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1 Problems

For u(z,y) = u(&,n) (or u(z,y, z) = u(&,n,()) express the Laplacian gy + tyy (O Ugy + Uyy + us,) in terms
of partial derivatives of u with respect to greek varialbes.

Lez=¢+n y=£—n

2. x=3E+2n; y=26-—1n ans : (Suge — 8ugy + 13uy,;) /49
3. fz%(ﬁ—yz); n=ay
4. £=22—y; n== ans 2ug + (4n? + Duge + dnuey + tpy

o

r=8+n+G o y=E-—n+¢ 2=8-1—(

6. Show that for spherical coordinates (p, 8, ) with = pcosfsing; y = psinfsing; z = pcos¢ that

2 1
Upp + ;up + ? (U¢¢ +cot pug + uae) = Uz + Uyy + Uzz

1
sin? ¢
2 Examples

e Problem #2 There are at least two ways to do these problems. All require use of the Chain rule for
several variables.

1. The first method takes the variables as they come. Here they are x = 3£ +2n; y =2 — 17
U

>

13 n

We crank out the partials ug, u,, uge, Uey, Uny
Ug = UpTe + UyYe = SUy + 2Uy
Uy = UgTy + UyYy = 2Ugy — Uy
Uge = 3(UzaTe + UzyYe) + 2(UyaTe + UyyYe) = sz + 12uqy + duy,
Ugy = 3(Uga Ty + UsyYn) + 2(Uyay + UyyYy) = Olgy + Uy — 2uyy
Uny = 2(UgaTy + UayYn) — (Uyaln — UyyYny) = Haz — dugy + Uy,

We want combinations of the greek partials that add up to ug, + uy, and often one can find the
answer by inspection. But here the problem is harder. We need to solve Auge + Bugy + Cuyy =



Ugy + Uyy Which gives 3 equations

9A+6B+4C =1
12A+B—-4C =0
4A-2B+C =1

in three unknowns. Eventually A = %, B= f%, and C' = g giving the answer

1
19 (Buge — Bugy + 13uyy)

2. The second method starts by inverting the equations so we can use u

>

Y
Certainly this is straightforward for this problem as it is a linear equation we get & = %(m + 2y)
and n = %(233 — 3y). Now we can directly compute uz, + uy, using the chain rule.

;
,

1 2
Uy = g€y + Ut = g + iy
2 3

Uy = ueky + upny = ?“E - ?“n

1 2 1
Ugy = ?(uﬁﬁfﬂﬁ + ugynz) + ?(UWESI + Unnz) = 4_9(“65 + dugy + duyy)
1

3 3
Uyy = ?(uﬁﬁfy + ugnny) — ?“nify = Upyly) = 19 (duge — 12ugy + Yuyy)

The next step is direct: we add vz, + uy, and get the same answer.
1
E (5u55 — 8u§,7 + 1311,,77,)
The second method is faster this time.
e Problem #4 This one is already in the form of method 2 above. So we take £ = 22 —y; 1 = x and
directly compute
Uy = Ue&y + UyTz = 22Ug + Uy
Uy = ugly + Untpy = —Ug
2ug + 20(ugelo + ugyln) + (Ungbo + unyie) = 2ug + 4o uge + dzuy + Uy
—(ugely + ugyny)) = uee

and thus ug, + uyy = 2ue + (4% + 1)uge + 4xugy + Uy, This expression is not free of x and y, but this
is easily fixed as y = —¢ +n? and x = 7. Final answer

e Problem #6 We use © = pcosfsin¢; y = psinfsing; 2z = pcos¢o so that u
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Up = UgTp + UyYp + UL Z)p
U, = Ug cOs 0 sin ¢ + u,, sin O sin ¢ + u, cos ¢
Uy = Ug Ty + UyYp + UzZg
Ug = —pPUg sin @ sin ¢ + pu, cos §sin g 4 0
Up = Up Ty + UylYp + Uz Zp
Up = PUg cos O cos ¢ + pu,, sinf cos ¢ — pu sin ¢
Upp = Uz cos? 0sin® ¢ + Ugy cOs G sin O sin’ ¢ + uy. cos 6 sin ¢ cos ¢
+ Uy, cos Osin 6 sin® ¢ + Uyy sin? #sin? ¢ + Uy 5in 0 sin ¢ cos ¢
+ Uz cOs 0sin ¢ cos ¢ + Uy sin O sin g cos ¢ + u, cos® ¢
Upp = Uz cos? 0sin? ¢ + Uyy sin? 0sin? ¢ + .. cos> ¢
+ 2uyy cos Osin 6 sin’ ¢ + 2ug, cos @ sin ¢ cos ¢ + 2u,, sin 0 sin ¢ cos ¢
Ugg = —pPUy cos 0sin ¢ — pu,, sin fsin ¢
+ pugy sin? sin? ¢ + pQuyy cos? 0 sin? ¢ — 2p2uxy cos 6 sin 0 sin? ¢
Ugpgp = —PUy €Os Osin ¢ — pu, sin O sin ¢ — pu, cos ¢
+ p*Ugy cos® O cos® ¢ + pzuyy sin? 0 cos® ¢ + p*u.. sin® ¢

+ 2p2uzy cos 0 sin 6 cos? ¢ — 2p>u, cos O sin ¢ cos ¢ — 2p2uyz sin 6 sin ¢ cos ¢

Lets start by looking at the second order terms, namely u,, + ugg/ (p? sin? ®) + upe/ p?, by checking
the coefficients of uyy, Usy, - - -

Uge : o5 Osin? ¢ + sin? O + cos? O cos? ¢ = cos? B(sin? ¢ + cos>p) + sin?h = 1

Uyy sin? @ sin® ¢ + cos? @ + sin? 6 cos? ¢ = sin? (sin® ¢ + cos?¢) + cos® H = 1

Uy 1cos?d+0+sing=1

Ugy 2 cos fsin @ sin? ¢ — 2 cos §sin @ + 2 cos  sin A cos® ¢ = 2 cos A sin O(sin? ¢ + cos? ¢) —2cosfsinf =0
Uz, : 2c0s80singcosep+ 0 —2cosfsingpcosgp =0

Uy, : 2sinfsingcos¢ + 0 — 2sinfsingpcosp =0

So only the product rule terms are left over. They are

Ugy  —Uycosl —uysind  —u, cosO(cos® ¢ + sin? @) — u,, sin O(cos? ¢ + sin’ @)
p2sin ¢ psin ¢ B psin ¢
Upp —Uy COSOSING —uysinfsing —u,cosp  —u, cosd sin? ¢ — Uy sin 0 sin? ¢ — u, cos ¢sin ¢
e p N psin ¢
—2u, cos Osin? ¢ — 2u,, sin 6 sin® ¢ — u, cos ¢ sin ¢ — uy cos 0 cos? ¢ — ug sin O cos? ¢
left over = -
psin ¢
Lets checks these versus the first order terms
2 2(ug cosOsin ¢ + uy, sinfsin g + u, cos¢)  2uy cosd sin® ¢ + 2uy sin 6 sin’ ¢ + 2u, cos ¢ sin ¢
P p B psin ¢
upcotd  cos @(uy cos b cos d + uy sinf cos d — uysing)  uy coscos? ¢ + uy sin 6 cos? ¢ — u, cos gsin ¢
P> - psin ¢ - psin ¢
Qug cos Osin? ¢ + 2uy sin 6 sin? ¢ + u, cos ¢ sin ¢ + uy cos 6 cos? ¢ + uy sin @ cos® ¢

first order terms =

psin ¢
and everything matches.



