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section 4.6 Paths and Closures 393

 Define the relation C on the vertices of a digraph such that x € y iff
there is a nondirected path from x to y. Prove or disprove:
(a) Cisan equivalence relation.
() the equivalence classes of C are each weakly connected compo-
nents of the digraph.

8. Give the definition of an equivalence relation on the vertices of a
digraph such that the equivalence classes together with the edges
between these vertices are the strongly connected components.

9. Define the relation D on the vertices of a digraph such that x D v iff
there is a directed path from x to y. Prove or disprove:
(a) D is not an equivalence relation on the vertices of a digraph.
(b) D is a partial order iff the digraph has no cycles of length
greater than one.

10. Let A = (V,E) be a digraph. Define Al = (V,E") where (x,y) € E'iff
(x,y) € Eor(yx) € E. Prove or disprove:
(a) E'is an equivalence relation.
(b) A'is unilaterally connected iff A is weakly connected.

11. Let A = (V,E) be adigraph. Define A" - (V,E"). Prove or disprove
that A" is strongly connected iff A is unilaterally connected.

12. Prove that the following definitions of E" are equivalent:
(a) E'=Eand E"=E"' . Eforn>1,
(b) E'=EandE"=E - E*'forn>1.

13. Prove that the foHowing definitions of E - are equivalent:
(a) £ = U/ EY
by C' - E, ¢ ="+ ("and E° = U7, C.

14. Let R be a relation on aset A and let S = R Prove that (x,3) € S~
it there is a directed path in R from x to y of even length.

15. Prove by induction: If Pisa path from a vertex x to a vertexy, then
P contains a simple path.

16. Prove that a digraph G is unilaterally connected iff there is a
directed path in G containing all the vertices of (.

17. Prove that a digraph G is strongly connected iff there is a closed
directed path containing every vertex in G. (A path (vg0),
(U Us)ye + o(Uy L) 18 closed if v, = v,.)

(0 18. Solve the following recurrence relations by making an appropriate
% ?3\ substitution to transform the relations into linear recurrences with
constant coefficients.
(a) V@, — s, g — 2Va, = 0 where a, = a; = 1.
(b) na, + na, y — @, ;= 2" where ¢, = 10.
(¢).a®  2a, ;= 0wherea, = 8 Hint: let b, = log.a,.
(d) a, - na, ,=nlfornz=1 where a, = 2.

N

(e) a, —p— wherea, = 1 and a, = 2.
an 2

(f) a, i dbna, , + 6nn Da, » - 0wherea, Sanda, - 17.
(g) a, la, D ta, ) where a, - 4 and a, -~ 4.

(thy na, (n - 2a, - 2n where a, = D.

(i) na, {(n v Da, =2n where a, = 1.

24, Solve the divide-and-conguer relations using a change of vari:

ables.

(a) a, Hu,, - dwherea, 0 andn 2tork -0
(h) a, 2a,. dwhereca, D and 0 tork -0
(¢) a, Ba,. 2nwherea, | and n 8 lork -0
(d) a D, nwhere o, d/2and n sEtar ke -0

n
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13.

14.

15.

16.

17.

18.

19.

20.

21.

23.

. Prove by mathematical induction that if R is a relation on A, then T

(a) R™ . R" = R™"

(b) (R™)" = R™

Give an example of a relation R and a positive k such that

R**'. R™' # Rk,

(a) Show that the transitive closure of a symmetric relation is
symmetric.

(b) Is the transitive closure of an antisymmetric relation always
antisymmetric?

(c) Show that the transitive closure of a reflexive and symmetric
relation is an equivalence relation.

Let R, and R, be arbitrary binary relations on a set A. Prove or

disprove the following assertions.

(a) If R, and R, are reflexive, then R, - R, is reflexive.

(b) If R, and R, are irreflexive, then R, « R, is irreflexive.

(c) If R, and R, are symmetric, then R, - R, is symmetric.

(d) If R, and R, are antisymmetric, then R, - R, is antisymmetric.

(e) If R, and R, are transitive, then R, - R, is transitive.

Let R be a binary relation on a set A where A has n elements. Prove
that the transitive closure of R = U7, R".

Prove that if R is a transitive relation on a set A, then for each
positive integer n, R" C R.

Let R be a relation on a set A. Prove:
(a) If R is reflexive, then R C R~
(b) R is transitive iff R* C R.

Suppose that R and S are relations on a set A, where R (_ Sand S
is transitive. Prove that R” C S for each positive integer n.

Suppose that R and S are symmetric relations on a set A. Prove:
(a) If (x,y) €S- R, then (y,x) ER - S.

(b) fR-SC SR, thenR.S=S-R

(¢c) R - Sissymmetriciff R - S=S.R.

(d) R"is symmetric for each positive integer n.

Suppose R and S are relations on a set A. Prove or disprove:

(a) If R and S are reflexive, thensois R S.

(b) If R and S are both reflexive and symmetric, then B - S is
reflexive and symmetriciff R - S =S - R.

(¢c) If R and S are transitive, then R - S is transitive iff R + S =
S« R.

(d) If R and S are equivalence relations on A, then R - S is an
equivalence relation iff R - S = S - R,

Suppose R and S are relations on a set A.

(a) Provethat(R-S)™'=S". R-L

(b) Isit true that (R U S)™' = R'US™™

(c) Isistrue that (R N S)7' = R'MS™M

(d) If R is an equivalence relation on A, is it true that R™'is an
equivalence relation on A?

(e) If R satisfies any of the six properties of relations defined in
Section 4.2, determine whether or not R~ ! satisfies the same

properties.
(f) Suppose that R C S. Show that R'C S\

. Assume that R is a reflexive relation on a set A.

(a)- Show that R - R~'is reflexive and symmetric.

(b) Prove or disprove R - R~!is transitive.

(c) Prove or disprove that the transitive closure R - R™' is an
equivalence relation.

Let R and S be relations from A to B and let T'and W be relations
from B to C. Prove:

(@ R-(TUW)y=®R-T)UR-W)

b)) R ATNW)=({R -T) V(R W)

(¢) fTRC S,thenkR - TC ST
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