A¥y/ 3 dir (¢4) = dir (&,

Tl”(’ set o{ .a// scalars - F
‘ d”l '

173 Pyopesition,  The {olfowmg are scalars,

a T —T
¢ ¢
-{
b T ——T
£ — ¢
¢, T —=T
t >y
| do-od ™ .
d. T ———T (any Vrxed 0(60],
t F—— Jtd”
J Pr;omf.
. Obvlo(,tf .
b, (€)' =« < Clat (R 03] Die (€] Air )

whenwe €Vt R,




7.3

. & 1l o Obvieus, (S€2 is racuous)

0‘* let AED- : Vf;d €T we have d(fd)d“'
 Abd) ad (AU dad) bk proves

scl, As d“‘ ((I'fd"/ "d”‘ (&) by 155, we bhavp $C2,

]J,st ProposiEion, Lt NeF, N #0 (the salre "o,

n

1Y "= are Adwed 0 12,3 and will be  uged  from

now on),  let x¢€X, Then 3 unigae deD scack
thet  xdsx anl A = do-of

E;Cf_‘i' Vgex fef fizy denofr the uwfae Eraasiation
Such  thet %’t‘/’g S 3; Detine
d

Pl 7 |
J > <E, G A)

-~

I coustant and wd <%,

By hypothisis, A ¥o, ! 7 EeT, €A Fh, Smee €4

has me Jixpomts  (Aobmction of T) <%,805 #x, clerly
Cmtyy when gy yt 9d = <% ¢, A) = ¢x, £0)
9 x, Bgf ¥d = <%, trxA >~ ¢x e AD
NEGIE®) (/M:’x br Sc 1) = x, . 9d 7 xd

fr()v’/)j pt i f nok (oM!M‘?f:

omp o @m
— @, e W - e

(-




)74
Cd s a Adatatren,

we ase sf (b), let - 2e¢x, gdvad we wmust

show 912 Il 9dlzd, ¢, 4. = &, becus rhey

bot! a$reec om x. By Sal . l(xz" s (fzg"}({':?/u'
voad = Bt AD = Ly, (€, A) (ty,44))
=<<X,t‘,wﬁ)/ "“313/\> < (95'2 fg,z/‘)

Soovd |2 = ‘ad-l(?)'{)(fp,z") // 9/5(%2"} (8 1554]

—— TN W em Mmoo o o

wow 2ddod D A Fly N By scz,
L.p"{)(fg,g/\) N 9/9%,3 = Q/Z,

A:‘A.’O-Od
ek L€, B tyy vhre g~

L9 LE A tuydd  (w xd=x)

S0 Y= <, éA)ﬂ{"‘

Xy ANy = <xdy tdT =Y. But
ACENd™ €T (by s d) so AN b, <k,
DA AR as desired,

F—-“—-‘,-v‘——---

0( 1§ uareuR | '
Sappese alio heh 2,’43/!/’, /1=11 o-oh, Let Y X,

i
[
§

i

{




| y 17.5
Then 9h = &Kt b = uh”, boud b (a zh' s x)

'=<)f;h"fy,9h)‘ ¥y thyAd s yd.

Y
J
f
(

L
The proof | 5 (oo«.flfi‘e. 0

Nete ol o view of j7.3d ged 125 we bave
(omplefele  clarcteried  F1 Fa0ss n (==l corvespadiate

with  the  diletatoas /gum; avy  poraf of X f1xed,
A\ y/o/oj 0{ f[’)lj/ ,ook bﬂc/" ﬂf DQC' 6 sfemlid r'/
)y blew 3 5

/7.5 Prpucton,  For A€F , T—»T T =r5737

and  both are Aeno@‘ed " A Detine

~n +
FX/. muﬁ F Aff’
A, M ATH where T ‘-92:,‘ B
£ X LG B

FxF —-—_'_....3 o wlie.re Ap = T‘i\v‘ri‘;r
Mpo T AR |

B T‘tt"- (F, +, ¢ tf q ,(w/f/mv riny and rhe

e 1] / V¢ (]
Symbolg 1, , = p ;- are ar usaal,




0

®

1%6

Pro{of- we f;m‘ thow (R +) g an  abelian gredp,

Since  the  prduct  of Eranslafrons o8 a  gransfobron f
AP s A8 deast o well-defined  function  from T go
T, JFtH prA U tmmedafe frow 17,0,  Since
Lto AHD) = Lt o fuf) = LE N oCuAd ot rs
KW = E A L) o u Ay ol ) (By 101)
= EWAD o KEuypy AR satufies sc i, rhat
Mb salstes  Scz 5 punefate Jrom 13,5 d.

