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Abstract

We study the long time behavior of the Hele-Shaw-Cahn-Hilliard
system (HSCH) which models two phase incompressible Darcian flow
in porous media with matched density but arbitrary viscosity contrast.
We demonstrate that the w-limit set of each trajectory is a single sta-
tionary solution of the system via Lojasiewicz-Simon type technique.
Moreover, a rate of convergence has been established. Eventual regu-
larity of weak solution, as well as existence of global classical solutions
if the initial data is close to an energy minimizer or the Péclet number
is sufficiently small are also proved in 3D .
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1 Introduction

Multiphase fluid flow in porous media is of great importance in many ar-

eas of science and engineering applications. Well-known examples include



groundwater study (water table, interface between air and water in soil), oil
recovery in petroleum engineering (oil and water) [5]. There are also emerg-
ing applications in material science (Hele-Shaw cell), fuel cell technology
(water management in PEM fuel cells), as well as biomedical science (tumor
growth modeled as flow in porous media).

There are two types of approaches to multi-phase flow. The first treat
the interface as a sharp one with zero width. The second one recognizes
the micro-scale mixing and hence treat the interface as a transition layer
with finite (small) width (the so-called diffuse interface model or phase field
model) [4]. In this manuscript, we consider the long time dynamics of the fol-
lowing Hele-Shaw-Cahn-Hilliard system (HSCH) which is a diffuse interface

model for two phase incompressible flow in porous media [7,14]

1 1
= - S 1.1
w = g (Vo vl (1)
V-u = 0, (1.2)
1
ca+u-Ve = RA'U' (1.3)

We will assume that the fluid occupies the two or three dimensional torus
T? d = 2,3 for simplicity. System (1.1)-(1.3) is subject to the initial condi-
tion

c(t, x)|i=0 = co(x). (1.4)

Here u is the velocity of the fluid mixture, ¢ is the order parameter which is
related to the concentration of the fluid (the volume fraction of the first fluid
is given by %) The chemical potential p depends on the order parameter
c and is given by

u(c) = —CAc+ f'(c). (1.5)
The Helmholtz free energy f(c) is given by the classical double well potential
fle)= (= 1)%

p is not the physical pressure but the combination of certain generalized
Gibbs free energy and the gravitational potential (see [14] for more details).
Pe is the diffusion Péclet number, C is the Cahn number, and M is the



Mach number. Furthermore, 7(c) is the kinematic viscosity coefficient of the

mixture of the two fluids satisfying
(A1) ne C®(RY), 0<n<n<i< oo

The well-posedness of this HSCH system has been established recently
(global in 2D and local in 3D) [22]. The main purpose of this manuscript is to
investigate the long time behavior of the system (1.1)-(1.4) although some
regularity issue in 3D will be also studied. The Hele-Shaw-Cahn-Hilliard
system can be viewed as appropriate limit of the Navier-Stokes-Cahn-Hilliard
system (NSCH) [14]. Mathematically speaking, the difficulty is about the
same since we dropped the (bad) nonlinear advection term and the (good)
viscous term (replaced by the Darcian term) simultaneously in the velocity
equations for the NSCH system in order to derive the HSCH system. Similar
results for a phase field model for the mixture of two incompressible fluids
(Navier-Stokes-Cahn-Hilliard) were obtained recently [24] (see also [1,6,9] for
some related results). Derivation of various versions of the Navier-Stokes-
Cahn-Hilliard system can be found [10, 16, 17| among others. Convergence
of solutions of the Cahn-Hilliard equation to stationary solutions in various
settings is well-known (see for instance [3,18,23] among many others).

Now we state the main results of this paper:

Theorem 1.1. In the 2D case (d = 2), for any co(z) € H*(T?) for s > 2,
the system (1.1)—~(1.4) admits a unique global solution (c,u) such that

c e C([0,400); H)NL2(0, +o0; H*1?), w € C([0, +00); H3)NL*(0, +-00; H?).

The global solution converges to a certain equilibrium (0, cx) as time goes to

infinity with the following convergence rate

()l o2 + lle(8) = coollmrs < CA+ )™ i1 (16)

Here C > 0 is a constant depending on ||co||g2, ||cooll gs+2 and parameters
Pe, C,M,7,n. 0 € (0, %) is a constant depending only on cs, which is a

solution to the stationary Cahn-Hilliard equation:

_ / — 2
{ CACOO + f (COO) /’1/007 X e T Y (17) sta

sz Coodx = sz codz,
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where oo 1S a constant such that

Hoo :/ f/(COO)dx'
T2
Theorem 1.2. The following results hold in the 3D case.

1. Let co(z) € H*(T?) for s > 3. If the diffusion Péclet number Pe
is sufficiently small (cf. (4.11) below), the system (1.1)—(1.4) admits a
unique global solution (c,u) such that c € C([0, +00); H*)NL?(0, +o00; H5*2),

u € C([0,4+00); H*72) N L?(0, +o00; H®).

2. Let ¢* € HY(T?) be a local minimizer of E(c) in the sense that there
exists a 6 > 0 such that E(c*) < E(c) for all ¢ € HY(T3) satisfying
Jps cdz = [a ¢*dx and ||c — ¢*||gn < 8. Then there exists a constant
o € (0, 1] which may depend on c*, § and coefficients of the system such
that for any co € H? satisfying [1s codx = [15 ¢*dax and ||co — || s <
1, and ||co — ¢*||g2 < o, the problem (1.1)—(1.4) must admit a unique

global classical solution.

3. Let (c,u) be a weak solution to problem (1.1)-(1.4) on [0,+00). Then

there is some a T* > 0 such that (c,u) is a classical solution fort > T*.

Moreover, the (global) classical solution in 3D enjoys the same long-time

behavior as in 2D case.

The rest of the paper is organised as follows: We recall and prove a
few preliminary results related to the well-posedness of the HSCH system in
section 2. Section 3 is devoted to the long time behavior of classical solutions
in 2D while section 4 is dedicated to the global well-posedness and long time
behavior in 3D.

2 Preliminaries

We first recall the local well-posedness of the Hele-Shaw-Cahn-Hilliard sys-
tem (1.1)-(1.4) (cf. [22, Theorem 3.1]).



Proposition 2.1 (Local Wellposedness). Let co(x) € H*(T?) for s > %—i— 1,
d = 2,3. Then there exists T > 0 such that the system (1.1)—(1.4) has a

unique solution (c,u) in [0,T] with
¢ € C([0,T]; H*(T))NL*(0,T5 H***(T)),  w e C([0,T]; H**(T"))NL2(0, T; H*(T));

and satisfying the following energy estimate for t € [0,T]:

e + [ et eradr < el S, (2
where
G(t) =f(HCHLoo)(1+HV6HLO<>)2(HVCHLOO+HCH?;)Q(HHCHHz)Q[QSHZ, (2.2)
and F is an increasing function on R™ whose exact form depends on s.

