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COMPLEX ANALYSIS : : 19 May 1970
Problem Set

,t//ff//;et Q be the union of all open polydiscs A(O;x) on which

£(z) = I ¢ 2> converges.
& o

(A) Prove that % belongs to Q if and only if £(z) converges
absolutely on a neighborhood of z.
(8) Prove that £(z) converges uniformly on compact subsets of Q.
(C) What can you say about the geoﬁetry of Q7 1Is it star-shaped?
Convex? Circled?

D) What can you say about the convergence of the series’ p*f.

» Proof the best identity theorem you can.

L}Iff//;uppOSe f is analytic on A(0;1) and continuous of A(0;1)

and suppose iznl =1 is fixed.. Let g(zl,zz,...,zn_l) = f(z).

Prove that g is analytic on A(03;l) in C(n~l).

. (A) Prove that a pluriharmonic function on a polydisc is the
real part of an analytic function.
(B) Find an analytic function whose real part is

ex(x cos y -y sin y) + x3 - 3xy2°

\eefr: 10-7
P/Vf/ Use the Welrstrass preparation theorem to prove the implicit

function theorem for the simple case f(zl,zz,...,zn) = () near

a point where £(z) = 0 but af/azn # 0.
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COMPLEX ANALYSIS 5 , Problem Set I
Math 333 ; o . Due Oct. 20, 1972 -
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Consider the function T(z) = (z-a)/(z=), where a is not real. If z
is real, prove that |T(z)| = 1. If the imaginary parts of z and a
are both positive, what can you say about IT(z)I? Prove it.

(A) Suppose a = re1e is a non-zero complex number. Find a formal power
series f£(X) for which g(z) = £(z-a) 1s a branch of log z ' in the disc
Izral < r. [Hint: Recall that you nmeed only show that g'(z) = 1/z and
that exp(g(a)) = a.] : ‘ ;S

(B) Prove. that there is an amalytic branch of  log z in the right half-

plane, Re(z).> 0. Prove that there is a branch of 1log z in the comple-

ment of any closed half-line through the origin, but that there 1s no

" branch of log z in the complement of the ocrigin.

(A) Let {an}, {Bn} be two sequences of numbers with the following

properties:
(1) there is a constant M > 0 such that

Ial +a,+ - 4+a | <M for all n> 1,
W 2

2
(11) the B are FEal > 0 fand B B, > °-c 2 BOR Ses .
Show that, for all n 3_1,

.8, a8, 8- o 8l < M8

1£1
(Hint: Introduce 8_= o, + *+* + a_ and write
n 1 n

lei F oy ansn @ (31-82)81 -t (Bn—1-8n>an—1 3 Bns-n’)

(B) For which values of 2z does the series 2; z%/n converge? Pay
particular attention to |z| = 1. ‘ e

If {&n}A is a sequence of positive numbers, prove that

a — a
.lim-—Eil < 1lim (a )l/n < 1lim (a )lfn < 1lim atl . e
—a an S T n - n i an

(A) Prove that £(z) = cos 2 is the unique analytic function for which
£'7(z) = -f(z) and £(0) = 1, £(1) = 0. State and prove similar theorems
for cos z and e%. :

iz, ~iz
(B) Use (A) to prove cos z = e 2 and eH-z = ekez.
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(4) Prove that C[[X]] becoies a complete metric space if we define the
distance between f and g as N(f-g). This topelogy on C{[X]] is
called the Frdchet topology.

(B) Prove that a sequence, {f, }, of formal power series converges to g
in the Fruchet topology if and only if the n'th coefficient of £ converges
to the n'th coefficient of g, for all n. [Remark: this is jus another
way of saying that the Fréchet topology on C[[X]] is the same as the
product topology when C[[X]] 18 considered as a product of countably

many coples of the complex numbers., ]

(C) Prove that the polynomials are dense in the Frdchet topology on
cl[x1].

(D) Supposge that {Sk(X)} is a summable family of power series with

S(X) = ‘Z:ksl sk(x). [See Cartanm, p. 11, for the definition of summable
: 0
and of S(X).] Prove -that 1ﬁm 25 sk(x)‘ iz S(X) in the Fré;het

topology. Find a series of elements in C[[X}] which is not summable in
Cartan's sense, but which converges in the Ftechet topology. [Remark.
for a topology in which convergence and gsummability are identical, see
problem 1, p. 43, in Cartan.]

(A) Prove that C[[X]] 4is a topological algebra in the Frechet topology
(i.e., prove that addition, multiplication, and scalar multiplication

are all continuous). ([Hint: WNever use the metric to prove continuity;
uge VI(B) instead.]

(B) Let g be a power serles with zero constant term and define ¢(f) = fog.
Prove that @ is continuous. Use the continuity to prove that ¢ is an
algebra homomorphism of C[[X]].

(C) Suppose that ¢ 18 a continuous algebra homomorphism of C[[X]] and
that ¥(z) = g. Prove that g has zero constant term. [Hint:

Um X" = 0], and that Y(f) = fog, for all f. Use these results to prove
the associativity of formal power seriles composition (i.e., to prove
propositicn A1, pe- 13, in Cartan).

DO THE FOLLOWING PROBLEMS FROM ARLFORS Cbmplaw Anazysis:
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REFERENCES ON SEVERAL COMPLEX VARIABLES

SURVEY

¢

o Hirschman, Jr., ed., Studies in Real and Complex Analysis, M.A.A. '
~ Studies in Mathemal:ics, Vol. 3. Article: '"Several Complex Variables",
pp. 3-34. . : :

&
N SINGLE CHAPTER INTRODUCTIONS

H. Cartan, Elementary Theory of Analytic Functions of One or Several
Complex Variables, Addison—Wesley, Chapter IV.

CCs Carat:heodory, Theory of Funationa, 2nd English Edition, Chelsea,
Volume II, pp. 113-128:— —— ]

W. Rudin, Function Theory in Polydiscs, W. A. Benjamin, Inc.; Chapteri.\
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0. Zariski and P. Samuel, C'onmutative Algebm, 2 volumes, Van Nostrand.
Particularly Volume II, pp. 129-149.