v AP € F, QrHF ¥ = Ar(rry) 15 mnedafe Jrom
the  fack  thet T 1 oa group  (thet s beceuse  Covposifioy
of fusctions  Erot X g X oI5 aUOC/a{u/c)’ Thet A+0
A TofA 5 obuteas, AcCepting Jor  €hp  wmomen®
that ¥ A" welt ~debined  qnd m F,  we heve Fhat

VEET Kt At = o ()" < Iy = <€, 0
So AX(A) o, |

. @n W G cume oD e

- e @ e

¢l

P e e e e e e i B SN Y

i

(F/ ) S oa Woﬂolﬁ(

e AR 1 KB EY = (<eMecab ) -

; RENP UMDY = KE AP oLP AR shous AF safisfres
Poscly [Thy o only why usaal prof  ghix  a Composckiog |
} of  tuo groaf hommr/'érm; (5 &  Sroap hommf//m»l‘
F A Al then <Eh fry s die (e <dir @A) =
die (CEMp) < die (¢ cArs), AN €,

!
{
(
(
(




[To pecticale CYA AN EF, 7o sy (pye A¢)
U eguwslet o qgeny  YECT o A2 (g))! whick

e

f

1

b grae i A EF by Sl Thy Rt . ghe sap
(o ehe  fist poraseaph ]

{

(

That " g tSroctafiop
1§ clear  gracp

composction  of  fancteas  Lin T 6 ™

i asrecafive, Tﬁai~ IA A=Al 15 opbetuy, )

L'

i
{
{ (F ,) 1S @ moﬁoldf wirh

t-"-_ ¢

The  distrdatin favs  are wid |
Lt LA ) = EXy Aip) = €A o SEX
s Lt XA) oLt AP) = L, XARXPS g0

X (AtF) = XA F wp,
b, (AIx) = LA L~ (EAeoEf)x
= Lt AN ) o L€, FK) (tr Sci for «)
= < t, A Tpa)

So (App)¥ = Ad +PX,

{
i
]
'
f
!
|
(
(
i
f
{
{

— T ‘

-

Ao D )7 exsts,

8, 127 3dep. Az Ao A gt Ao-od
oo AR (15 d) and clewmy 4™ <A,

r-\.\-

0
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) 17.6 Profofl"lons. le a € X. Vre‘)( let t,( ‘?

the

ahlt“f tranlation fem{mo} a to X (usmg 1% 2 <),

Dhtmg Jancf;mf

+

XX > X

Z, 4 — <%,6)
T

XxF > X

X, A ! > 2/ Ut <a, é/‘)
The fo/iowmj f‘afemem(; are Vahd.

tx*v = f[{&‘ d‘d f 2 fA .

XA T
(X, +,T) I a Vec fpr[/a(f oter F,  The addite O
K 4, =% = %XCI)= Layy™),
The  dimension of  Cx,#, M) s 2,
The affme  Plane  cructure mhuced om X A5 1 lechare

1618 guackly  the orsiml (X, L)

Hence o ypry affne  plane  arises 4 tnlectare (6

and gy be  ctadig] |y "anafy frc SComefry”  method s,

L}
e

<4rEA) 2 xd D (A=,

e use these deateties froofy  duriny the rest of the proo,




) 7
b. ¢+ s an abelun Jroup with O =4, ~x= <8 €y ) g

b oxiy s L0, 6 Ey) = LA bt by 1) = yrx

)

Vo (xty)tR = {(»”/1'9), {37 = <% ¢, ) =<, {:HZ) T XF(YL2)
) a+x = (a/fg> = X

‘ X + (’}/ (fx)~') = ((0, (fx).,)/ fx} < <al {l’ 6‘) :(0/ /X) Ta

(%¢9)A = XA 49
? (XAYA = <La, Gy p = <0, (b )AD> « La, €A “tyAd > (Sci)
L - <<a}f1’/\>). f’A> T (rA/f’A) T ,}.’/‘ fyA ,
X (AtH) = xA +xp
| K] < L, Oy 2 ga, kAt p )y (defuitun of Ypp)
| |