We have the following blow-up criterion of Beale-Kato-Majda type for
system (1.1)—(1.4):

Proposition 2.2. Let co(z) € H*(T?) for s > +1, and (c,u) be a solution
of (1.1)—(1.4) stated in Theorem 2.1. Let T* be the mazimal existence time
of the solution. If T* < 400, then

T*
/ |Ve(t)]|3oedt = +o00. (2.3) |BKM
0

A typical property of the solutions to Cahn-Hilliard equation is the so-

called mass conservation. Integrating (1.3) over T and using (1.2), we have

d
el t.)dx = 2.4
G et =0, (2.49)
which implies that
/c(t,-)d:nz/ co(-)dx, Vt>0. (2.5)
Td Td

Another important property of system (1.1)-(1.4) is the following basic energy
law (cf. [14,22]). Let

E(c(t)) :== %HVc(t, I+ /Td fle(t,x))dx. (2.6)
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Then E(c(t)) satisfies the following equality

1
L B(e(t)) + — | Vul? + 12M/ n(Oufde =0, Vi>0.  (27)
dt Pe Td

An easy consequence of this energy law is the following estimates.

Lemma 2.1. We have the following uniform estimates of solutions to system
(1.1)-(1.4) fort > 0:

et m < C, (2.8)

t+1
| letr ) Budr < cpe, 29)
t

where C' is a constant only depending on ||co|| g1 and possibly on the param-
eters M, C.

Proof. Tt follows from the basic energy law (2.7) that

B+ [ (pglTntrlP +12M [ n@lutro)Pde) dr = £O) < Cllanlin)

2.10
The above inequality easily yields that (2.8) and the following estimat(es: !
+00
/0 IV ()| dr < PeE(0), (2.11)
[ It rar < a0 212)
0 12Mﬂ

Since (cf. [22, pp. 10])

el < CUIVAel + llelgz) < CUVul + 1" () Vel + llellm2)
< OVl + 12Vell + llell =)
< OlIVul+CA+ llelF) el
1
< ClIVeli+ glellms + Clielar, (2.13)
we infer from (2.13), (2.11) and (2.8) that (2.9) holds. O

We now address the global in time existence of weak solutions with initial
data from H'.

bel

erl



Theorem 2.1. For any co € H'(T%),d = 2,3, system (1.1)~(1.4) admits at
least one global weak solution (c,u) such that for any T >0

ce L0, T; HY (TH)NL2 (0, T; H3(TY)NHY (0, T; H~1(T%), w e L*0,T;L*(TY)).
(2.14)

Proof. As in 22|, we define the projection P, by

. 1 .
. 2mik-x —2mik-xdr __
Puf@)= > fi?™*, g | f@e = fi
[k|<n
Consider the approximate problem
= (Vp— L(Paslen)Ven ) (2.15)
Up = 1277(Cn) DPn M nH\Cn Cn |,
V-u, = 0, (2.16)
1

8tcn + Pn(un : vcn) = RAPH/L(Cn)’ (2 7)
cn(0) = Pyoo. (2.18)

In analogy to [22], the above problem admits a unique smooth solution ¢,
on certain time interval [0,7,]. Multiplying (2.17) by P,u(c,), we can see

that the approximate solution also satisfies the basic energy law

d (C 1
G (FIVel+ [ f(endn )+ 5oV Paten) P412M [ nfcu)lunPds =o.
Td e Td

dt
(2.19)

Integrating from 0 to T', we can see that ¢, is uniformly bounded in L>°(0,7T; H'),
V P, u(cp) is uniformly bounded in L?(0,T; L?), and by (A1), u,, is uniformly
bounded in L*(0,T; L?). Besides, since | [q Pop(cn)dz| = | [ra Pof’(cn)dz| <
C(|lenl| + llenl?6), where C' is independent of n, we know that Py, ju(c,) is uni-
formly bounded in L?(0,T; H'). This implies that ¢, is uniformly bounded in
L?(0,T; H3). Then, by (2.17) we can obtain that d;c, is uniformly bounded

in L2(0,T; H~'). Summing up, using the well-known Aubin-Lions type com-
pactness theorems, we can find a pair (¢, u) satisfying (2.14) such that, up

to subsequences,

U, — u, weakly in L%(0,T; L?);



cn — ¢, weakly-* in L>®(0,T; H') and weakly in L?(0,T; H®);
cn — ¢, strongly in C([0,T]; H™%) and L?(0,T; H>°);
drcn — ¢y, weakly in L2(0,T; H™1).

Consequently, we can pass to the limit in (2.15)-(2.17) that (c,u) solves
(1.1)-(1.3) in the distributional sense. O

Before ending this preliminary section, we recall some useful lemma in

the literature which will be used in our later proofs.

Lemma 2.2. (cf. [13]) For s > 0, there holds

1fgllms < CUfllzellglas + 1 a2 llgllze)-

Lemma 2.3. (cf. [22, Lemma 6.2]) For s > 0 and o € (0, 2], there holds

1l < C (Wl Nglme + 171 g lglrese ) -

Lemma 2.4. (cf. |22, Lemma 6.4]) Denote the Fourier multiplier (D)* that

(D)*f(x) = D (1+ [k]*) 2™ (k).

kezd

For s > 0, there holds

IDY*(g) = FDYgll < € (Ifllmes2llgll + 1 F =gl oy ) -

3 Long-time behavior of global solutions in 2D

The goal of this section is to demonstrate the convergence to stationary
solution of the Cahn-Hilliard equation in the 2D case.
3.1 Uniform-in-time estimates

Based on Lemma 2.1 and Proposition 2.2, the global existence in 2D can be
proved (cf. [22])

Proposition 3.1. Let co(x) € H*(T?) for s > 2, the unique local solution
(c,u) for system (1.1)—(1.4) obtained in Theorem 2.1 is global.



In what follows, we proceed to obtain some uniform-in-time estimates of
solution (c,u), which is crucial in order to study the long-time behavior of
global solutions to system (1.1)—(1.4). The estimate of the modified pressure

p plays an important role in subsequent proof.

