%P@MO_ ‘:96&&, dinc }Dvoo‘gs.

The impoﬁ-anco, o} wb(vxg aowe,d‘ (oc&c. canno T
be over e,m?\r\asge&. A avittameric ervor  will usmllﬁ
wiake —fhe answer Weona , boulc chanaing a Fed numbers wnll
maee £ Wl Algeloraic errors cdn ‘6& Wove Sevious, oull
orten %3 too ae easy o coveck. Tw cowtvast,
(o%icd( exvor wull L&Su.a}B wun e;)ef\u&*e\\'n . Tk s Wlee ’P\J'&LV\S
oo much  salt ow wour olinner, 3e_vuera\\5 +Re best Dlukion
is 7o theow £ ol and stad evec aqam. '

The (ogic, heve is Preser&ecl th Gn M‘Povwﬂ(
matter, But the ceader is wamed that thee s dlways
a cectan Jormally abouk LOSic. The Fivst o sections
of this chapfer are @bout * WAL & do statements
Sag.?” The third is ow %f(ogfsms. The, MW{'&WG
Some Scne,wa( remares ow ?roxl'w\i resems . Fnd
Finally *he Fifth condnins common evrors and Fallacies.
The erdmples ave dvawn Soe from plane 360\”\6“(3'

~ Bellenst 2+ Am,% G
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51 P(cﬁmin$ statements -

_—_—

Let's stact wih an example - Consider quaO\rL(z\‘fera{s
(& Four-sided polygows in The plane). There ave seveddl
properties & C(u.adrttakra( mag ov may ot have, Fov
X aW\\D&Q,S"

A. PWS@L"L‘ When e The now—adJ'acent sdes are
pacalel.

B. Reckanole © a | acal\elogam A\l of whose dnales ave
Tig‘«d’ ang\cs.

(. Ruombus: 3 gacalelogam all of whose sides ave
o equal tem&\ﬁ.

How ave the properties o ‘oe'm& 2 (ecfravwa\e, and beiw&
B rhombus rel\ated ©

" We stad wil the pidure o Vewn A'\acyam:

ool

F?%\ue, 1.1
@«is IS G gey\e,ra\ f\bidufe Whicn Wl Fit all o
?\roperhi reldfions)) Hee B is the olledion of
all re,drélnc&\es S He odlechon of aWl vhowmlot and
U s Hhe wniverse ? under discussion,

(Usually W is only implicit sraCcz/L’B eontext. Here
U 15 the set oj: d\\ %ﬁu&drikﬁg\w&is. ( Because of’
the second sentence in thes Sechion.) Buk 8 S(ig\/xﬁ
chanae n the wording dbove ¢ wowld make WL Hhe st
o al Paraﬂcio&am)
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Each of‘ the re@‘\m\s ) JC\'&MQ L sy @
question marke T wdicate Hhat this region could
be Emp*‘*g or not. As we gdivx meovm&*‘wbn) we, sl
change_ e queshon tmark edher fo a "B (void set)
+o indicate that that region (s Cwqﬂﬁ or to g ‘%"
4o indicate that that reqion (S non—emﬁg(ydcﬂ\ere_ is
Somcﬂ\ivxﬁ inside).

Of course, this pactiowlar example Z?”
5 {2 P
'ﬂﬁre r‘eaicms dye Y\OY\—~GW1P+3> Ne) Ob’[ﬂ(h&nii

516\”9, 12

( Examples 3,8, <, D> A\%&o@\)&we\z nas
2 nice Rled-in looke 5 vote the pidure is SHIL conedt
i Any o all Fhe "$7's A replaced by “7"'s. Sudh
reP\ac&me,nJcs would reswE in 3 loss of in mation ek
NoT a loss of tvudk or valid'LthS, ngfe\e, u)"d\tS) &'&uxel.z
alove answers our question of The relation behdeen
cectangles and thowisl, In A word | theve (s “hone 7.

Next Comsider “the reladHonship between
Y&Hdﬂg\ts and Para\\e\o%r&ms. We obtain }\Suxe, 1.3
where B is the collection of r‘eddna/es and A the
collection of pavallelograms.

3 39‘3\ue 153
e E“mv\\a\e:%dg il Wy We, obtidin Jq'ﬁwa (4 below.