S LA,y ) = XAt

-

XAP) = (xA)A
X (AP = <a, ér("/‘D = (a, (f/‘/f‘) (p(e//ruhm of "/(f'"j

n
{
;' = < ‘(z,('u) T (©A)P
2l =x
'xd s L4, l‘[.1> * (d,ft’) T X
C, -let %y €X with fa, % Yz nonmllmear,
We will  chow chat  §wyl  is a4 agys,
§ocN)oS( A F9HU = _a. s Q= <:L’A/ fg,u)
- <d) 6XAO{‘.1F> So tlmt {ZA Ofy/"
A= (Gr)

= /X and
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()

\

. 7
Sappose AT O, I¢ folfougs Trom 17,4 aad §.7 e

ﬂmf* T -..2.;7‘ }; a ?rouf’ am(omor/:édm dnd  a i”"("“/“‘”

Ao skl o W I D A Ay and ghen £, M
-1

- (leA} 'f’x. g‘;} Sc2 we have d"‘ (ff} -

die (8cA) < die (&)™ < Jie (8g) = dirchy .

1 A'-'O- S'n‘u/lr/y A0, ATﬁ'I firoves {x, uy s
jnde penfent,

Nov lot ZeX ., We mucg oy MHP wirh 22 e fyp,

For  tatackion 4, the fo//"’vm] proof thinfe  of £he

@ 0
Wiy twe  hon - parallef ltaes  (Calx  and aly)  coordinatssp 1‘46
Eaclidian  plaae,

e l. 2za, € Aiosp,

Cose I, 244 , 2¢ alt or 2¢ afy. Ssuppore sealx
(the proof for Zealy 15 simibe), gy 151 7 wnigue b
wth adsaad gdsx (O exoany dipg ). A doeod™
€F, Then xA = <t €Ay s Za, /"l‘(‘a{") x4, ér)dd

~f
:xd s 2

é

R [T,z ¢ afr U afy




- | | 7.0
stne Lok b1 zel ol zel fog

aad then 2w} ai)! ! Al) 2, 2t aly N L&a

@)
By this  conslruction, 2% <&, fazz) =2, t2, ,

Po oo & 3 A/l €F wrh 23 xA, 2,z yp,
V222,42, 7 ALY,

L

Ao for 2’?’? EX  Jet x&y n the [1ap ,r/g @0{-

ST,

o-d IRE z/fy. o the e fxecpmA 2 feFp a5 in

lecfare 1o T proe d  amounfs o proviny z’&y:x/ﬁ
,C

or el EY9 X, W powp ths  AimE for lines  thron sk

a =0,
a’ ¥ = fot(¥9IA INER] 2 (XA 1AEF] = §<o, £A) .'/\6F,»"'
F

(}lfﬂ-’ < alti'x y It AT9, <8,6,A) = <aby) = x € a{;tx
if A¥e ) $A¥ & dir (60) = dirtty)  so

that alﬁafx “ a{z\f{\ = dl(x - a/xx/\ 50 x/lfa&xo
ﬁlix < a(Fx : Let y( d&#. 1§ w4, Yé a& X oféerbqo

3 angwe [eD , ad=a, yd=x, As 9= xd™’ °<41”“,rd~>)
gz xA where A =4t Josod™' and o Y € a/f'k‘

otherwie  cousider  the cale  r#EA¥Y, Def/'re‘ teT
by %€ :=a. We heve




/712
~ (1’/0{9)1‘2 a/i;?‘[‘ = d/F‘ﬂt ) and éen(e

;{/‘ig- ﬂ/?&l){ (d ?t/f = ;)t/{)_/

"

X/ 9664 = x/,r “?.
F
T‘?(’ fl‘oo# I (0(‘7//? 6?. U

I7~7 Pr°f°f/f{o?l,

let Ond) be an atlme
P/ﬂ"e. (ef | 6 éf f‘p ro//mm//m 9 oup a}(

(XM{), Té?n (X/ G, ev, oi) A geomefry,

P"”f' I vrodute {rom 1.6 and 16,8 V74

Meet Jan, 19 Wedne;hg )y T 202 ,‘ 2.5 /"L.

