REMARKS ON THE PRANDTL EQUATION
FOR A PERMEABLE WALL

R. TEMAM!'2 AND X. WANG?

ABSTRACT. The goal of this article is to study the boundary layer for a flow in a channel
with permeable walls. Observing that the Prandtl equation can be solved almost exactly
in this case, we are able to derive rigorously a number of results concerning the boundary
layer and the convergence of the Navier-Stokes equations to the Euler equations. We
indicate also how to derive higher order terms in the inner and outer expansions with
respect to the kinematic viscosity v.
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1. INTRODUCTION

The behavior of the solutions to the Navier-Stokes equations at vanishing viscosity (large
Reynolds numbers) is an outstanding open problem both in fluid mechanics and in math-
ematical analysis. In the physically realistic case of wall bounded flows, two phenomena
occur: on the one hand, inside the flow, the cascading of energy between large eddies and
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small eddies and its dissipation by viscosity; on the other hand, at the boundary and in
the boundary layer, which may be turbulent vortices are generated which drive the flow.
In this article, we are interested, in the incompressible case, in the question of how well
the Navier-Stokes equations are approximated by the corresponding Euler equations.

In mechanical engineering an abundant literature is devoted to the study of boundary
layers following the pioneering work of L. Prandtl (1905); see e.g. R. Balian and J. L. Peube
(1977), and other articles in this volume. On the mathematical side in the context of
modern functional analysis, and for incompressible fluids, there is a more limited literature.
O. Oleinik (1963) addresses the mathematical theory of the Prandtl equations themselves
(see also the more recent book O. Oleinik and V. N. Samokhin (1999)); M. I. Vishik and
L. A. Lyusternik (1957), J. L. Lions (1973) address many boundary layer issues in the
context of other areas of sciences and engineering. In his article J. L. Lions introduces the
concept of correctors, which we use; the point of view is then slightly different from the
traditional point of view in boundary layer theory.

In this article we want to report on a work in progress investigating a number of issues in
that direction (see R. Temam and X. Wang (2000), hereafter referred to as [TW] and other
articles in preparation). In [TW] we consider the case where the boundary is noncharac-
teristic; more precisely we consider the flow in a channel with permeable boundary. In this
case the Prandtl equation can be solved as we recall below, and we are able to establish
a number of convergence results of the viscous solutions to the inviscid ones. This is the
object of Section 2. In Section 3, continuing this line of thought, we study higher order
approximations, and speculate on the form of the higher order terms in an inner-outer
expansion with respect to the kinematic viscosity v; the validity of such expansions will
be addressed elsewhere. Finally, in Section 4, we briefly discuss another important issue,
namely the stability of the boundary layer, a problem which corresponds to its actual oc-
currence in the physical reality. We emphasize the fact that with our presentation based
on the use of correctors, we do not need the technic of matched asymptotic expansions,

although we do use stretched coordinates in the boundary layer.
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2. THE PRANDTL TYPE EQUATIONS

We consider the Navier-Stokes equations for incompressible Newtonian fluids in a channel

with injection and suction:

ou”
ot

+ (W'V)u" —vAu” +Vp' = f inQx(0,7),
divu” =0 in Q x (0,7,
u’ =wuy att =0,
u” = vy at z =0,

u’ = v at z = h.

Here Q is the channel, Q = (0, Ly) x (0, Ly) x (0, h), with periodicity assumed in = (period
L;) and y (period Ls) for all involved functions.
We would assume a porous boundary, with injection at the top of the channel

vtop-ﬁg—ﬁ<0 at  z=h,

and suction at the bottom of the channel,

vbot-52ﬁ>0 at z =0,

where n is the unit outward normal to Q. The usual compatibility condition
/ Utop'ﬁ_{'/ 'Ubot'?L\:O
z=h z=0

These boundary conditions are sometimes referred to as non-characteristic boundary

will be understood.

conditions since the streamlines are transversal to the boundary.

The global existence of Leray-Hopf weak solution to the Navier-Stokes system is well-
known provided the boundary, initial and external forcing data are smooth enough. (The
existence of steady state solution is largely open though) In the two dimensional case (with
the dependence on y suppressed) the existence and uniqueness of smooth solution is easy
to derive by mimicking classical approaches, provided the data are smooth and certain
compatibility conditions are satisfied.

Our interest here is in the asymptotic behavior of the solutions of the Navier-Stokes

equations at small kinematic viscosity v.