1.3

B A

aoh)

quure |4
ﬁgwe .4 ctan be re-ddwn as &'quxe .5 ( which (s
Sometimes called Ewler airdesS

A* U

Fiqure, LB

We can state Fromthese (ast Fiqures severa| tvue
statements

@Al Tecﬁrélng\es ave 'Parall&lo@rams

(z) There ave fedﬂngles

(3) There alve ?ardl(dogw“zm which ave hof'r’edﬁ)@zﬂ&

(4) There are Quac(rda{“em(s which ave not rec}rangles

oy para{le( amis .

Note Hat +hese statements cortespond to the wiarks
() From left to right in %%uue,l-‘P. ‘

Note Here is @ comsiderdlde differeve ceiueen
Statements (2),() and (4) And  stakemedl (. For e
momerk we will puk SB considering Siatements Wee (1,
d\%u%\r\ S ‘H}\ei ave pechaps move mportan Lo
what Foeas ZQDHOU&S-

Statements (2,3 and (& ave called existence
Statements. Perraps 'H\% Seem coviows, buk sina we
will consider a‘rbiﬁag properfies , there is alu)a&s Hhe
chance that ho‘f’hinj has the ’Pmper'f_&j (ce Five-sided
ﬁuﬁ\drﬁ[&/@fc‘llsB. I+ s I'M‘[Jov'f’an‘tﬁ m\’l’é’_ ﬂ\aT S'EI‘}’P_W\QV\"TS
ke (2) can be made i wan Bctui.\fa[’ev{f‘ Tvms . I+ is
hoped that the Ugﬂowﬂv\)i list “Trcludes ~hem all.
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(2.0) There is at least one vecdangle.

(22) There ve Some Veckingles.

(22 Some +€\m33 dve vecangles.

(z4Y) There exist rec:‘rana\es.

@iy reg@ng\es exist.

( Thece are offier ways of saying i (vt %%j use The
word “not? (see the next section)) (These statments
ocour Sb often, that Hhe backwards & (3 ) used
4 3s 3 SBM&’( e ey e Ahotier eqmalevr.
S‘}ﬂ‘i@ﬁeyﬂ" (s

(2:6) & rec:‘rdngies >

( Do not be confuned by The use af plurdls, all hese
statements just Sa\«S oo is at least one. The
Statement

(s) There are at least fwo rectangles.

is not the Same as #ﬁwﬁk +hose above . Statement
(s) claims alot more (twice as Muck))

Now bacie v starewment (1), Ta ?\‘cjmfég (s
IS equLv&le% +o jC\iLU\f/ Lo below.

:R'S\.Lxe, V.G

(Note Hhe “7"'s | sitement=(1) says nothing Abouk etk
of aV\lSHf\‘w\j. Tt only states the non-existenca o 2
rectange which isnt & quadvilatecal.)  Fiquee VG
cepcesets an nplicatign. Usually these are Stated
ué—mﬁ +he, /ZJC.-- e oy U e Lmlp/l'd‘rl‘l'o*r\ :
Symieo! = Eﬁm\ra]enf statewents n ducke(mmuj\morfe e
(.0 I x is a edangle, then X is a parallelogiam.

(12) % a rectingle = Xis 2 parallelogrant.



1.5

Amost all statemerts which gow will ke asked to
Drove will ke implications, Ftis omportant o note
-thagt There is no cau,safd:b requured Jor an Vimph'caﬁmx
1o be 4vee, For s ADB s vue i~ et

nothing is bn N oc evorgifing s B, T Pickuses
eidber o

acigwu, (56
Covefain :R%u/u,\-(a A se RIS .. CEAEIMPles

':IJC 2+2=5 then cb r@ins eveny wgekena( in tfal(qhassee and
TF v is g recangle Then v=x ave botk Ave.)