Lemma 3.1. cf. [22, Proposition 2.1] Let s > 0. Assume that c € H*T2(T%),

and p is a smooth solution of the elliptic problem

1 1
div —Vp> = div <7u c Vc> . 3.1
(5 My )
If s e (%, %] for some k € N, then the solution p satisfies
IVl < F(llell) (L + Vel o) (1 + llellg2) el gor2- (3:2)

Here, F is an increasing function on R whose exact form depends on s. In

particular, when s = 0, we have
IVl < ClAC] + llelize + el Vel . (3.3)

Lemma 3.2. In the 2D case (d = 2) the following estimates hold for the
global solutions to system (1.1)—(1.4) for allt > 0:

lle(t, g2 < C, (3.4)
t+1
A le(r Y 3dr < C, (3.5)

where C' is a constant only depending on ||co|| 2 and possibly on parameters
Pe,M,C. Ift > 1, the constant C' can be chosen so that it is a function of
[coll 1 instead of ||col| -

Proof. A direct computation yields that
1d

C 1
2 Coaz2 0 g 2 B / 2
2dt”Ac” + PeHA |l (u-Ve,A%c) + Pe(Af (c), A%c)

1
<l Vel [|A%] + RHAJC'(C)HHA%H
= L+ Is. (3.6)

Using the Agmon inequality and (2.8), we have

L 1 1
[ellzee < Cllellfzllellz < C(1+ [|Ac]2), (3.7)

9



1
Vel < C|IVel|2.]|Ve|Z < C(1+ |Ac|? + [VAC]?).  (3.8)

Keeping the above estimates in mind, we infer from (3.3) that

lull < CUIVPl + lln(e)Vell) < Clull + Al + llelzs + llel) Vel o
< CO+[AchVel e, (3.9)

IAF (N < O+ llellzo) lellrz + CA+ llell o)l Vellzs < CA+[IAc]?).

(3.10)

As a consequence, we get
LS o A%+ Cllul Vel
~ 4Pe
C
< polA% + CA+ [ Adf) (1 + 1AC]|? + [VAC| )

C
< el A%l + CU+ Al + VA Acl® + C(1+ [[VAC]?),

C C
I, < —||A%¢|? AF(? < =
2_4Pell [+ CllAf () < P

which implies that

1A + O+ Ac]®),  (3.11)

d C

Al + oolla%e]” < C(L+ [ Ac]® + VA [Acl* + C(1 + [[VAc]?).
(3.12) |dpc

Using the a priori estimate (2.9), for ¢ € [0, 1], we have

¢ t
A2 < eCJoHIAcmEHITAc)|2)dr (HACoH2+C/(1+HVAC(T)|!2)dT>
0

< C, te]o,1].

Besides, by (2.9), we can apply the uniform Gronwall inequality that for any
t>0,
JAct+ 1) <€, t=0,

Combining the above estimates, we arrive at (3.4). Then we integrate (3.12)
with respect to time from ¢ to t + 1 (¢ > 0), it follows from (2.9) and (3.4)
that

t+1
/ 1A2e(r)[2dr < C, Wt >0,
t

which implies (3.5). The proof is complete. O

10



The above result can be strengthened to higher order Sobolev spaces in

a straightforward fashion. Indeed, we have

Proposition 3.2. In the 2D case (d =2), for any s € (2k,2k + 2] (k € N),
the following estimates hold for the global solutions to system (1.1)—(1.4):

le(t, s <O, vt >k, (3.13)

t+1
/ le(r, Y 2yesadr < C, Vi >, (3.14)
t

where C' is a constant only depending on ||co|| gz and possibly on the param-
eters Pe,M, C,n. If co € H®, then the above estimates hold for t > 0 with

constant C depending on ||co||gs instead of ||co||pr2-

Proof. The following higher-order differential inequality can be obtained by
using the pressure estimate Lemma 3.1 and commutator estimates (cf. [13]
and [22, Appendix|). We refer to [22] for the details where the calculation

was done for approximate solutions.
d
@HCH% + [lellFrers < G@)ellFre (3.15)
where
G(t) = F(llel o) (1 + [[Vel| oo )| Vel Foe (1 4+ [[e]| gr2) 22,

and F is a certain increasing function on R*. Tt follows from (3.7), (3.8),

the uniform estimates (3.4) and (2.9) (cf. Lemma 3.2) that
t+1 t+1
G(r)dr < C(||C||H2)/ (L + lle(m)lIF=)dr < €, ¥t >0,
t t

where C'is a constant only depending on ||co|| 72, and possibly on parameters
Pe, M, C,n. Next, we prove our conclusion by an easy iteration.
(i) k = 1. For any s € (2,4], we infer from (3.5) that

t+1 t+1
/ le(r, )|%pedr < / le(r, Y 2edr <C, WE>k—1=0. (3.16)
t t

By (3.15), (3.16) and (3.16), we are able to apply the uniform Gronwall
inequality that (3.13) and (3.14) hold for s € (2,4].

11
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conmuP

(ii) Suppose that (3.13) and (3.14) hold for s = 2m + 2 with k = m € N.
Then for s € (2m + 2,2m + 4] with £ = m + 1, we have

t+1 t+1
/t le(r, )2 dr g/t le(r, W ampadr < C, ¢ m.

Using the uniform Gronwall inequality again, we have (3.13) and (3.14) hold
for s € (2m +2,2m + 4] with k = m + 1.

To complete the result to t > 0, we just notice that for any s € (2k, 2k+2],
applying the standard Gronwall inequality to (3.15) and using the fact (3.16),

we get
t t k

e(t)][3:+ / e(T)[2eradr < Jleo|3sedo G < leo||3aelo G0 vt e 0, k).
0

0

Remark 3.1. By a minor modification in the above proof, we can obtain the
following result: for any s > 2 and arbitrary § > 0, the following estimates
hold:

lle(t, s <O, V>4, (3.17)

t+1
/ le(r, WPpuradr < C, Vit > 6, (3.18)
t
where C'is a constant depending on ||co|| g2, 6 and the parameters Pe, M, C, n.

3.2 Decay of energy dissipation

Proposition 3.3.
lim [[Vp(t)] = 0. (3.19)

t——+o0

Proof. Using integration by parts and equation (1.3), we obtain

1d
§E”VM”2 = — (e, Ap)

= C <A <—u -Ve+ %A,u) ,A,u) — (f”(c) (—u -Ve+ éA,u) ,A,u)

_ C 2 " 1 "
= —pe VAT +C(V(u-Ve), VAp) + (f(c)u- Ve, Au) — 5 (f () Ap, Ap)

12



C
= —EHVAMH2+13+14+15. (3.20)

Note that

&
A

ClIVulll[Vell e [[VAull + Cllull[Ac] Lo [V Ap],
Ir < CO+llelZoe)lullliVel o | Aull,

Iy < C+|le|Zoe)lAnl.