4 R. TEMAM AND X. WANG

A naive approach is to treat this as a regular perturbation problem and to seek for a
sequence of approximations of the form

o
u’ ~ E vl
j=0

Inserting this into the Navier-Stokes equations, collecting terms of the same order in v we

obtain,
ou’ 0 0 0 :
E—I—(u -V)u’ +Vp° = fin Q x (0,7),
divu’ =01in Q x (0,7),
u’ =wupat t =0,
ou' 0 1 1 0 1 0.
E%—(u -V)u' + (u - V)u' + Vp' = Au’ in Q x (0,7),

divu' =0in Q x (0,7),
ul=0att=0,
O (0 V)l + (- VY + V) = A Z(u V)l in Q x (0,7),
=1
divw/ =01in Q x (0,7),
wW=0att=0.

In the case without physical boundary, i.e., 2 = R"™ with decay at infinity or periodic
boundary condition in all directions, the validity of the asymptotic expansion can be easily
verified, at least for smooth data.

The zeroth order is exactly the Euler equations for incompressible inviscid fluids.

In the case of flow in a limited region we need to specify boundary conditions for the u/
at all orders.

If the boundary is impermeable, the boundary conditions for the u/’s are

w -n =0 on 0.
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If the boundary is porous, we have to specify the whole velocity where the flow is entering
(z = h), and the normal velocity where the flow is going out (z = 0) :

uozvmp at z = h,

RN

uln = Vet -n at z=0,

wW=0atz=~hj>1,

W-n=0atz=0,7j>1.

This expansion is sometimes referred to as the outer (outside of the boundary layer) ex-
pansion for u".

Notice that, in general, Z?:o vy cannot match u” at the outlet boundary z = 0. Thus
such asymptotic expansions cannot be valid uniformly, in the whole domain (i.e. not up to
the boundary). Thus various boundary layer correction terms are needed (which we call
correctors) in order to obtain convergence up to the boundary. Hence we propose a new

sequence of approximations with correctors:

u” ~ Zl/j(uj + 69).

Jj=0

Here we deviated from Prandtl’s classical approach or more generally from the matched
asymptotic approach where one does inner expansions (within the boundary layer) using
stretched coordinates on the viscous solution " directly and do later the matching with the
outer solution. The alternative treatment we present here, the so-called corrector approach
(see Vishik and Lyusternik (1957), Lions (1973)), uses the stretched coordinate argument
later on, to compute or approximate the correctors 67.

Utilizing the stretched coordinate

R
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and the ansatz of new sequence of approximation with corrector, we have formally

Z VJ% 4 1/] 897 V‘? Z V)i~ + (9° - v)uj—e)
Jj=0 J=0 Jj=
00 J
+ ) v Z ((ut+60)-V,)o"
j=0  £=0
o0 j+1 +1-¢ ™ ¢
IO ST oD S
j=—1 =0
—ZV]AUJ ! —Zl/jA 67!
o207 +1
— Z 7 972 +Vp= [,
j=—1
divé’ =0

where A, V., 0., u, represent the tangential Laplacian, tangential gradient, tangential
component(s) of 6 and u respectively.
Utilizing the stretched coordinates, the incompressibility condition can be written as:
001 060, 106}
+

o oy Tvaz "

Hence %9@ is expected to be bounded.

Thus, if we group terms with the same order we obtain:

At order -1:

(260 080
_Z<8ZQ_ 3aZ>+vq0:0

which can be further approximated by
0z> oz

The boundary condition is given by

)—i—VqO:O.

0° =0at z = h,
0 =0at z=0,
0 = —ul at 2 =0, k=1,2.
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At order O:

0 90
aait - 88_15 +(u” V) + (07 V)" + ((ur + 67) - V,)6°
1,000 000 000 0%

- 1:
+o0iay tuigy tugy — g Ve =S

Utilizing the equations for u we have (with the pressure term replaced by a new one if
necessary)

O W80y o o _ 200 _ 1008
div 0' =0

0'=0at z=h03=0at 2=0,0, = —u, at z =0k =1,2.

At order j (7 >1):

J Jj J ,
8u 89 Z V)ul =t + (6° - V)ujfg)

=0

+ Z ((ul + 08 - v,) 7"
=0

Jj+1

aeﬁl ‘L L. 9 0gi—
* Z "oz v oz
) ) 2n7+1 )
AW o AL - + Vgt =0.

07?
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Utilizing the equation for v/ we deduce

920+t eIt . 001 g
~azr tWag TVOT =m0V

div ¢ =0
Gt =0 at z=nh
07" =0at =0
0 =—wtat 2 =0, k=1,2.
These equations for correctors can be further approximated by

(92(9j+1 00i+1
rY: 3]0 BYA

88j J J
—E—Z uje Z u—l—&e 635 Zu3
=0

+ Vgt =

=0
_ZG:aSJZEjLA pi=1 4 (uS].— z ug)%forjzl,
div #71 =0,
¢t =0 at z = h,
0" =0 at z =0,
G =l at j=0,k=1,2

These equations for #7 can be viewed as Prandtl’s type equations since they are derived
in exactly the same spirit as in Prandtl’s original work of 1905.