I s fPuL\an owrtows that an '\\M?\'\CK\"‘BV\ (&enexa\\g
tells 40U how o losse, indsewation. Salé\ms “Rat B
recrange is @ quadri el tells you less Aot Re
the acx'%u/\e than You a\m&x lnew. Fechaps ?a«admcall ¢
His can be d real b&u&w\ﬂﬁe ( ridding o Mw&c&@w%‘@;\s;
Of couse, This simpl Sication wiay A0 ‘o far, QV\av\ Problem:
be,wme SimP/er— &C{er mahzinﬁ Tﬁem movre camp/ica 7@!57[' D

The used of the word “al” in statement (1) (dvxd

i+s imP(,‘m‘— Bere wse in 1) ad (12)) paovides wove
equivalent statements:

(D) e Y‘ec;‘r&ng\e, 1S @ para\\eiogvam.
E149) 6\V\3 -re,c%avxg\e, (5 @) ’?aral\eKOiram.
(1.5)

a rad’angle s a ?hr&\(dogvam~

(1.Gy ey redavgle 5 pacallelogram

The wovds “all” ; “each” )/'ang” and "Q\)eﬂ:&" & 585 *ﬁe Sqme.
‘%’f«\mﬁ)namdj " without” @p@ﬁ?ﬁ'm”-

s ‘\M@Hﬁv\f‘\b see (1.5) amovxg e others. To
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prove something about “all vedkamgles” (a uw%wsa]
stadement” in covchast 4o e “existenca statements ”
above) I suffies T prove i For aAn "arb(ﬁarﬁ”
Iredamgle. (One. must be carefull not to laze the
/aYJo('f'raaness i of &ow(‘ rec:{'aﬂ&/e bﬁ @%ﬁ Some?{'ﬁinj
Hat all redanj/e_s don't have.)

( Universal statements have @ S‘ZXWLbOl W), s
an upside doun A (V) (read "Forall”):3 Thun el
another ec\uwa\ev&- stalement is
(1) Whe i redravxg\e,=7 ¥ is a 'Paralkelog\rawD).

Finally for Commpleleness, & Huw propedies or
sitemeds A and B ave ectuwa\eyﬁc & thew sahs%
:F\‘c\ux«g L8 e éequwal%ﬂ&) ASB avd BN,

A B
7C(5Wm, [.¥
Tor example  equilanual fwianafes amd equidmgludr
‘{‘\riang\es ave ECKLLL\JR‘\QK\' : ( Note. E,é‘\u-l.\alrm,al G(wadvita‘srﬁf\a%
ave rhombt  amd equ;anﬂﬁu.ar c\uA&filaerab ave re&am&(es.\j

ZXAMPLE OF EXERAUSES:
Daw a Vewn d\‘aavawx Jor eadh Ojr' the DCO((oub-inﬁ
statements. Which tmplies 1Re togthe ofier and which are

CQwL\/&leyn':.

Al whatits are thi ngies

Some. thingies ave whatits

Not all whatits are 'hflmﬁies

ANl fhingies are wharits

Ae‘&’x'zexr‘wg Nt whatis /s nor a %:‘wgies
Some  Whatits araﬁl;y\%&es

SNt S N



iz

Solubions: let W be o colledion o whatits and
rl—'+€\9. col Q,C*LOW\ OZF ‘('exmgles

i
? d@p ? {

N > v equua\exv.
2 and G dAve equ;\va\m?
e 2 \m?lfca‘dMSn\'e\ac-l&ev\ Ruse 5:.\03»%3\&:@/5

Bevoses. Dvaw Vewn &\'ac@am Lo each. Wwich ave eqw&(e.v(t?.
Which iwplies which?

Soku}icms .

Thece e ™o tw\\;\eca\-im othec {hen these ez‘u:\'\fal&,x%
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32 N@?Q X ﬁé S\'ﬂ\ﬁy\l\ev_&i .

Lot A and "B o statements. We can form the
(Lovvxpow\& shatements “uot A" § O and B S A o R )/IA 1
and “AS B Tt tables can be_ used to deteamened
the. val«'d'ri—a of these statements given te \/a/fd(vivj of A anel

B. The [eHers T and F VeFresew+ +Hug and false
YE,s?ec,Jn'\/er

A not A
o e
F e

Observe. That “or’ (s the inclusive o Wlea\m'wi
citber A ov B ov both . The pedaps strange defintion
of = s Parﬂj convention and it is best eqLPIamec{
b3 +he. last sectum. The ng/po/ ‘e is ealled ’é,:lm\/afexd’"
o “ f omd owé‘j e