According to Proposition 3.2, we have the uniform estimate that ||c(t)||gs <

C for t > 2. Then I, ..., I5 are uniformly bounded and as a result,
dHV I?<C, vt>2
dt M = Yy = 4,

where C'is a constant only depending on ||c|| 2 and possibly on parameters
Pe,M, C,n. On the other hand, (2.11) implies that ||[Vu|* € L*(0,+00).

Our conclusion follows immediately. O

In order to study the decay property of the velocity field u, we first derive

an estimate of Vp;.

Lemma 3.3. Suppose that ¢ € H°(T?), we have the following estimate:

IVpe@)ll < Cllello (1 + lel3) + CQ+ [lellye), Ve=0,  (3:21)

where C'is a constant depending on ||co|| g2, and possibly on the parameters
Pe, M, C, n.

Proof. Since for the solution ¢ to system (1.1)-(1.4), we are able to obtain
its uniform H2-norm estimate for all time (cf. Lemma 3.2), in what follows,
we will absorb ||¢|| 2 into the generic constant C' for the sake of simplicity.

Differentiating (3.1) with respect to ¢, we can see that p; satisfies the

following elliptic problem

div <W10)th> — div MS) (Vp - ﬁ;@w) ct} - %dw <$Actw>

2
+ ! div <if”(c)ctvc> - ﬁdz’v <%u(c)vct> (3.22)




Then we have

49 5 )

1 1
+M Hf//(C)CtVCH + M [(e) Vel
= P1 + P2 + P3 + P4. (323)

IV

IA

C
+ M |Ac: Vel

It is not difficult to see that

4
P
i=1
7'(¢) 1 C
< |29 (10l + gl ) e + gzlAl Vel
1 1
o7 @l leclllIVellzee + 7l Vel
< CH+|Vplloe + llelie + (1 llull + llelF) Vel oo + [|Ac] o] llet | g2
< CA+ VPl +[[VellLoe + [|Acl Lo [let]| 12
<

C+Vpllgz + lellma)licell - (3.24)

By Lemma 3.1, we have

IVpllae < Fllelze)@ + IVelzoe )X + llellm)* llell e
< OO A lellgs)lel g (3.29)

It remains to estimate ||c;||, which involves the highest order derivative of c.
First, we infer from equation (1.3) that

leell 2 < CUApI 2 + lu- Vel g2)-

By Lemma 2.2, we have

A

1Aullgz < CUIA% ] g2 + |AF (0)ll2) < Cllelms + ClIF () e
Cliellgs + O + llellzo)llell e
Cllellgs + liell ga)- (3.26)

IN

IN

and

Ju- Vel gz < Cllullp2lIVell e + [Jullze | Vel g2).

14



Using the equation (1.1), Lemma 2.2 and assumption (Al), we get

1 1
o0 < p— —_— [ —
el < Clule = | o (Vo= guve) ,
< H (V02 + Vel ) + H H (Pl + Vel =)
< uwum Tl Vel o + uuumrwqu)
1O+ el + IVl (pl e + lallze el ze)
< O Vpllue +C1+ el lells.

As a consequence, we obtain that
lu- Vel < Cllelmsllullzz < Cllellms Vol gz + CO+ el ) llelFs
which together with (3.26) yields

leell 2 < Cllellzs + Nellas Vol + llellallell s + llellFs + 1), (3.27)

Combining (3.24), (3.25) and (3.27), we conclude that

IVpell < CQU+IVpllaz + llellza)(lell e + llellas Vol 2 + llellFs el e + el + 1)
< CA+llelF)lellms + lelFsllel g + llellF + 1)
< Cllellgs (1 + llelfa) + O+ llellz)-

The proof is complete. O

Proposition 3.4.
lim_[ut)] = 0. (3.28)

t——+o00

Proof. A direct calculation yields

1d,
< . 2
3 gpllull” = (ur, w) < fluglllu] (3.29)
(3.9) implies that
lull < O+ [lullg2) ]l - (3.30)

We infer from the equation (1.1) that

_ ) L N L
= 12n2(c) <V M,ch) = 121(c) Vot 12Mn(c),u(c)Vc.

15



Then it follows from Lemma 3.3 and (3.23), (3.24) that

Lt n'(c) 1 C

< Ta N -_— —_—

luel] < 19 HH(C) o [HthH +‘ () Vp M,u(c)Vc cll + M [Ac: V||
1 1

M " (e)e Vel + M ||,u(c)VctH]
C 4

< = (I!thH +ZR~>
Ui i=1

< Cllelus (X + llellFa) + CA+ el ) (3.31)

By Proposition 3.2 (with s = 6), we have ||c(t)||ge < C, ¥t > 2. As a result,
we infer from (3.30) and (3.31) that % |ul|? < C for all t > 2. On the other
hand, (2.12) implies that ||u||> € L'(R*). Therefore, our conclusion (3.28)
follows. O

Remark 3.2. Propositions 3.4, 3.3 and (A1) implies that the energy dissipa-

tion of system (1.1)-(1.4) (cf. (2.7)) D(t) := p<[|Vult, ) ||P+12M [ra n(c(t, ) |u(t,-)|* dz
decays to 0 as time goes to infinity. This is expected since the total energy

E is bounded below.

3.3 Convergence to equilibria

Here we show the convergence of each trajectory to a certain stationary
solution. We first recall the definition of the w-limit set.
The w-limit set of (cg) € H® is defined as follows:

w(cg) = {(coo(x)) | there exists {t,} " oo such that

c(tn) — Coo in H®, as t, — +oo}.
And we define the set of stationary points associated with ¢y as
S= {qﬁ € H°| —CA¢+ f'(¢) :/ f'(¢)dz, a.e. in T?, / ¢dx :/ codzn}.
T2 T2 T2

Proposition 3.5. Any ¢ € S is a C™ function and its H*-norms (s > 0)
are bounded by a constant depending on |f11‘2 codx| and C.
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Proof. The proof follows from classical elliptic regularity theory and boot-

strap argument. We first notice that

CIVolE+4 [ (6= )da =4 [ (& =o)ia [ ods

T2

= 4( ¢3dx—/ codx>/ cod:r§4/ ¢3dx/ codx
T2 T2 T2 T2 T2

Using Young’s inequality, we have
/ codx
T2

CHV¢|]2+4/ Prdr < 4 ¢2dx+4/ PPdx
T2 T2 T2

4
/coda: ,
TZ
\|¢Ilipgo<c, / codx>.

']1*2

By elliptic estimate and Sobolev embedding, we get

< 2 ¢*dr+4+27
TZ

which implies that

1]l z22

IN

+lol)

Then for s > 0, by a classical result in [21] and the embedding H? < L°°,

we have

c 1ol +lol) < ¢ (17 + | [ £oras
Cl0lEe + ol + 1) < C.