The well-posedness of these Prandtl type equations is straightforward. The asymptotic
behavior of 7 is less obvious. We intend to prove elsewhere that, roughly speaking:

375+1

= > Cult.z,y.2)(> )CID(k:z)+1/C’ (t,z,y, 2).

k=1,1=0
Here

P(2) = d(t,x,y,2) = 6—}%zug|zzo — 6—%zug(t,x,y,o)

9
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and the Cji; and C; are smooth and bounded (in various function spaces) independently
of v provided that the data are smooth, that certain compatibility conditions are satisfied
and the inviscid problems produce unique smooth solution.

The boundary conditions for the inviscid equations (at the various orders of outer ex-
pansions) are somewhat non-conventional. The usual boundary condition associated with
inviscid flows is the so-called impermeable boundary condition u/ - n = 0 at the bound-
ary. However in our case of porous boundary, we need to specify the total velocity at the
upwind direction; otherwise the system will be under-determined. For the local in time
well-posedness of these problems one may consult, among others, the work of Antontsev,
Kazhikhov and Monakhov (1990).

3. VALIDITY OF THE ASYMPTOTIC EXPANSION

In this section we give a sketch of the validity of the asymptotic expansion, or the Prandtl
type equations that we proposed in the previous section. We give the sketch for the first
term, namely 6° only. For the 0 order case we follow in part R. Temam and X. Wang
(2000); for the 1— order case the details will be given elsewhere.

For the 0 order Prandtl type equation, we consider the adjusted difference

w’ = u” —u® — 6°.

Notice that w® satisfies the equation

0
aait —vAuw® + (u” - V)uw? + (w” - V)u® + (w° - V)0 + V(p” — p° — ¢°)
0
_ a(‘?it AW + VA — (60 V)0 — (6° - V)il — (u - V)6,
divw’ = 0,

w'= 0at z=0,h.

0 is small in some sense. We employ the classical energy

Our goal is to prove that w
method since no easy uniform estimates on the pressure (in terms of viscosity) can be

derived.
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We focus on the right-hand-side first. It can be rewritten as

0 0
% +vAu® + vAR° — uglzzoaaiz — (u? - V,)0°
—(6°-V)0° — (0° - V)u® — (ug — ul) )8—90
3 312=0 Oz
0¢° 0 0 0 0 0 0 0 0 0
=5 + vAuw VA0 — (u. - V)0 —(67-V)0° — (0 - V)u' — Vq
0 06°

— (ug — Ug|z=o)5-
According to the decomposition of #° into a boundary layer part and a regular part, we
have
0° = Cowo(t, x, y)®(2) + vCo(t, z,y, 2)
Thus, it is easy to see that
06°

rrl (u? - V) — (0°- V)" — (6° - V)u' +vA0° + vAU,

can be written in the same form, i.e., a boundary layer part of the form bounded function
times ® and a regular part of the form v times a bounded function.
Notice that u3 — u3|.—o = 0 at z = 0; hence
o o 00°  ud —ul|.—o 00°
(ug = uglmo) 5~ = =————2—
0z z 0z
could also be decomposed as a boundary layer part of the form bounded function times,

(z/v)® and a regular part of the form v times a bounded function.
0

00
For the term an—, notice that by the incompressibility the third component of the
z

C
boundary layer part of the 0 order corrector #° must be such that =% is bounded. Thus
v
0 0
-2 is bounded. Thus 09—— could also be decomposed into a boundary layer part of the

v z
form bounded function times ® and a regular part of the form v times a bounded function.

To summarize we write the right-hand-side (RHS) of the equation for the adjusted dif-
ference w® in the form

RHS; + RHS,,
where
RHS; = g1(t, x,y, 2)®(t, z,vy, 2),
with ¢g; a uniformly bounded function and
RHSy = vgs(t, 2, vy, 2),
with go a function bounded in L? (and L*).
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Hence the energy estimates yields, for the right-hand-side (RHS):

|/RHs~w°| < \/gl@w°|+|/ug2w°|
Q Q Q
0

w
< v|galr2|w® |2 + |91’L°°|Z‘I)|L2\7|L2

0
3/2|aﬂ‘ L2

0z
(Thanks to Hardy’s inequality)