A is true @nd B)Camd D ave false. What alodd
not ( A =7((CB =) and ’D)ov@é—'—‘) (C,=>D3>) 5
Soludion
BoC. C3D are Twe, (320 amd D is false,
AS (C2D) s Fru, Thus fhe“or” statement is true
Ancl S ARl o statement - 'T[\uxs""e\lb “nst’ W@;285
Hre whole x"e\mg false.
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Gawgle :  Show (A e N avd (B=8Y)
1SS alwags tvug no matter what A & B ave.
SO(M—‘HO*I\:
We chece all FDSSEE((CeS‘ S e (s eolwmn s all e
it s always e

2 d(@B=A) | Bhole fain

Sl Sl

e, aAoove. s called ’PwO?OS{lYI'OY\al Alewuws ab(V\A
R ey (hvied S SE rec('t.uive, R statements o
be either tue oc False. TL\iV\ﬁs Ave much wore ivdevastin
i we allow statements ldee "% is d feo‘amgle” Which
ave Sc)meﬁmes ‘e @nd Sometimes false, Fov these
kind of statements, The (’.Umpou.v\d statements @ hue .
1'7‘: St as e For which H\eg are False. (e ADB
if the case A thuwa bui B Salse does not eccur fo eachx
le wWe have tha ’P\‘dure

7C|Lju/u_, )
Oich is the same as befove. OfF course Sowe
Compound statemedts will be true sowe o the time
and false offier times.

s il ot N el B may covdnin the
”Clu,&M—\S\-\erg” e :
= V> ?r Fov e)}(amf,\y’\e L\ix LIS a rec%anc\\le =)
s apava\\e,\ogramﬂ@ﬂf‘x (xis ap&'(ak‘ie,logram Or{v\d—( X
is @ reciingle)§ | s frul. The statement ¥x A
Cwespcoﬁvejj TN Ar\) 15w "\f: Hor eddhn %, A is True
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Cves?cd-w&s\ Jor at least one x : A s "quzL\) Usua”\%
SIS 'LV\J&YQ.SHV\:X OV\B o o strlement A containg .
For His redson, these stalemeds ave wniten o AG)
(Ix Aw). The wotation ARG indicales The statemed”
A V‘Vli@H’ C(\".Peyd o X.

T)erLan et Czsmtuswa t the lceginer
ave the rules:
(1) "ot (¥x Rod)” s eﬁuv‘wa\ev&h " 3x not A
@G ( 3x %(\3” IS Cﬁux\/a(ew%‘ﬁ) " \fx AQ+ACK§I/
H“Du)e,\)er\ ‘H\ej ave. Qu,cRJ (o&igaf. I+ Y A6 s
false —Hhee is @ exception. And Jor (2, 17 there i
o excaphion —then it is alwass “fru .

Exalee;
Meve, e, "net Hovough Hhe quankfiers

not (x EN Vo Yo JE ACK)L&%)L&))JC\)> :
SOI.U.:HO-VV

-SK XK;S a%ab\) Vt V"O+ Ab‘)‘}s?‘)“o)tsg

'Tf\e. Second most w&u@{v\ 'Po‘wér s Re ovder
O\tPevde,v\o% of the c(uavc[riﬁersl W 33 and 53 Ty
ave Vevy differedt. Cownsidec

(3Y I edery girl Hheve 1s a 1005
4 o There is @ oy Jor S0enyy Giv|
8+a+emen+ (5) SDdS %Q%% a mo?éje,#gff 6&()\ %NJ (JAQ(Q-
as  Srement (4) says , OMe b%, “can 307{15% eo% i(”"‘
(LOM(/L\ 5 O}fﬂr\% u,m‘hruo,> but (3 (s C:Zu:fé(-f'o be True,

We the wse of “not” we cAn Jorm  Senedl new
statements a%wa(ew‘r—%o sigfemesds (1) and (2D
in fhe last seoHon. La Sact \mﬁm% many, A
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(13) fRere s no ‘(’f,c:l'av't%\t which is not @ Fav‘a//c/ogvﬁ
19 ot not (Y [xis @ reo"ﬁng\c, = Xisa para“e[cﬁ‘!am:ﬁ/
(1) ot T wot(x is @ vecdange = * 5 Pavalleleg:

(2.3) ot not = Tec:limﬁlcs
(2.8) not Vx (X is not @ redalg(e>
(Z'Q) Jx not ( x is nera V‘edﬂ%la)

)
¢

Note hat “not not ” is He same as wot
being “ece at all.