IN

follmss < € (1@l + | [ (@] +161)
< COA+[@lle) i lme + Clléllzs + Cllo]
< Clglus +C. (3.32)
Using (3.32), we can prove our conclusion by a simple induction. O

It is then easy to check the following relationship between the w-limit set

and the set of associated stationary points.

Proposition 3.6. The w-limit set of ¢y is a nonempty compact subset in
H?. Besides, all asymptotic limiting points ¢ of problem (1.1)—(1.4) belong
to S, i.e., w(cy) CS.

17



Proof. Due to Proposition 3.2 and the compact embedding Ht! — H*,
w(cp) is nonempty and compact. There exists a function co, € H® and an
increasing unbounded sequence {t,,}>2; such that

lim le(ty) — coollms = 0. (3.33) [KEK

tn——+00

We infer from (3.19) and the Poincaré inequality that

lim H—CAc(t)—i—f’(c(t))— [ S| =0.

t——+o0

This and (3.33) yield that

H—CAcm o) — [ Flen))da
T2

< A = et + 17 () = et + | [ (7 = £ett))a

N H—CAc(tn) ) = [ Feltn))da

— 0, ast, — +oo.

Therefore, ¢y, € S. O

Next, we demonstrate that the w-limit set of each trajectory consists of
one single stationary point.

For this purpose, we notice that thanks to Proposition 3.6, there exists
an equilibrium co, € w(cp) and an increasing unbounded sequence {¢,}5°
such that

lim |le(tn) — coollzrs = 0. (3.34)
[e.e]

tn—+
We see from the basic energy law (2.7) that E(c(t)) is non-negative and
decreasing in time. Moreover, E(c(t)) > E(c), for all t > 0. As a result, it
has a finite limit as time goes to infinity. (3.34) implies that
lim FE(c(tn)) = E(coo)-

tn——+00

It follows from (1.3) and uniform estimate Proposition 3.2 that
ledlp— < Cl(w- V)elg— + [[Aulg-—) < C([ull[VellLs + [Vl

18



< C(llull + IVall) - (3.35)

In what follows, we shall apply the well-known FLojasiewicz-Simon approach
to prove the convergence of whole trajectory c(t). The procedure is standard
and we only sketch the proof here.

First, we introduce the following F.ojasiewicz—Simon type inequality. Let
P:L?w— L% be a projection operator such that for any ¢ € L%, P¢ =
¢ — Jp2 ¢dz. We have (cf. e.g., [8])

Lemma 3.4 (Lojasiewicz—Simon Inequality). Let co € D be a critical point
of E. Then there exist constants 6 € (0, %) and B > 0 depending on ¢ such
that for any ¢ € D satisfying ||c — cool| gz < B, such that

IP(~CAc+ f(0)ll = |E(e) — Eleso)|' ™" (3.36)

First we consider the trivial case. If there is a t; € RT such that
E(c(t1)) = E(cxo), then |u(t)| = ||Vu(t)|| = 0 for all ¢ > ¢; by virtue
of (2.7). Together with (3.35), it implies that ¢ is independent of time for
all ¢ > t;1. Notice (3.34), we conclude that

lim ||e(t) — coollms = 0. (3.37)

t——+o00

Therefore, we only need to consider the nontrivial case that E(c(t)) > E(cso)
for all t > 0. Due to the continuity ¢ € C([0,+00), H?), by a classical
contradiction argument first introduced in [12], we can show that there is a
time tp > 0 such that for all ¢ > tg, c(t) satisfies the condition of Lemma
3.4, ie., [[e(t) — csol| g2 < B. Then for the constant ¢ € (0, 1) in Lemma 3.4,

using Lemma 3.4 and (2.7), we calculate that

d 4, d
= SE(el) = Bles))” = ~0(E(e(t) ~ Elex))" ' 2 E(elt)

CO(lul* + Vi)
- Vil

> C(lJull + IVul)),  vt=to. (3.38)
Integrating from tg to oo, we get

/OO(IIU(T)H +Vau(r)l)dr < +o0,

to

19



which together with (3.35) yields

/ e (P g1 dr < +oo.

to

Thus, we can conclude that c(t) converges in H~! as ¢t — +oo. This fact
together with the compactness of ¢ in H® and (3.34) indicates that (3.37)
holds.

3.4 Rate of Convergence

Next, we study the rate of convergence. By Proposition 3.2 and Remark
3.5, we know that for any s > 0, the H®-norms of ¢ and ¢, are bounded for
t>1.

The H~!-estimate for ¢ — ¢, follows from the classical argument in [11].
By (3.38) and Lemma 3.4, we have

%(E(C(t)) — Blexo)) + C(E(c(t) = B(exs)? ™" <0, > o,

which implies
E(c(t) — Ecoo) < C(A+ )" V1720) ¢ > 4.
Integrating (3.38) from ¢ to oo, (¢ > ty), and using (3.35), we obtain
| et < 07000720, 0>
which implies

e = coollg—1 < C(1+)~%0=20) ¢ >,

Denote
r(t) = c(t) — ¢oo-
Since pioo = —CAcs + f'(¢o0) is a constant, we infer from the equation (1.3)
that
1
e+ u-V(r+ce) = EA(_CAT + g(c, coo)r). (3.39) [d]
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where by the expression of f,

gle, coo)r = f(c) — f'(coo) = 4(? + oo + & — 1)1,
Next, we try to show the same convergence rate for arbitrary H®-norm with
s> 0.

For this aim, we need the following estimate of pressure difference whose

proof is based on the argument for Lemma 3.1 (cf. [22]):

Lemma 3.5. Assume that ¢, co € H**? (s > 2), we have
IV (P = poo)llms < Clirllms+2, (3.40)

where C' is a constant depending on ||c|| gs+2, ||Cool|lgs+2 and the parameters

Pe, C,M, i, 7.