< kv|w®|pe + Ky

1
< Ve la 4+ Sl + 0,

where k is a generic constant depending on the data but independent of v.
Now we go back to the left-hand-side. It is easy to see that

ow' o 1d, 4
o ot U Toq I

—V/ Aw® - w® =v|Vu®|3s,
Q
v’ - V)w? - w® =0,
(
Q
w® - V)u® - w®
|/ ( )
Q
]/(wo V)0 - w°| =| /(w0 V) - 6°
Q Q

<] /(wo - V)wCoo®| + | /(wo AVAITEE V50|
0 Q

<V | pos w22 < K|w°3s,

0
w ~
§|?’L2|VWO|L2|COOZ‘I’|LIOO + v|w®] 12| Vw®| 2| Co| L

v 2v C(]O
<V 02 02 =7
_8| 'LU‘L2+K/"LU |L2+ e ’U,gzzo

Thus under the relative smallness of the tangential slip at the boundary with respect to
the suction i.e.

2 C(]O 1
) gl =
312=0

we have
Ld, g5 VV 012 < 02 2
§alw !L2+§| w12 < Klw’|7s + kU7,
wW=u —u’ -0 =0att=0,

since we do not assume boundary layer at time zero, (i.e. v’ = u" =g at t = 0).
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Hence under the assumption * we deduce the following:
w®|| Lo o,rsL2()) = Ilu” — u® — 0°|| L 0,102 () < K0,
HU}OHL2(0,T;H3(Q)) = [Ju” —u” — 90||L2(0,T;H3(Q)) < k2
This implies the validity of the Prandtl equation. For the physically more realistic uniform
in space and time estimates, we could employ an anisotropic Sobolev imbedding and utilize
a heuristic idea of better control on the tangential derivative of the velocity field than the
normal derivative of the velocity field. For more details, the reader is referred to Temam
and Wang (2000) for the two dimensional case. The three dimensional case is still unknown.
For the condition (), we notice that Cp; is directly related to u (¢, z, y,0) — Vpotr (£, 7, ).
Also u2(0, 2,4, 0) — Vpot+ (0, 2, , ) = o+ (2,9, 0) — Upes+ (0, 7, ) = 0. Hence (x) may be rewrit-
ten as
0
U |2z=0 — Ubot,r
kok _—
() | T

and (xx) is true for t < T, due to the well posedness of the inviscid problem and the fact

|Le < Ko,

that u2(0,z,y,0) — Vot~ (0, 2, y) = 0. To summarize we have,

Theorem 3.1. There exists T, > 0 and k > 0 depending on the data but independent of
the kinematic viscosity v such that

[ — u® — 6°)| L0122 < KV,
|Ju” — u’ — 90||L2(0,T,H5(Q)) < ’Wlﬂa

||UV - UO - 90||Loo((0,T)><Q) S I€V1/4.

Remark 3.1. The uniform in space and time estimate is not optimal. The optimal rate

should be v which is clear from our formal asymptotic expansion.

4. DISCUSSION ON STABILITY

In this section we consider the stability issue for the boundary layer. The stability issue
is intimately related to the question on whether the boundary layer derived in the previous
sections is physically relevant (i.e. if it can actually appear).

As a special example of the laminar boundary layer we notice that

—Uz/v _ ~UhJv
Voo = | U ,0,—-U
L Uhfy

is an exact steady solution to the Navier-Stokes equation with

Utop = (0, O, _U)
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and
Vpot = (U1,0,=U)
and
f=0,
where U; and U(= —Us;) are positive constants. The corresponding inviscid (steady)
solution is
(0,0, —U).

Thus the relative smallness of horizontal shears with respect to the vertical suction can
be reformulated as
U1 (&
g
U ~ 16
The stability of v, under the smallness assumption can be derived using the usual
energy method (see Ch. Doering, E. Spiegel, and R. Worthing (2000)). Indeed, let v be

the perturbation, v = u — v,,. Then v satisfies the equation

@—VAU+(U'V)U+(U-V)UOO+VQZ0,

ot
divv =0,
v=0at z=0 and h.

Multiplying the equation by v and integrating over the domain €2, utilizing the skew
symmetry of the nonlinear term and the fact that

Uer—UZ/I/
V- V)Us - 0| = —/v )
@ Vol = e

UU _
<2 e B = 2TV Y
z
UU1 7/2
2 -2
S 2|V'U’L2 . T . ﬁlle
8U;
%U|V'U|%2
1%
S Z|VU|%2,

provided the smallness condition holds, we have
d 2 v 2 < O
E|U|L2 + vVl <0,

which implies the asymptotic stability of the boundary layer.
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If the smallness condition is violated, in particular if the quantity % is large, numerical
evidence indicates that the boundary layer is linearly unstable (see Ch. Doering, E. Spiegel,
and R. Worthing (2000)).