3.
83 Sullogisms

A 33\\0@8M$ % @ co\\er:ﬁm\ of S*’&Mevgrs o{"ﬂ\&
@ovwv.

A\ wen ave wovial
Socvafies is awan
Sociahes is Mokl

oYy wmove gev\e\ro\\lg
i B
Sl
LD

There are & leugle o Vawiakans

:AriSB A s
not T ‘_Té,_fd/c__
Jowet A H A‘\3Q

Tlese Qdve Va‘\io\'\ reslSoM ing - ’x)waciwmvxa*’rd v e
mAny  WMove mm?\e 59 ; V\m\—va:\i& veﬁs@m‘v\j. E)Huwc}\eﬁ
H" s easj 1o chede these v '(’P\Ld,(acxnaw\,s N %(.

IS e g S

» 5 A3 \ \ St
» )7 | RSy
st ¢ o) i ) g('/
' = 5 S
P 3 ;

—
| J
\
\

| (-/
e Koy | e

| S 1 e et e N

: LB 2 UA e
i/‘_/—J L_/’—’_\—\



A

(Notic, +hek Se’e‘mmﬁ\\ﬁ lost of n ma{io»\)

Bowples:  Wnich ave valid

o onels s a Yy D TN G a o
w 15_@ l; W 1S Vet am X
By S o) 9% wisvuﬁ'a«s

3 each Jrvkawg\cls 3 Square 4, no cat Wos wuetails

e ch Squave s al C{f}_\g—_ cach cat has MWmﬁalHﬁu Hoc.
"o eada ma&g&s Ackvde .. @adh ot wastenRils
Slugons

o second

For 1€ 2 we have

statement qives #Re  existence of an element bul we

o't Rl which & o vegions i beloygs. > TRoy

re. 'W\\Ja[{cl.
3. is vald (even though all the Staements averf%?&:)
S wwalid ( wo GC 15 used Witk Hudo a’i%u'f;m«aamnjg;

Solushions to erercises
“He valid oves ave: 4,4F.9,12,13,16,1718,20,2623,30
(14 is valid bur et A syllogism’)
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S Wean

Most ?mg&s ave (ov can be bvoren dowm ~tO
statements ) off e Fovm A =P, Thee ave essemdwa((s
Havee shrateqies Hat wigt worle.

(1) The divect "Proa{'\‘
hesume N @md veasm (OC&\C_&“& o B

(2y The mdredt ?ro@L
Nesume wot B And AN \ocgéoau\ux*'o ot A

@) Prook by coviva didion

N Sy i B and eason (og\‘cal(ﬁ'i'o
 covdragicion (3 SRdewont tRat @mt e e

Stoleweds Lo “AeB ov A if and anly B 2ve
brokew wko fwo pads ¢ SRR A A (R A e puse
A= (@Badl)  prove k=B A N SRS e
A D (Borl) y prove (AowmowrB)D & Cor veyerse BRCY.
ot prove e OB fale , qve a countenexample
— aowe‘x&wﬁ ot has A budnot B

OH-CV\ ‘MBV\\LB stadewments ave col{edcd ‘{‘DSCHM WA
TEAE. stakewmords (Tre Following Are Eﬁu,;\/aleﬂ’/\, Fov
EMQW\P\(’,
AR N IE b
N
B

(&
Means Af@B)BC@C/ awd 8 SC . B&)’T_ Lsowc{o nal have
Yo rave Tl s divections. B suffius 7o S AD B,
B ) O (%?\ (An BHemate oy Would e
A=C BB, 84D



4.2

Hece s 4a &ow\ Plae o wroduce, Sowme
standaval definitions. Frowm the ww?\\.c,b"ﬂOV\

Statement A= B we ean form Wiree otker
statements Hhat have names.
“he Conwerge of ORGSR
He ivese of “ADB" (s ltB)>(natB
The coifraposttive of ASB s (ot 8) P (it A

Loolz’w\\ck at %V@nv\ ia%«.ams Jor these Sour Statements

[az]

A 76 ﬁ's conerse B = A
& its ww\'V‘a e H’S averse noth Dt
not B = not Q

Note, hat He cowerse & inverse A wgmfg
C[uAJrC alForert §(UW\4€\€ m@v@\ S‘{-a'f‘cmem“ Also
the cowevse and \werse ave e&vﬁ'vafo&hvas of

edch other, The m\g» wal sement s the
cothr\fc’l?oa-hva of the Fasnh/p_ Sine e

contygpositive is cc(u,u/alem“ to the. avigh nal

5‘}@“"%&”1" we have Hhe choics of jProvin //
instedd of 7%8 ;;4 Jndced s Is exddﬂ' the.
in divect= preof” o 1he preced g ;p&ae

—Em&j—;\—az:ﬁﬁ:&‘@:wdi&

[hen ym,w'in A =0 k‘eep in mind tRat
ik must be truw all pessidle eases, so be.