Proof. Tt follows from (Al) and us = 0 = —m (Vpoo - ﬁ,uochoo)
that

1
Vpoo — Mﬂoovcoo =0.

Then we can rewrite equation (1.1) as follows

1

1
u = _% |:V(p - poo) - M((N - ,Uoo)v(r + COO) + MOOVT):| : (3'41)

Applying div operator to (3.41), we get

div (%V(p - pw)> _ ﬁdw {%((ﬂ Vet uoovf)] C(3.42)

It easily follows from the energy estimate that

Ui
_ < _
V(P —po)ll < QM(”(M 1)V (1 + coo) || + ([ 1o V)
< C(l|Ar] + [lge, coo)r[l + [[Vr]])
< Olrllge- (3.43)

For higher-order estimate, we apply (D)® to (3.42) and write the result in

the following equivalent form

div (D)0~ )

21
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1
Mr(c)

—div [<D>8 <%V(p —poo)> - <W1C)V<D>s(p _poo)>:|
= div(A+ B),

—  div(D)* [ (1 — poo) Ve + uoovr)]

which yields that
IV (P = poo)llms < A(IAll + || B))- (3.44) |pAB

Since p — pio = —CAr + g(c, ¢xo)r, we have

L g(e cn)rve)

1
—— (1 — p1e0) Ve e

e

Moreover, by Lemma 2.2, we obtain

< HiATVC
n(c)

4

Hs Hs

1
%Vc

Cllr{lps+2,

[A7]| e

H iATVC
n(c)

‘

| Ar| 2o —I—C’H%Vc

Hs Le° Hs

A

Hs

IN

H g(c, coo)rVe)
H v lgtecorlue

C(llg(c, Coo)HLOOHTHHS + [lg(c, coo)lms |7l 2o + llg(e, coo)ll Lo 7|l o)

1
Hg(c, Coo )T || s + C H—Vc

IN

IN

OH""||H5+2.

<5

IVrllee < Cllr{lo+e.
Hs

||wuHs+0H

1
]

' M1 (0 “wv’"'

Therefore,

Hs Loe

IA[l < Cll7||ggos2- (3.45)

By the commutator estimate Lemma 2.4 and interpolation inequalities, we

°(m

251 N
c (pr—pw)n LIV po)lE ||Hv<p—pw>||2s)

have

IN

1B

190 — po)l + Hn(lc)HHz HV(p—poo)HHs%)

Hs+2

IN
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1
< 5 IVP =Pl + ClIV(P = o)l (3.46)

Finally, it follows from (3.44), (3.45), (3.46) and (3.43) that (3.40) holds.
The proof is complete. O

We have known that for any s > 2, the following uniform estimates hold
(cf. Remark 3.1):

e, )lgs <C, VE=1, (3.47)

oo llms < C

where C'is a constant depending on ||co|| g2, and the parameters Pe, M, C, 7.
Taking the H*® inner product of equation (3.39) with r, we obtain

1d C
55\\7’”%15 + EHATH%{S = (Ag(e, coo)rym) s — (- V(1 + Coo), ) Hs.(3.48)
Using integration by parts and Lemma 2.2, we can see that

[(Ag(e; coo)r,m)ms| < lg(e; Coo )| as | AT s

IN

Clllge, coo)lroellrllars + llgle, coo) = Irll o) [| Al s
C
spell Al + Cllrle- (3.49)

IA

(- V(r+ o), m)ms| < lu- Vel as |l a

IN

CllullaslVellpoe + [lull e Vel as) 7| mes
Cllullgs I (3.50)

A

It remains to estimate ||ul|gs. We infer from (3.41), (3.40) that

Hs

e < €5V 40| t= e 40| v
< CUIV®P = poo)llee +IV(p — poo)llm=) + C(ll — proo || s + It — pioo|| )
+C1poo| (VT s + (V7| 20)
< CUIV(P = poo)llms + It = proollms + [|7]] gros1)
< Clrllms+e.

23
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Since

17l sz < CUAT]Es + [|7]|22),
s+1 2

Irllzzs < Clirll 5o llrll5 < ellrllmsse + Cellrll -1,

then combining (3.48)-(3.51) and taking e sufficiently small, we obtain
d 2 2 2
& lye + Clirlpra < Cllrly, 21
This and (3.39) implies that
d —920/(1—
ZlIrllze + Clirllz < C(1+1) 20020, (3.52)

which yields our conclusion (1.6) (cf. [23]).

4 Global wellposedness and long-time behavior in
3D

In this section we deal with the 3D case. We first show global in time well-
posedness of the Hele-Shaw-Cahn-Hilliard system under the assumption that
either (1) the Péclet number is small, or (2) the initial data is close to a
local minimizer of the energy. We then deduce the eventual regularity of all

trajectories as well as their convergence to stationary solutions.

Lemma 4.1. For the 3D case (d = 3), if the diffusion Péclet number Pe is
sufficiently small (cf. (4.11)), then we have the uniform estimate

le(®) g2 <C, V>0, (4.1)

t+1
/ le(r)|2udr < C, ¢ > 0. (4.2)
t
Proof. Using the Agmon inequality and (2.8), we have

1 1 1
lellzee < Cllellfallellzn < A+ [|Ad]2), (4.3)
1 1 1 1
Vel < ClVelllIVellfn < CA+[|Ad] + [[VAc])2 (1 + [[Acl|(3-4)
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On the other hand, since ||Ac|| = HVCH%”VAC”%, by Young’s inequality and

the uniform H' estimate, we have

IVAC|

IN

1 1
cUVul+1"(@vel) < IVl + Clleli= + D[ Vel

1 1 1
< gVl +Cad +1) < FlIVel + 5 IVAd + €. (4.5)

Keeping the above estimates in mind, we infer from (3.3) that

lul < CUVDI+ u(@)Vel) < CUlull + [1Acll + llellFs + e Vel zoe

< C(1+[[Ac)[Vellpee, (4.6)

1A (@)l < CA+llelie)llelm +CO+ llells) I Velgs < C(1+ [|Ac]®.T)
|Ac| < C||Vulz +C. (4.8)

Assume the diffusion Péclet number Pe satisfy 0 < Pe < 1. We re-estimate
the right-hand side of (3.6).

C(1+ | Ac))®(1 + |Ac] + [[VAC|) A%
C(1+ | Ac|? + | Acl|7[|A%]|7 + [|Ac] 2 [|A2¢] 2) | A%

L(C AN AAN
Pe Pe
1

1
2
2%+ g () IacP1a%P + 0
C C\2
A%l + (g ) IACPIAR + O+ [ulP),

I

IN

IN

3
2

IN

el 4
1Pe 1\ Pe 1Acl]

+CPe(1 + HACH2)

IN

C 2 12 Pe 2 C - .y
< Toa — < =
I < pollA%P + CFIAf @I < oo A% + CPe(1 + || Ac]?)