STANDARD TREATISES'

S. Bochner and W. T. Martin, Several C'amplez Varwbles, Princeton Univer-
sity Press., -

8518, Abhyankar, Local Analyttc Gbametry, Academic Press.

R Fuks, AnaZytw Functione of Severaz Complex Vamab‘tes, Translations
of Mathematical Monographs, Volume 8, American Mathematical Society.

/e . C. Gunning and H. Rossi, Analytic Functions of SeveraZ Complex Vamables,
£ Prentice-Hall, Inc. , ,

M. Herve, Several Complex Variables, Oxford University Press.

L. Hormander, Leciuree on Functions of Several CompZex Variables,
Van Nostrand Co., Inc.
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COMPLEX ANALYSIS Due Mfatchd*l)_, 1970

B séuég;symmetry wlth respect to circles and lines and reflectionms & 1
' o it o] 'J" ¢ [ Ly ; i 4 '-
£ -y - af merdmorphiéffunqtiOns. You may assume Theorem 11.17, but £ill 3 *«k) P

in the details of other proofs sketched in class.
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1-18 (Hint:

W= [y ol )
[
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= J; Mx(l,%ﬁ%

It will be enough to consider disecs),
Consider discs first and use 11-6 (b)).

Due March 3, 1970
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",fff”:’;;nction is said to be locally constant if every point contains a

neighborhood on which the function is constant.

constant function with connected domain is constant.
are analytic functions with identical real parts, prove that f-g is
locally constant.

AL‘,AEKT”frove that if u 1is real harmonic in the entire plane and is
either bounded below or above, then u is constant.

l/?«;/Show that a continuous function satisfies the formula of Problem 11-5

f, and only if, it is harmonic.

LIV, Aive the polar form of Laplace's Equation.

e

Suppose that u is harmonic in an annulus about the origin

and that

Prove

f(x) =

that -

2w
‘0

. 1 2%
e j u(r,0) do.

%;(r f(f)) 5 0, What is £(r)?

Use Part B) to prove the mean value property for harmonic
functions.

XD) Use Part B) to show that a function which is bounded and harmonic

Prove that a locally
If £ and g

E>1
2

@.

in a deleted¢neighborhood of a point can be extended to a har-
monlc function in the entire neighborhood.

VAuppose that u 1is harmonic in the complement of D(0,1-¢)

w(w). iof 0.

Find a Poisson integral type formula for wu.
L]
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COMPLEX ANALYSIS Problem Set #3
Math 333 Due Nov. 17, 1972

XIV. (A) Suppose that g(z,t) = g(x + iy,t) is a function from an open sub-

gset of Cl X R = R3 to Cl. Suppose that 93g/9z and 9g/d9t are continuous.

Assuming the theorem about real differentiation under integral signs, prove that
b b
F(z) ~_f g(z,t)dt has complex derivative F'(z) = ~I %ﬁ(z,t)dt.
a a
(B) If Q 4is an open subset of C1 which is star-shaped about z, and
f(z) has a continuous derivative throughout , prove that £(z)dz is exact in Q.

[Hint: For each z in Q, let Y5 be the straight line from 2z, to z;

0
and define:

1
P = f@dz = [ Elagrtlezg) 2z de.
Y VL %
Show by (A) that F'(z) = £(z) in Q.]

XV. Suppose £(z) has a continuous derivative on the annulug 1 < lz—a% < R,

Let C1 and 02 be positively oriented circles centered at a and with radii

L~

between * and R. Prove that

jf(z)dz = jf(z)dz g
1 8

[Hint: Partition the annulgg.into a finite collection of star-shaped sectors.]

XVI. A differential form o = P(x,y)dx + Q(x,y)dy = g(z)dz + h(z)dz is said to F
be closed in an open set R d4f P and Q have continuous partial derivatives

and %§-= %%w 1
(A) Find conditions on g and h which are equivalent to w®w being closed. %
(B) Show that £(z)dz is closed if and only if £'(z) exists and is

continuous. :
(C) If w is closed in a star-shaped region , prove that it 1is exact.

{Notice that this generalizes XIV(B).] :
(D) Find a statement of some form of Green's Theorem in the plane. Rewrite 1

this theorem, translating the formulas involving P,Q and their =x,y derivatives
to formulas involving g,h and their z,Z 'derivatives".

DO THE FOLLOWING PROBLEMS IN AHLFORS:

P, 108 Problems 2,3,4,5,6,7
P. 117f Problems 2,3
P. 120 Problems 1,2,3
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Problem Set 1
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/XPOI uP spaces always assuge’ 1 £°P < w ; agl for p = 1 '~ You may
use Theorem 17.13.
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| . COMPLEX ANALYSIS (bv ( Due April 28, 1970
% Problem Set 1 /®
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1

A
N

L] - / 0 ..,I
Provg Grédn's theorem the annulus bqunded 7 |z £ a/

: A '
D - and/ f* b. HINT; //L 5 C }4 the citcle of tadiy "1", g
a A the aﬁnul{ls brnded by/ |z| = a and I'zl 7 7/ 3 Q :
N : Then deiine L [ 4 ’/ 4 // v’:/ /

A

z: Prove that

For which numbers /a does A/(F-a)

F » Bieberbach's:
“é:s of sectTons' 14.10 £hreygh 14.15

S -GV S
the analytic capacity of a ]&segment




