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GRAPH has me Tooups nor multiple edoes between a paiv of vertices. {MKB
atlows loops!) .

Ao Devinition: A tour T s a sequence of ome or more vertices such that Xg is
adjacent o xiay; Tor all i. (path in MKB)

B. Definition: A path P is a tour such that ne edge is repeated (in efither
direction).

€. Definition: A simple path S is a path that doesn’t repeat vertices. {endpts
can be repeated in M§%§ ~

D. Defimition: A circuit € is a path that starts and stops at the same.vertex
uses @t least one edge!

E. Definition: A simpie circuit is a civeuit in which oniy the starting vertex
s repeated. = {cycie Tn WKB)

1. Disprove:if P, @ are different paths: x te y, then C given by P:x to y
Fo“oweﬁ by Q backwards y to x is a circuit.

2. lemma: If P, O are different paths x to y in G, then G has a circuit.

3. Dis rove: If T is a tour that starts and stops at x in G then there is a
circuit € in & which stops and starts at x. ®

. Lemma: If E is an edge from x to y and P is a path x to v which does not use
€, then P followed oy £ is a circuit.

8. Bisprove: If P is a path x to y and § is a path y to z, then P followed by
75 a path x to z. .

6. Lemma: If P is a path x to y in 6 and Q‘i's apathy to z in G then there
15 a path x %o z in 6.

6A. Definition: The crossing number of a path is the number of times it comes

P,

back T0 @ verter 7t has already been to.

68. Theorem: If there is a path x to v in G, then thé-re is a simple path x to y
]n E.

5C. Definition: The revisit number of a tour is the number of times 1t comes
back to an edge 1% fas aireaay been .

60, Theorem: IT there is a tour x %o v in & then there is a path x toy in G.

6E. Corollary: I there is e tour x to y in G:, then there is a simple path x to
y iR G.

e path % to vy in V. .
d) {Compare with divected and ordered treesl
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7o Tre@mw’ A iree has no civcuits.
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. Theorem: Any path P:x to y in a tree is a simpie path.
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9. Disprove: A graph with ne circuits is a tree.

G. Defimnition: A graph & is connected if Tor each paw of vertices x,y in G
there 15 a path x te ¥ in 6. {weakly connected in MKB)

18, Lemma: A Tres is conmnected.
11. Lemma: A connected graph G with no circuits is a tree.

i2. Theorem: R graph T is a tree if and only i¥ it is connected and has no
clircuits.

H. Definition: If & 9s a connected graph and the edge E in G is so that if E is
removed then 6 is disconnected, then £ is calied 2 cut edge. (a1so, 3
bridge in M(B)

13. Disprove: If £ is a cut-edge of G and goes x to y, then £ is the unique
path x to y in G. )
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14. Lemma: An edge im ne circuit is a cut-edge {in a connected graph G).
i5. Lemma: A cut-edge is in no circwit,

15°.Disprove: If £ is a cul-edge of & and £ goes x to y, then E is the gnly path
X toy in & {but it is the only simple path)

16. Theorem: A graph T is a tree if and only if it is connected and cvery edge

is a cut-edge.

17. Lemma: If £ is an edge % to y in a connected graph 6, then E is a cut-edge
it and only i every path x to y uses E.

18, Lemma: If F is am edge x 10 ¥ in a connected graph 6, then E is a cut-edge
it and only if there are verti ces W, # in & such that every path w o z
uses E.

I. Definition: A divected graph G is said o be a directed tree if there is o
vertex cailed the root and for esch vertex x in 6 there 1s 2 unique path
which follows the direction of the arrows from the root te x. {x=root is
possible)

19, Lemma: In a directed tree, the in-degree of the root is zevo.

20. Lemma: In 2 directed tree, the in-degree of any vertex other than the root
'323 Qﬂ@.

21, Lemma: IF in fhe
“that one veriox

S o e 2
16 @ Ttreg, and
Srion®  Sahi e b

Fram th

22. Lemmasif T piaz:‘{g ope verten of 7 1o be the root and direct
g W24 3 A y & ol

rected tree.

ke
wfy

2
€




23. Lemma: A divected {ree has one more verter than edges.
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28, Theorem: A tree with m vertices has m-1 edges.

Jo Definition: A subgraph T of a graph & is a spanning tree for G if 7 is a
tree and contains ail the vertices of 6. :

25, Theovem: A graph with a spanning tvee is connected.

26, Lemma:kf & s 3 connected, and T is a subgraph of & which is a tree but not
a spanning tree of & then there is some edge E of G which is not in T so
that ifT' is T with E adjoined then T° is a tree.

27. Lewma: 1f G is a connected graph and H is 2 connected subgraph of G which
s not a tree then there is some edge E of # so that if H s ¥ with E
removed then H' is still conmected.

28. Theorem: & ¢ commected iF amd only if & bas a spamning tree.

29. Corollary: If G is conmected and has w vertices, then & has at Teast n-1

30. Theorem: A conmected graph with » vertices and n-1 edges is a tree.

30°. Theorem: A graph with n vertices, m-1 edges and no circuits is a tree
[needs KJ.