Another indicator of the stability of the boundary layer derived in the previous sec-
tions is the continuous dependence of the solutions on the initial data and external forcing
independent of the Reynolds number, under the smallness assumption (or short-time as-
sumption). This is not trivial even if we have the well-posedness of the Navier-Stokes
system. The usual well-posedness indicates that for each € > 0, there exists § > 0, such
that if the difference in initial data is less than ¢, then the solutions will differ by no more
than e within the time period [0, T]. Usually § depends on all data including the kinematic
viscosity and the solution that we chose. Here we show that ¢ can be chosen independent
of the kinematic viscosity v provided that the time is small enough so that the relative
smallness of tangential shear with respect to the vertical suction holds.

More precisely we have, for u”, an exact solution satisfying the estimates in §3, i.e.

[u” = u® = 0°|] e 0,12y < K,
|’ —u® — 90||L2(0,T;H3) < '
v

o0

[126°ll < 2

and for any ¢ > 0, there exists § > 0, independent of v such that
[0 = u”|| Lo (0.102) < €,
provided
l[vo — uo|[z2 <0,

where v” is the solution to the Navier-Stokes system with initial data vy.
We invoke energy method to prove this uniform continuous dependence result.
Let w” = v¥ — u”; then we have

ow”

ot

—vAw” 4+ (v - V)w” 4+ (w” - V)u” + Vg = 0,
div w” = 0,

w” =0at z=0 and h.
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Multiplying the w” equation by w", integrating over () and utilizing the skew symmetry

of the nonlinear term we find

1d
——|w|7s + V|V’ 7. < — /(w” -V)u” - w”
2dt" 'F L 0

z—/Q(w”-V)uO-w”
o [-vpr-o

—|—/(w”-V)(u” —u’ — 0% - w”
§|VU§|L°°|’LU”!%2
+ |%V|L2|VwZQ|ZQO|Loo
+|V(u” —u® — )| p2|w” |34
<k|w’[3. + Z|Vw”|%2 + k2w | 2| V”| 2
<wlw[Fa + 5|V e,
Hence we have
Sl B+ vV < sl
e[| o (o,7:22(5)) < €27 [[awol | 2,
= 3T [Jug — vo|| 2.

The stability then holds by taking

APPENDIX

We consider solutions to the Prandtl type equation at order —1. For the sake of exposition
we consider the special case of a two dimensional flow (with y suppressed) with u3|,—o = —U
(U > 0 a fixed constant). The Prandtl type equation at order —1 is

290 6)0
—V%Z2 —Uaa—szVqO:OinQ
dive®=0in Q
B =0atz=nh

0 = (—ul|.—0,0) at z = 0.
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Suppose that —u?|.—o has the following Fourier expansion

0, = Zbk(t)€2km z/Ly
k

We invoke the stream function formulation for the corrector 6°,

0" :Z curl (px(t, Z)€2km'x/L1)
k£0

—Uz/v _ ~UhJv
+ bo(t) ( ,0)

1_6—Uh/V

=> (%(t, 2), —2mkicpy(t, 2)e2mhiT/ Ll)
z

k0

—Uz/v _ ~UhJv
o (£ )

For k # 0, the ¢,’s satisfy the equations
Mo Amik? 0%y, Bop  4Am’k? Oy,
-V -U =0,

0z L? 022 023 L? 0z
gpk(t7 h) = ka(ta O) = Oa
dopr, -
-, (Hh) =0,
Doy .
E(t’ 0) = bi(t).

The equation can be written as

0z \ 0z v 0z L, 0z L)
. .U 2rk )
In the case without resonance, i.e. — # j:L— the solutions must take the form
v

1

pr(t, z) = bi(t) (Ck() + CkleQsz/Ll + C’kze*Qsz/Ll + Ckserz/y>

Notice that the coefficient Cig, Ci1, Cka, Cis are independent of by (t). Assuming sufficient
regularity on u® which translates into the smallness of b, (¢) for large k and the exact formula
for the solution satisfying the boundary condition we see that

Z curl <g0k(t, 2)627rkix/L1>
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takes the form
Cg(t;x)e_U/V 24 uCy(t,, 2).
In the case of resonance, say % = % the solution for the Fourier coefficients of the
stream function takes the form

pi(t, 2) = be(t)(Cro + Craeim2/ L1 (Cra + Ckgz)e’%ﬂz/Ll)

since k =Y. L1
v 27

kind of estimates.

br is extremely small. Thus curl (g (¢, 2)6271']”/ Ll) still satisfy the same
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