4.3

wre to handle the wrost possible. On He otherhand
uhen T“‘“’"‘“SS 3!\) %cu_o-nfj need eme So start
with e Ricest Poss ble.

MATHEMATICAL INDUCTION ¢ The wost™
(m Wt technigua of preaf fov compudter
Sc,igf is éndu.c?ﬁm I An nduckion /?::Zf
has o pa#s)”a stavt u.P”aV\d “an -
induction step” There ave sederdl Jovms these
tan take, but the indwchion S‘-)'ep Wil defermine
what Yow must do for the Strt up.

The classic induckion step is “ if it s
Huwe For n, Then it is true for n+1” (IF
is impevtanits Hhat e |M+686P (s MMQ&SM&\
In this case the sfart up s jush previvg
i is e FPor n=1,

But if uewr nduction s'\-ep s " if it s
Frue For n amd tvue for ntt )“hoxen s True
for Nt2 7 then e st up must nelude
bt n=1 and n=2. (Oteise there wauld be
o way of (emowiv\s if it st for n=20)

~The most Common eveer tw induction
'onaﬁls is ?vou'w\ e Converse of e ivduchion
Sitp. Nawmel ”u‘)‘iH— is e for n+1)+€\ey\ it is
tur for 0T Of Co%c)j‘ff; is useless.



35 Ervovs and fallacies
tho w03
A

The belond ave Jalse ok " Comman GOYS.
(Note. ~Rat-hey have vimas)

"Roof By Exange
—Thm: Sl odd numbers e prime

raf_—:— Lot v R @ arbél-rari 0dd numlber S&A =5
3 5 prive.
Note ; @ is odd buk not Prive

B_eﬁﬂ‘“_;) fhe quastion:

':1«—»4; ( odd numbers ave PumL

B Lot x be dn odd wwmber. TFx is not prime
Hon x is vot add 0 ocdd wumbers e priwme,
Note: The second shdement is d vestatement-of
et woue ave Yruina Tomyene . Just Spinning 4o
e wglﬂ R SRR

Psseding The Convease

Thm O @A AunoerS O(Lea*et, v ave,’\)fm
?_E Let x be @ fpr\mawanrer‘fﬁan A v asar o

o 5 OWRewsise 2 would aivide, X.

Nade: wWhat is Proved 1S e comvevee . T X s prime

CX\E&‘A’A‘%\B\A 2 S ol st i samo,-%yﬁ

Peoof by intim idafion :
gf’ Recanse L saa S0,

Do ke

of . This is obvigus

e
/l)ro@C ‘oL::\ Longusion
TL\_MZ IEY = B
of: Assume & . The et of E. Gireioh



Srdendald

S

.
12,
1%
14
IS
(/3
7
3,
17
20,
21,
2%
23,
24
25
i

2%
28
29.
%0.

Rl s dupt 82

Ve cux ronce Re\akion Frodems
C i it -
dn-2a,-,=0C - =
a, = LA +3 S =Gs
Ay B = M2 o= 4
25“ —a,\-l—z =0 ao=l
38, = =28+t d,=2
an—(an-lo-.-.a,\_‘ (3o )
8, = 3a,.,+2:3" o= 10 ‘
an-2a,  ==42" 3,=5
a, +44a,_, = On%t| =1
An+8n_, ~4n(-D)"=0 3,=-3
x
Ap- 5a,. +bd,., =0 Gl 5 a| =12't36
dn= 5%,.,~ 44, ,+Bn Cle © a= ==
an'fan_.l =é7au_7_ Qo= 10 a, =0
An = dneg +2" domille A= e
a, -2t +5a8,,tbn-70  do= T2 Q= 1z ‘
2B+ B8y = A, ¥ 2™ " @,= 32 B= —De
- - ¥
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