31.Theorem: A graph is a tree if and only if it is connected and has fewer
edges tham vertices.

32. Lemma: A maximal tree subgraph of a connccted graph is a spanning tree.

33. Lemma: A minimal connected subgraph containing all the vertices of a
connected graph is a spanning tree.

K. Definition: A maximal connected subgraph of & is called a component.
4. Lemma: If G has ome componemt, then G is conmected.

35. Lemma: If €; amd Cy ave components of 6 and x is 3 vertex in both, then
C1=§2.

36. Lemma: If T is a tree, £ s any edge in T and S is T with £ removed, then S
has two components.

37. Lemma: If G has twe components €q and Cy and H 75 formed by adding an edge
From €y to Cyp, then H is connected.
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Lemmg: If G is comnected, them each cut-edge E is in any spanning tree of

38. Theoven: The vewoval of any cut-edge from a connected graph disconnects
the graph into two components.

TR : - IS 3 = Fade i S B
40. Theorem: A divectzd tree ic plonar Lstrvong inductionl.
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e verter with degree no more than one.

43. Theorem: R tree with at Teast one edge, has at least two vertices with
degree one.

L. Defimnition: A veriex x in a conmected graph G is an articulation point if H
which 1s fevmed from & by deletimg x snd indident edges o X is
disconnected

44, Theorem: The vertex x in a tree T s an articulation point if and only if
degree{x) is greater than one.

45. Theorem: Each conmected graph has. a non-articuletion point.

45°. Theorem: Each comnected graph with at least one edge has two nom-articulation
poIntS.

46, Proposition: If G is connected and % is @ vertex of G, then H (6 with x and
ncident edges removed) consists of a cevtain number of components say
Hyseeobly {n=1 is possible). Each of the removed edges from & go from x to
one of the Hﬁ’s and there is at Teast one edge o each H;.

47. Corollary: If G is comnected and x is a vertex of degree n themn H has at
most n components where M is & with x and incident edges removed.

48. Disprove: A connected graph with a cut-edge has an articulation point.
visprove. g p

49, Lemma: R commected graph with at least three vertices and a cut-edge has an
articulation point.

50. Disprove: A comnected graph with am articulation point has a cut-edge.

51. Definition: A swubset S of edges of a comnected graph & is called a cut-set,
it 1) The graph M formed by deleting the edges in S from & is a d1scon-
nected graph and
2) For each subset Sy S with S5 = §, the graph Hy formed

by deleting the edges in Sp from & is @ comnected graph.

52. Theorem: IT 6 s connected, then for each cut-cset S of 6 and for each
spanning tree T of &, S and T have 8t Jeast one edge in common.

53. Theorem: If G is connected and S is any cut-set of G then there is a
spanning tree T of G so that T amd § have exactly one edge in commen.

54. Theovem: If & is connected and S any cut-set of G, then the graph H formed
by delTeting the edges of § from & has exactly two components.

55. Theorem: 6 is connected. For each cut-set S of G and for each circuit C
of &, 5 and € have an even number of edges in common. [Mote © is evem].

56. Theovem: I 6 is compected F ednes such that
1} There is a spanning v and 5 have exsctily one edog

in common, and




2} S has an even number of =dges in common with each circuit C of ¢
Then § is a cui-get. '

- 57. Lewma: If 1) G is a connected graph

2) T is a spanning tree of &

3) E is an edge in G which isn't in T

4} € is the circuit found in U, the graph obtained by adding © 1o 7
and 5) F is any edge in C and T' is obtained by deleting F from U
then T' is a spamning tree for G. ‘

58. Theorem: If G is a connected graph with weights on each edge, and these
weights ave distinct then & has a wnique minimal spanning tree.

59. Prove: A connected graph 6 with exactly 1 vertex of degree 1 is not
biconnected.

60. Prove: If G is a connected plane graph with R = the nuaber of regions < 40
and £ = the number of edges > 65, then there is a vertex of & of degroee
Tess than or equa®! to 4.

61. Prove: If the graph 6 has 11 vertices, prove that either G or G ix
nonpianar.

62. Prove: If every pair of vertices of graph G Tie on a common simple circuit,
then G is biconnected. (False if simple is removed)

63. Prove: I¥ the 83 chairs of a classroom ave arranged into 7 rows of 9 chair:
each (and 9 columns of 7 each) show that if 30 students are seated in the
classrocm, thene some row has greater tham or egual to 5 students and sow:
column has less than or equal to & stwdents.

64. Prove: Prove that every connected graph containing only vertices of ever
degree has no cut-edge.

65. Prove: Suppose that 88 chairs are arranged in a rectanguiar array of B rows
with 1 chairs each. If 50 students are seated {1 studept per chair) then
prove that some row must have at least 7 studenis and some cOlumn must have
at most 4 students. z~

66. Prove: Suppose that 6 is a connected plane draph such that the number of

regions is less tham 52 and the number of edges is greater tham 85. Prove
that there is a vertex v of G such that dgg‘v)'ig Tess than or equal to 4.
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