IN

C
—||AZ¢||? 1 .
ool A%l + O+ |Val)

which implies that

1
C 1/C\2 2
Pe 2 (E) [Ac]|

It follows from (2.11) that for any ¢t > 0,

d
Sl A+ IAZ¢]* < Mi(1+ [[Vpl?).  (4.9)

t+1
/t ' IVu(r)|?dr < PeE(0) < E(0) := M,.
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By the Poincaré inequality, we have

1
Aol < L / C||Vull+C d
|adl < g (lul+HIf @) < ClIVpul+ '/T”

which implies
t+1
/ |Ac(r)||?dr < 2M? 4+ 2M2 My := Ms, V't > 0. (4.10)
¢

We note that My, ..., M5 are positive constants independent of Pe. Finally,

we assume that Pe satisfies the following relation

C
0 < Pe <ming 1, . 4.11
<on{L e ) 0
1
Once can check that &= — ()2 [[Acol|> > 0, which implies there exists a
Ty > 0 such that for ¢ € [0, Tp],

1

C C\2
— — (== llAc@®)|* > 0. 4.12
o () 1acr? =0 (1.12)

As a result, on [0, Tp], we infer from (4.9) that
d 2 1 C o 0 2
A — JAY < M =+ V . .

Let T = supTy. First, we show that 7" > 1. If this is not true, it follows
from the above inequality that

T
IAC(T)|? < [[Aco|® + My / L+ IVa@)IIP)dt < | Acol|* + M (1 + Mo).
0
Thus, we have
1
C C\?2
Po <ﬁ> |Ac(T)|? > 0, (4.14)
which contradicts the definition of 1. Besides, if T' < 400, then it follows
from (4.10) that there exists t* € [T — 3,7 such that ||Ac(t*)||* < 2Ms.

Then we have

T
IA(T)|? < [|Ac(t?)| +M1/ (1 + [IVu@)|2)dt < 2Ms5 + My (1 + M),
t

*

which again yields (4.14). Summing up, we can conclude that for all t > 0,
(4.12) holds, namely, the H2-norm of ¢ is uniformly bounded in time. Then

integrating (4.13) with respect to time we obtain (4.2). O
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Once we obtained the uniform estimate of ||¢||g2, in analogy to Lemma
3.2, we are able to obtain uniform estimates on H®-norms and prove the

existence of global in time strong solution.

Theorem 4.1. Letd = 3. For any co(x) € H*(T?) for s > %, if the assump-
tion of Lemma 4.1 are satisfied, system (1.1)—(1.4) admits a unique global
solutions. For s € (2k,2k + 2] (k € N), the following estimates hold for :

le(t, s < C, W=k, (4.15)

t+1
| ler Mt <0, vz (4.16)
t

where C' is a constant only depending on ||co| g2 and possibly on the param-
eters Pe,M, C,n. If co € H®, then the above estimates hold for t > 0 with
constant C depending on ||co|| s instead of ||co|| g2 -

Proof. We remark that (3.15) still holds with a different G such that

2
1
G(t) = F(lellz=)(1 + Vel z=)’ (uwm Tl H) (1 + flefl 2252,

and F is a certain increasing function on R™. Then it follows from (4.3),
(4.4), the uniform estimates (4.1) and (2.9) that for all ¢ > 0, fttH G(r)dr <

C(llell g2) ttH(l + |le(7) |35 )dT < C, where C' is a constant only depending
on ||col[ 2, and possibly on parameters Pe, M, C, 7. using Lemma 4.1, we

can prove our conclusion by the same iteration argument as in Proposition
3.2. O

The next result is an alternative provided that the gradient of the chem-
ical potential is bounded initially: either we have a global in time classical
solution, or the energy can be decreased by a certain fixed amount along the

trajectory. This result further lead to the eventual regularity result.

Theorem 4.2. Suppose d = 3, cg € H>. For any R € (0,00), whenever
IVi(0)||? < R, there is a small constant eg € (0,1) depending on R and
coefficients of the system such that either (i) Problem (1.1)—(1.4) has a unique
global classical solution (c,u), or (i) there is a T, € (0,+00) such that
E(c(T.)) < E(co) — €o-
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Proof. The key step is to establish the following higher-order energy inequal-
ity.
Lemma 4.2. Let ¢ be the classical solution to the system (1.1)-(1.4), then
there holds
CIul? + o IVARIP < KL+ [Vil®), (417)
dt Pe -

where K is a constant only depending on ||co|| g1 and possibly on parameters
Pe, M, C,7,7.

Proof. We revisit the equality (3.20). By the Agmon inequality and (2.8),

we have

1 1
|Aclz < ClAclZ Az < CO+|[Ac|+|V Al +[|A%])? (1+]|Ac]+[VAc])?.

Besides, it follows from the Sobolev embedding theorem and (2.8) that

1 1
1A% < gUAul+1AF (@) < GllAul+CQ+ [|Ad)

IA

1 1 1
SIVALlEIVaz + CA+ (V). (4.18)

By equation (1.1), assumption (Al) and we have

'(c)

3

1 1
Vul < Vel peo||u —|——H— Vol g1
R e I R ol I
1
—  f— \V4 0o
+535 |77 9l + Dlolelhes)
< CIVelg=lull + CIVplm + CUVHINTellz + o lelas)
= J1+Jo+ Js. (4.19)

By (4.4)-(4.6), we have

B < C+ A + VA + [Ac))® < O+ [Val?)
1 1
Jy < CIVul(L+ [Vaul) + 1+ [Vul)(IV A3 [Ac]? + [Ac] +1)
< O+ Vil (4.20)

Since the function F in Lemma 3.1 is not given in an explicit form and at

this stage we are not able to bound ||c||re, we use a direct way to estimate
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Jo. Using the periodic boundary condition, we have ||Vp||3,, = [[VVp|* +
IVp|I? = |Ap||? + ||Vp||?>. Then using the equation (3.1), (A1), (4.6) and
(4.20), we obtain

Jo < CllAp| + C||Vp||

1 1
Cn|(|V|—= ] Vp|+ div( ch>H+0V
! [H <n<c>> pH () Ivp
< C(IVell= + DIIVpl + Cliulizelellwes + CIVaull| Vel L
< OO+ |ValP). o)

IN

Therefore, we have

IVull < C(L+ V). (4.22)

Now we are able to re-estimate the terms I3, ..., I5 on the right-hand side of

(3.20).