No  ceminar, General lectare ~Aiscucsron o full n
Compnts  Iebf  out  of  ghe
Gt of nofes [lah/(’d out,

Tan, 17
when € houp Coke ~bhome  Finmal  (fue Jan, 29) wll be
handed  out.

fomp
infactivg

nofes,  Frnal
Las€ clage * on




P | Geometry 11
Ny, December 13,7967
| Fiogl Exam part L,

Due d@&.‘ Wfd(nefalﬁg . January 17 /968, 9,16 pm

in 103 TG,

worle  all Seven  problems,  You w I probably want To
Sol.ve fﬁoem ih an 0'"49!‘ al(fferenl‘ ‘from f/;e oA 3/V€IL s
%‘4 Mﬂg Ule f‘!e (outfe nofes or any f'ué/uéw{ hook

o manmcr{,az‘{ No co:fomamcaﬁon of Course , /}// Sl‘afeﬂe/lz‘;
,ﬂroye,,( be fore

not 0/’{’80”“97 18 the Coupse nefes MMZ‘- be

bémg used,  Grade will be  based 502 o4 vt b hpwatical
confent , 50%  on  gupesifory content and  readability.

Lostaal gaps i proofs  will be jéarf/y ccamned for,
(rood  (uck,

Defincton., A projective  plane 15 a parr (X, )
such  that X 15 & sef, 2 s a4 collecbion  of
sabsets of X and the  folfowiny Ehree axroms hotd !
AT PRI, B 2,9 €X and x#g -~ then antgne L cd
J with x,y €L,

bl pr2. I Lymed and
with «2€ LNM

UM then 1 anigre x €X



A~

4

AN’EA PR3, 3 four  distimct potnts in X po tharee  of
| which Jie on any e,
,1),(24., _f] {our ﬁ{u z"mCZ‘ ftmee 19 oﬁ no f/'f(’(’ 07{

}00/1’1 Z‘.

whicﬂ have A Co oAl

A

Defiackion, Lot  (X,4L) be & prejective /’/""(’.

fronCf!W Co,lme({l((on Of {X/ a—&) 1< Qa AiJ‘cc‘f/orL X'ﬁ)’X
cuch that  Vied . Lf ¢ A |

prejective planes,

Defmfflon. lef (X,i)) () ?Vl) be

CX!X.) And ()// ?V)) are /fomarﬁlq(c /f 3 a é:/‘e(f/gyl
viCx, Led iff LFedn.

~X~i-ﬁ}/ such  that
X, ), (Vi) Le  prealtine planes,
/f 3 & éh'_jecflon
T SE S

Definition,  Let
(X, &) and (V0 M) are  ILemorphic

X-:F-a)/ such  that vV LCX, L ek

"TEST  PRoBLEMS

(X, 45(’.) 10€ a /’l“ykecfs‘{/(’ /o/a”(’ such  €hat

n elements for n an 1ateser,

’ s F’"d fée ”uméel‘ 0)( folﬂf_f oh a /[ﬂe )
W' Fiod — the _H(AMbN of fims Ehroush a  point,

M Discuss VZ‘LIQ ,pof.r/é/(’ wt/o/ej olt .,




A¥E)

5, let (X, &) be a grdectic pline and  fet
e L b hixed,  Define X, =jt XL £,
= [LNXo @ LeX]
%f__:fﬁy_e_d (Xo, do) 15 -a preaffine Plane,
Y Show that ary €wo (Xo)a(’o)'f ﬂ{ef!"e/ by

two L'S /a 0{ are U‘ol"mrf/ttc ,

2, Let CX,X) be a /’feaffme f’/‘“‘ﬁ. S/w;g,'~ that
= o =
1 a priecte  plane (X, L) such  that
o/) (f)o) - CXM{) and  show hat any

fWO fuclv /rojec{,w ,a/ﬁm’f all UOWM/W/C,

,'_‘/4,,41‘: ao{,‘om "R ",:omf aft i€y " ;l“or each efu/z/a/en(e

C/aS‘,C o'r fara//e/ ling s, ]

\/4://266 CX/i) ée 2“1( foal‘-{/emenf /feaffme

"\V plane  ( Courfe notes [2,3), Constract cx, )
as n problem 3.