Iy < C|VullVe|re VAl + Cllull|Ac| L |V Ap||
C 2 2 2 2 2
< D o0 oo
< S VAU + OVl Vel + Clul?Acl
C
< Auli? 1 2201 2
< o VAP + OO+ VUl V)
1 1 1
FCA+IVull2)? A+ IVl + IVl + VA2 [Vl 2) (1 + (Vi)
C
< —|IVAu|? 1 6). 4.2
< o VAP + O+ [Vl (4.23)
1 1
Iy < O+ |lelZe)llulllVellzee |Ap] < C(1L+[|Ac)* (1 + | Acl + VAV AL 2 Vil 2
1 C
< COL+[IVuP)IVAulz < @HVANHZ +C(L+IVul®), (4.24)

1
I < CO+ ) |Au]? < C(1+ [ Vul®) |9 AVl
C : 3
VAU + C(1+ [ Ta)?) (4:25)

IN

Inserting (4.23)-(4.25) into (3.20) and using the Young’s inequality we can
see that (4.17) holds. O

Now we turn to the proof of Theorem 4.2. The proof follows from the

idea in [15] and can be performed as in [24, Theorem 4.3|. For the sake of
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convenience, we sketch it here. Comparing (4.17), we consider the following
ODE problem:

d

ZY(t) = K(1+ Y (t)®), Y(0)=R.
We denote by I = [0, Tney) the maximum existence interval of Y (t) such
that lim, ;. Y(t) = +oo. Take tg = 3 Tan(R, K) > 0 and g9 = 242, We

can see that ||V p(t)|| is uniformly bounded on [0, t9] by a constant depending
on R, K, ty. If (ii) is not true, we have E(c(t)) > E(cp) — €o, for all t > 0.
Then from the basic energy law (2.7), there exists a t, € [%, o] such that
[Vu(t)]? < 22% = R. Taking t, as the initial time, we infer from the
above argument that ||Vyu(t)| is bounded at least on [0, 2] C [0,t, + o).
Moreover, its bound remains the same as that on [0, tg]. By iteration, we can
show that ||[Vu(t)||?* is uniformly bounded for ¢+ > 0. Then our conclusion

follows from a similar argument as in Theorem 4.1. O

A direct consequence of the above result is the eventually regularity of

weak solutions:

Corollary 4.1. Let d = 3 and (c,u) be a weak solution to problem (1.1)-
(1.4) on [0,+00). Then there is some T* > 0 such that (c,u) is reqular after
.

Proof. Let R = 1 in the proof of Theorem 4.2. Then we can fix ty =
+Tmaz(1,K) > 0and g = £. There exists £(9) > 1 such that f;—oo |V p||?2dt <
9. Hence, there exists T* > t that |[Vu(T*)||> < 1 and E(c(t)) — E(co) >

— :,JLOO |V u|?dt > —eg for t > T*. Then we can apply Theorem 4.2. O

The last result we present is global existence of classical solution for

initial data close to local minimizer of the energy.

Theorem 4.3. Suppose d = 3. Let ¢* € HY(T3) be a local minimizer of
E(c) in the sense that there exists a & > 0 such that E(c*) < E(c) for all
c € HY(T?) satisfying [15 cdx =[5 ¢*dz and |jc — ¢*||gn < 8. Then there
exists a constant o € (0,1] which may depend on c¢*, § and coefficients of
the system such that for any cy € H3 satisfying ng codxr = fw c*dx and
llco — c*|lgs < 1, and ||co — c*|| g2 < o, the problem (1.1)—(1.4) must admit

a unique global classical solution.
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Proof. 1t is easy to see that Proposition 3.5 also holds in 3D case. Since
c* is a local minimizer of E, then we can see that c¢* is smooth and its
H*-norms only depend on [5c¢*dz and C. Thus |collgs < [|¢*]|gs + 1
only depends on ¢*. In the subsequent proof, we denote by C;, i = 1,2, ...
constants that only depend on ¢* and coefficients of the problem. It follows
from Lemma 2.1 that ||c(t)||g1 < Cy for t > 0. By Sobolev embedding,
E(co) — E(c(t)) < Callco — ¢(t)]| g for t > 0 with Co depending only on c¢*.

Since |[Vu(0)||? < C(||collz3) := R, then as in the proof of Theorem 4.2,
we can subsequently fix ¢y and £g. All those three quantities depend only
on ¢* and coefficients of the problem. Furthermore, we see that on [0, o],
||V 1(t)|| is uniformly bounded by a constant only depending on R, K, ¢y (thus
on ¢*). Since ¢* is a critical point of F, Lemma 3.4 holds with ¢ replaced
by ¢* in (3.36) and the constants (3, § are determined by c*. Set

. 1 2e0
w = mln{55,5,3—02}.

For o < 3w, let t, > 0 be the smallest and finite time for which ||c(t,) —
c*||g2 > w. We first show that there exists o such that ¢, > to by a
contradiction argument. Applying Lemma 3.4, similar to (3.38), we infer
from (3.35) that the following inequality holds on the interval [0,¢,] C [0, o],

d

— g (Ble(®)) = E(c*))” 2 Cs(llull + I Vull) = Culleellg-1, (4.26)

Therefore, we have
to
/ leell g-1dt < C M (E(co) — E(c*))” < Cslleo — ¢ %2, (4.27)
0
which implies that

le(te) = ¢l m

A

IN

1
to 1
lco = ¢* L2 + Cr ( / ucthldt)
0

0
< leo = c*llg2 + Cslleo — ¢ 4
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3 1
< leo = ¢ llmz + lle(te) = collm> < llco = €l + Colle(ts) = coll galle(te) = coll -1

(4.28)
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Choosing

. 1 w 0
g = 1min 5@, 4—618 5

we have |[c(t,) — ¢*||g2 < 2w < w, which yields a contradiction with the
definition of t,. Hence, for such o, we have ||c(t) — ¢*|| g2 < w for t € [0, 0],
which implies that [|c(t) — col|gz < ||e(t) — ¢* |2 + [|co — || g2 < 3w < &
As a consequence, E(c(t)) — E(cp) > —eo on [0,%p]. Then we can find
t1 € [&to,to] such that ||[Vu(t1)||* < R. Starting from t;, we can actually
extend our classical solution ¢ to interval [0,¢; +¢o] with the same estimates
as on [0, tp]. Then repeating the above argument, we can show that E(c(t))—
E(co) > —eg on [0,t; + to]. By iteration, we have E(c(t)) — E(co) > —ep for

t > 0. Our conclusion follows from Theorem 4.2. O

Remark 4.1. By the eventual reqularity of the weak solution, we only have to
consider the long-time behavior of global classical solution. For the classical
solution obtained in the above cases, one can argue as in Section 3 to obtain
the same result like in 2D. Besides, for the case that the initial datum is near
a local minimizer ¢* of E. We can easily see that the asymptotic limit point
Coo has the property that E(co) = E(c*). From the proof of Theorem 4.3,
we can see that ||coo — c*|| < B and then by Lemma (3.4) (with ¢ := coo and
Coo 1= € in (3.36) ), it holds | E(coo) — E(c*)|' 7 < ||P(—Acoo+ f(coo))|| = 0.
Thus, ¢ s also a local minimizer of E. If ¢* is an isolated minimizer, we

have coo = c* and our result provide the stability of ¢* in this case.
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