-
—

X)) be a  prdective  pline and define

5, ¢
G i the set of  praecCive  collmeations of

(X, L), Assamg  that  (Xo,do) as 1 problem 2

I net only a  preaffme plane  baf in fact an
athine plane




/ - / " r

@& Pl G 15 4 gabjrup of b1y (X)),
’\ {) A AP
L/ Coprove (X, G, ev, ) us oa seemefry n the fense
2
bt G5
> ol course mefes ol

6. 'fi’f. w,2), G, (Yo, o) be exactly as It
em 5o Doz the  Adafation group of (Xo, o),
Prve thet G, 24y [9€6: Vrxel . vgsx]
(whire L 15 the  gloment of A ased & consfract
UorAo) ) s a sabjrowp of G psomerphic da s

7. S the surface of @ Sphere  of radws 117
Fuchdian  3-space, R = {m,:)); %Y of the
poinks %9 are  collmer wirh the  cenfer of ehe  sphere
(re. lie on & diamefer) f c xS

&, Show R 10 g4 eﬁzmm/eh(e relafion on S,
Lot X4t SR anf  Jet S O x  be the
Chnontcal projectron., L p [@ g: € <5, ¢
s & 9reat circle 7,
b Shew x,d) 15 a proectie  plane,
-- O ¢ c, Show (Xo,do) 15 /fokqor/érc {o  the

Caclidian  afliag plane ‘




) PART A,

e paabawne

1. Which of the foilow:lng are preaffine planes?
a. X= R, X={R]
b, X !Rz,xa us.ual‘atmight 1ines.
¢, X = surface of sphere, ¢& = great circles.
de X = {{x,y,8)2 xz 4 92 = 1} L= _IR3 (hence X 1s the surface of an infinitely-

long right eircular cylinder), £ = {(PAX: P 4is a plane in iﬁs}.

2, Which of the following (X,G,M,é)"s ;xre geonatries?
a, X= |R, G B’am d-isometries where d(z,y) = |x = yl, e evaluation,
S = {r).
b, Xe ‘IR; G = any subgroup of bij:(X) guch that 1f 'x;,y € X &hje@'a g€ G
with xg‘n y, 1 = evaluation, Z = { R},
e, X = gurface V@ﬁ sphere, G = group of 2l rotations (ab@ut‘ all axes, through
| all aﬂgles), I = evaluation, o, = grest circles.

st

de X = _lkz, G e bij(x), N = evaluation, = all countable subsets of X.

END OF PART A.

continved on next sheet -

,‘“




PART D.

Problen I. Midpoints and half-turns.

Let (X,20 be en affine plane with dilatation group D and tramslation group
T. heD is 8 half-turn if there exist x $y e X with xhey and yh = x. If
xfyeX, & nidgome of (x,y) 1s a point m ¢ X ouch that thezre exists t e T
with xt = m, nmt = y.
/ﬁt m be a midpolat for (%,v). ‘Prove m 41s a midpoint for (y,z) and
- px&e » e x/y. |
Prove that if m ¢ y ¢ X then there exists x ¢ X with .m a nidpoint of

(x,y) .

/c/ﬁ % # y prove there exists a unique half-turn with xh ey and yh e x,
: {Hing: A @h@'{i’t proof follows from (b.)). ,

Now we make the following gtmw&heo?euc assunptions about T: |
1. T has square roots (that 4s 4f ¢ e T there exists
‘ue T with uze&). -
2. T has no ei@m@m@ of opder 2 (that is ¢ = et s

impossible unless & = lx).

)

7~ Prove that 1f x ¢ y € X thén There exists émi_qine me X with = a mid-

point of (%,y).

e. Le #yecX, let m be the midpoint of (x,y) and let h be the half-
%m/:hich tnterchenges x and y. Prove that mh = m. What other point '

of X does h leave fixed?




ey

B ]

@ et

Porblem IX. Uniguenass of eomm@am@@g in the Euclidiam Dlan@o

st (X,;:{jb be an affine plane, lat L e f ard 13& % e X =L Prove

that twoe c@lmma&;i@mg agreefig on I U {x} ere eq@&l.
bo Let X e QRZ, L = usual straight Mm@s. If 249y e X lat gyf

denote ﬁ:_hé segrent of polmts batwmween = and y as shown belows

/ :
L st

Assume without proof

Dm'b@ux’é lemma, If g 18 a cgllme@mcm of gg—zlx} then whenever

» mas

= B y g"x. (-—,)g e (mg) (ve).

Prove that if two collineatfons of ‘MR o) agme on threa noncollinear

p@meo tha:m they are equml.




